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Introduction



Introduction

Consider a QFT with a conserved spin-2 current,   
the stress-energy tensor

@µ Tµ ! = 0
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We can use the stress tensor to measure energy density 

! ! |
!

ddxf (x)T00(x)|! "
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Negative Energy Density

Famously, energy density in QFT can be negative. 
(there are no positive local operators in QFT)
Proof: Assume that

Therefore, we get that for every state

=!
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!
ddxf (x)Tµ ! |! ! = 0
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The Reeh-Schlieder theorem does not allow that. 
(QFT vacuum is separating)
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! ! |
!

ddxf (x)Tµ ! (x)|" " = 0
<latexit sha1_base64="jXEP3d3apqu3x1V4NGAfGLgXKO8="></latexit>



ANEC

Energy conditions are crucial for gravity: singularity theorems, 
traversable wormholes, time machines.

Rµ⌫ � 1

2
gµ⌫R = 8⇡GNTµ⌫
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The resolution of  the puzzle is that QFTs do admit non-local 
energy conditions.

Averaged Null Energy Condition:
!

light ! ray
dx! T!! ! 0
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x± = t± x
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[Hartman, Kundu, Tajdini 16Õ]

[Faulkner, Leigh, Parrikar, Wang 16Õ]
an example of a light-ray operator



ANECology

• ANEC arises naturally in information-theoretic quantities in 
QFT (vacuum modular Hamiltonian) [Casini, Torroba, Teste 17Õ]

• ANEC is related to causality in gravitational theories
[Hofman 09Õ]

• ANEC describes event shapes in a conformal collider 
experiment (bounds on the OPE data) [Hofman, Maldacena 08Õ]

• Generalizes to local energy/entropy bounds (eg QNEC)
[Bousso, Fisher, Leichenauer, Wall 15Õ]

[Gao, Wald 00Õ]

[Ceyhan, Faulkner 18Õ]



Conformal Collider Physics

[Hofman, Maldacena 08Õ]

state

ANEC

ANEC

[talk by G. Korchemsky]

Consider a state created by a local operator.  

Measure energy/charge fluxes at infinity. 

[Basham, Brown, Ellis, Love 85Õ]

[Korchemsky, Oderda, Sterman 97Õ]

(first considered in QCD in the e+e- to hadrons analysis)

[Sveshnikov, Tkachov 95Õ]

hE(~n1)E(~n2)i (p)
<latexit sha1_base64="hxqTt1vpwf1QjfvbLv1ccK9vDCY="></latexit>



Conformal Collider Bounds
[Hofman, Maldacena 08Õ]

Consider a three-point function of  stress tensors in a CFT

hT · ✏⇤(p)|
Z 1

�1
dx�T��|T · ✏(p)i � 0

<latexit sha1_base64="+F7JrvKYoxpEo545FfqSznzMD90="></latexit>

The three-point function has three structures in d>2.

d = 4 :
1

3
 a

c
 31

18
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General Relativity in AdS has  a = c
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[Brigante, Liu, Myers, Shenker, Yaida 07Õ]
[Hofman 09Õ]

S =
1

lD�2
Pl

Z
dDx

p
�g

�
�2⇤+R+ ↵GB“R

2” + ...
�

<latexit sha1_base64="m4jZ94agmh81wIgMHHheFlwuLnM="></latexit>

constrains the CFT data

constrains higher derivative gravitational couplings ↵GB ⇠ a� c

c
<latexit sha1_base64="UN+Nh7Q8Mkn7m7ZuW7k/z2jCjug="></latexit>



The goal of  the talk is to consider a multi-point (2-point) 
ANEC correlation function in a unitary d>2 CFT

Multi-point ANEC (light-rays)

Z 1

�1
dx�

1 T��(x
�
1 , x

+
1 , ~x1)

Z 1

�1
dx�

2 T��(x
�
2 , x

+
2 , ~x2)

<latexit sha1_base64="ipjuJwUsUMcimUQzXY7Wk0KaaLw="></latexit>

2. bounds on corrections to General Relativity

3. event shapes in strongly coupled CFTs

1. new technology to do computations



Light-ray Operators in CFTs



Light-ray Basics

• Labeled by a starting point and a null direction

[Kravchuk, Simmons-DufÞn 18Õ]

• Transforms like a                         primary operator 

z2 = 0
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(1 ! J, 1 ! ! )
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• Annihilate the vacuum L [O](x, z)|! i = 0
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i +

M d

!M d

(x, z)

(x+ , z)

(x, z)

(x+ , z)

(dimension, spin)

L [O](x, z) =
Z 1

�1
d↵(�↵)���JO(x�

z

↵
, z)

<latexit sha1_base64="tHZlSgIV3GLav9Gc/KqXDR3FdIE="></latexit>



Light-ray Basics [Kravchuk, Simmons-DufÞn 18Õ]

Light-ray operators can be analytically continued in spin. 
Not true for local operators! 

[Caron-Huot 17Õ]

Their matrix elements are computed using Caron-Huot’s 
Lorentzian inversion formula.

(a CFT generalization of  the Froissart-Gribov formula)



Lorentzian Inversion Formula [Caron-Huot 17Õ]

OPE:

G(z, øz) = 1 +
!!

J =0

" d
2 + i !

d
2 " i !

d!
2! i

c(! , J )FJ, ! (z, øz)
conformal block plus its shadow

ct(�, J) =

! 1

0
dzdz̄µ(z, z̄)GJ+ d! 1,! +1 ! d(z, z̄)dDisc[G(z, z̄)]

[Simmons-DufÞn, Stanford, Witten 17Õ]

dDisc[G(z,z)] = ! [O2, O3][O1, O4]"
<latexit sha1_base64="KsdATtHhu1V4dRe+uWmc5MBIh8I="></latexit>

c(! , J ) = ct (! , J ) + ( ! 1)J cu (! , J )
<latexit sha1_base64="iakMyjJwjTPb9XjUL0i3cGrpV1g="></latexit>

conformal block

c(! , J ) !
! ! 2

!

! " ! !<latexit sha1_base64="f+POhA2Mc5Mt2N3/gpXhO3l+zmE="></latexit>

Conformal partial wave expansion: 

Via dispersive manipulations this could be put into a form: 

[Dobrev, Mack, Petkova, Petrova, Todorov 77Õ]



Definition of  Light-Ray Operators
[Kravchuk, Simmons-DufÞn 18Õ]

Start with a bi-local object 

O
±
�,J(x, z) =

Z
ddx1d

dx2K
±
�,J(x1, x2, x, z)�1(x1)�2(x2).

<latexit sha1_base64="7j2/blqrbt2RGhiMtpX+UjnKMKs="></latexit>

The kernel is obtained by Wick-rotating and light-transforming 
the partial wave expansion. It is meromorphic.  

The residues are light-ray operators 

O
±
�,J(x, z) !

1

! " ! ±
i (J )

O
±
i,J(x, z)

<latexit sha1_base64="ZMtB/6zj783iaj5n04rQVx/H6sk="></latexit>



Coincident Limit

To simplify life we consider two light-ray operators 
inserted at the same point

L[O1](x, z1)L[O2](x, z2)
<latexit sha1_base64="NBoTkMsLWtks+xuw+L9JptWFiQA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAgtSEmqoOCm6MaFYAX7gCSEyXTSDp1MwsxErKEf48ZfcePCBy7c+C1OHwtte+DC4Zx7ufeeIGFUKsv6NhYWl5ZXVnNr+fWNza1tc2e3IeNUYFLHMYtFK0CSMMpJXVHFSCsRBEUBI82gdzn0m/dESBrzO9VPiBehDqchxUhpyTfP3QipbhBm1wMnczFi8Gbg217x4ejRt0twnlsZu5WSbxassjUCnCX2hBTABDXf/HDbMU4jwhVmSErHthLlZUgoihkZ5N1UkgThHuoQR1OOIiK9bPTkAB5qpQ3DWOjiCo7UvxMZiqTsR4HuHB4tp72hOM9zUhWeeRnlSaoIx+NFYcqgiuEwMdimgmDF+pogLKi+FeIuEggrnWteh2BPvzxLGpWyfVyu3J4UqheTOHJgHxyAIrDBKaiCK1ADdYDBE3gBb+DdeDZejU/ja9y6YExm9sA/GD+/88ejtw==</latexit>

Conformally speaking, it is the same asZ !

"!
dx"

1 O1(x"
1 , 0, !x1)

Z !

"!
dx"

2 O2(x"
2 , 0, !x2)

<latexit sha1_base64="0hb4vh35u242aD+s1r/lyn+1hOA="></latexit>

Is it well-defined? Is it commutative?



• Energy correlators are well-defined in the planar theory 
                                                       (bound on chaos) [Maldacena, Shenker, Stanford 15Õ]Jplanar

0  2
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Coincident Limit

Claim: Given operators with spin J1 and J2 the limit is well-defined 
and commutative if

J1 + J2 > J 0 + 1
<latexit sha1_base64="6XnhMXP8GgEoDKFOy4VllXECcss=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsgiCUmSroSopupKsK9gLtMGTStA3NZIYkI9Sh+CpuXCji1vdw59uYtrPQ1gMJH/9/Djn5g5gzpR3n28otLa+sruXXCxubW9s79u5eQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8GbiNx+oVCwS93oUUy/EfcF6jGBtJN8+qPouOkVVv4yuzO0YdpFvF52SMy20CG4GRciq5ttfnW5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2QYFDqrx0uv0YHRuli3qRNEdoNFV/T6Q4VGoUBqYzxHqg5r2J+J/XTnTv0kuZiBNNBZk91Es40hGaRIG6TFKi+cgAJpKZXREZYImJNoEVTAju/JcXoVEuuWel8t15sXKdxZGHQziCE3DhAipwCzWoA4FHeIZXeLOerBfr3fqYteasbGYf/pT1+QPxKpGq</latexit>

Regge intercept

(In any unitary CFT            )  J0  1
<latexit sha1_base64="aqi5U0uNGi9LPLjY8JLPg5ucDwg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL+IpgnlgsoTZSScZMju7zswKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMrqd+8wmV5pG8N+MY/ZAOJO9zRo2VHm67LukIfCRet1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTQqZe+sXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gDzLY/K</latexit>

• Energy correlators are ill-defined in the 1/N expansion  
at finite coupling (Regge intercept grows in PT)

• ANECs commute J1 = J2 = 2
<latexit sha1_base64="6c3SBnmJvzoK8ISb4XR5fKMd4wg=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRR0I1QdCNdVbAPaEOYTCft0MkkzkwKJfQ73LhQxK0f486/cdpmoa0H7uVwzr3MnRMknClt299WYW19Y3OruF3a2d3bPygfHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZn57TKVisXjUk4R6ER4IFjKCtZG8uu+gG1T3XdNdv1yxq/YcaJU4OalAjoZf/ur1Y5JGVGjCsVJdx060l2GpGeF0WuqliiaYjPCAdg0VOKLKy+ZHT9GZUfoojKUpodFc/b2R4UipSRSYyQjroVr2ZuJ/XjfV4bWXMZGkmgqyeChMOdIxmiWA+kxSovnEEEwkM7ciMsQSE21yKpkQnOUvr5KWW3Uuqu7DZaV2m8dRhBM4hXNw4ApqcA8NaAKBJ3iGV3izxtaL9W59LEYLVr5zDH9gff4AXPGP4Q==</latexit>

Corrolaries:

[Kologlu, Kravchuk, Simmons-DufÞn, AZ 19Õ]

Z
dx�

1 OJ1

Z
dx�

2 OJ2
<latexit sha1_base64="V2NR4LmCdGVh3GVMFF8r4lFtRq4="></latexit>

[

Z
dx�

1 T��,

Z
dx�

2 T��] = 0
<latexit sha1_base64="4w1zaRxubuugXCOTND3ORdU61hc="></latexit>



Coincident Limit

L [O](x, z) =
Z 1

�1
d↵(�↵)���JO(x�

z

↵
, z)

<latexit sha1_base64="tHZlSgIV3GLav9Gc/KqXDR3FdIE="></latexit>

x

x+

z1

z2



OPE

Z !

"!
dx"

1 O1(x"
1 , 0, !x1)

Z !

"!
dx"

2 O2(x"
2 , 0, !x2)

<latexit sha1_base64="0hb4vh35u242aD+s1r/lyn+1hOA="></latexit>

Consider the small separation limit between two light-ray 
operators

|!x1 ! !x2| " L
<latexit sha1_base64="Y1Ag+iRSXuOG0ojko5trc2aR5PQ=">AAACBnicbZC7SgNBFIZn4y3G26qlCINBsDHsRkHLoI2FRQRzgWRZZidnkyGzF2Zmg2FNZeOr2FgoYusz2Pk2TpIVNPGHgY//nMOZ83sxZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnbqMEkGhRiMeiaZHJHAWQk0xxaEZCyCBx6Hh9S/H9cYAhGRReKuGMTgB6YbMZ5Qobbnm/j1uD4DiO9fGxz9YxtrlHF+7ZtEqWRPhebAzKKJMVdf8bHcimgQQKsqJlC3bipWTEqEY5TAqtBMJMaF90oWWxpAEIJ10csYIH2qng/1I6BcqPHF/T6QkkHIYeLozIKonZ2tj879aK1H+uZOyME4UhHS6yE84VhEeZ4I7TABVfKiBUMH0XzHtEUGo0skVdAj27MnzUC+X7JNS+ea0WLnI4sijPXSAjpCNzlAFXaEqqiGKHtATekGvxqPxbLwZ79PWnJHN7KI/Mj6+Abpflrs=</latexit>Is there an OPE expansion?



OPE

Z !

"!
dx"

1 O1(x"
1 , 0, !x1)

Z !

"!
dx"

2 O2(x"
2 , 0, !x2)

<latexit sha1_base64="0hb4vh35u242aD+s1r/lyn+1hOA="></latexit>

Consider the small separation limit between two light-ray 
operators

|!x1 ! !x2| " L
<latexit sha1_base64="Y1Ag+iRSXuOG0ojko5trc2aR5PQ=">AAACBnicbZC7SgNBFIZn4y3G26qlCINBsDHsRkHLoI2FRQRzgWRZZidnkyGzF2Zmg2FNZeOr2FgoYusz2Pk2TpIVNPGHgY//nMOZ83sxZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnbqMEkGhRiMeiaZHJHAWQk0xxaEZCyCBx6Hh9S/H9cYAhGRReKuGMTgB6YbMZ5Qobbnm/j1uD4DiO9fGxz9YxtrlHF+7ZtEqWRPhebAzKKJMVdf8bHcimgQQKsqJlC3bipWTEqEY5TAqtBMJMaF90oWWxpAEIJ10csYIH2qng/1I6BcqPHF/T6QkkHIYeLozIKonZ2tj879aK1H+uZOyME4UhHS6yE84VhEeZ4I7TABVfKiBUMH0XzHtEUGo0skVdAj27MnzUC+X7JNS+ea0WLnI4sijPXSAjpCNzlAFXaEqqiGKHtATekGvxqPxbLwZ79PWnJHN7KI/Mj6+Abpflrs=</latexit>Is there an OPE expansion?

The usual argument does not apply

O(x1)

O(x2)

!
i Oi

Light-ray operators annihilate the vacuum. 
No such construction is available.

O1O2|! ! = |" ! =
!

i

|Oi !
<latexit sha1_base64="EFN31r69trxek+ztpm088uJUylk=">AAACPnicbZDLSwMxEMazvq2vqkcvwSJ4KrtV0ItQ9OLNCrYK3bLMptMaTLJLkhXK2r/Mi3+DN49ePCji1aPpg+JrIPDx+2aYzBenghvr+0/e1PTM7Nz8wmJhaXllda24vtEwSaYZ1lkiEn0Vg0HBFdYttwKvUo0gY4GX8c3JwL+8RW14oi5sL8WWhK7iHc7AOhQV63nIQNCzfhTQiazQOxqeSewCDTWorkB6NEA1w7+B0GQy4o5P5iZuVCz5ZX9Y9K8IxqJExlWLio9hO2GZRGWZAGOagZ/aVg7aciawXwgzgymwG+hi00kFEk0rH57fpzuOtGkn0e4pS4f0+0QO0piejF2nBHttfnsD+J/XzGznsJVzlWYWFRst6mSC2oQOsqRtrpFZ0XMCmObur5RdgwZmXeIFF0Lw++S/olEpB3vlyvl+qXo8jmOBbJFtsksCckCq5JTUSJ0wck+eySt58x68F+/d+xi1TnnjmU3yo7zPL7N9rRY=</latexit>

|Oi ! = Oi |⌦!
<latexit sha1_base64="Sjjk5+15GiWZ1TNrDugpBJTg4j4=">AAACHXicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoBdB9OKtFawtNCFMttO6uNmE3Y1Q0v4RL/4VLx4U8eBF/DduawW/Hgw83pthZl6UCq6N6747hZnZufmF4mJpaXllda28vnGpk0wxbLJEJKodgUbBJTYNNwLbqUKII4Gt6Pp07LduUGmeyAszSDGIoS95jzMwVgrL+3RIc5+BoPVRyKmvQPYF0iP6XR1Svx5jH77ssFxxq+4E9C/xpqRCpmiE5Ve/m7AsRmmYAK07npuaIAdlOBM4KvmZxhTYNfSxY6mEGHWQT74b0R2rdGkvUbakoRP1+0QOsdaDOLKdMZgr/dsbi/95ncz0DoOcyzQzKNnnol4mqEnoOCra5QqZEQNLgClub6XsChQwYwMt2RC83y//JZe1qrdXrZ3vV45PpnEUyRbZJrvEIwfkmJyRBmkSRm7JPXkkT86d8+A8Oy+frQVnOrNJfsB5+wCrcaBx</latexit>



ANEC OPE

Claim: The ANEC x ANEC OPE in a unitary CFT  
is given by

•      is the transverse spin SO(d-2) representation�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzu ACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

• +   is the signature of  the light-ray operator

• (a) labels different three-point structures

•                             is a known differential operatorD(a),s
�i�1,�(~y12, @~y2)

<latexit sha1_base64="ggm1dvOhshe8k8KW+QIaMDL1iDk="></latexit>

[Kologlu, Kravchuk, Simmons-DufÞn, AZ 19Õ]

Z
dx�

1 T��(x
�
1 , 0, ~y1)

Z
dx�

2 T��(x
�
2 , 0, ~y2) = ⇡i

X

�,a

X

i

D(a),s
�i�1,�(~y12, @~y2)O

+
i,J=3,�,(a)(~y2)

<latexit sha1_base64="SUNLJW6aIIRebkyWk8NZrct2n78="></latexit>



Spin Selection Rule

Consider the small separation limit between two light-ray 
operators

Analogy
O�1(x)O�2(x) =

X

i

Oi
�1+�2

(x)
<latexit sha1_base64="lDdKmEr5s03J6c266Q+FInvmw2k=">AAACQ3icbVBLS8MwAE59zvmqevQSHMJEGO0U9CIM9eDNCe6Bay1plm1h6YMkFUfpf/PiH/DmH/DiQRGvgllX1G1+EPj4HiT53JBRIQ3jWZuZnZtfWMwt5ZdXVtfW9Y3NuggijkkNByzgTRcJwqhPapJKRpohJ8hzGWm4/bOh37gjXNDAv5aDkNge6vq0QzGSSnL0m9jCiMHLxImtc8IkcsykeL8Hp+RyKp9AS0SeQ3/8W/pb3B+LQkcvGCUjBZwmZkYKIEPV0Z+sdoAjj/gSMyREyzRCaceIS4oZSfJWJEiIcB91SUtRH3lE2HG6QQJ3ldKGnYCr40uYqn8bMfKEGHiuSnpI9sSkNxT/81qR7BzbMfXDSBIfjy7qRAzKAA4HhW3KCZZsoAjCnKq3QtxDHGGpZs+rEczJL0+TerlkHpTKV4eFymk2Rw5sgx1QBCY4AhVwAaqgBjB4AC/gDbxrj9qr9qF9jqIzWtbZAmPQvr4BIimvLg==</latexit>

This leads to the spin selection rule

lim
z1·z2!0

L[O1](x, z1)L[O2](x, z2) =
X

i

(z1 · z2)
�iO�i,J(x, z2)

<latexit sha1_base64="2N9Qhs8lsgeG/4/LfYeqdhk1Mec="></latexit>

(J � 1) = (J1 � 1) + (J2 � 1) ) J = J1 + J2 � 1
<latexit sha1_base64="GwjEINZccGZ7MPSTgWcK4Hx0Bxg=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARKqVlZhTsRii6ka6q2FpohyGTZtrQzIUko5Shr+LGV3HjQpHuxJcx085CWw8kfPznPyTndyNGhTSMLy23srq2vpHfLGxt7+zu6fsHbRHGHJMWDlnIOy4ShNGAtCSVjHQiTpDvMvLgjq7T/sMj4YKGwb0cR8T20SCgHsVIKsnRa6VGxTyFl7DUcEyYYjlFK6XeHR0MJeI8fIINZUkdZXVbsAJNRy8aVWNWcBnMDIogq6ajT3v9EMc+CSRmSIiuaUTSThCXFDMyKfRiQSKER2hAugoD5BNhJ7MNJ/BEKX3ohVydQMKZ+nsiQb4QY99VTh/JoVjspeJ/vW4svZqd0CCKJQnw/CEvZlCGMI0L9iknWLKxAoQ5VX+FeIg4wlKFWlAhmIsrL0PbqppnVev2vFi/yuLIgyNwDErABBegDm5AE7QABs/gFbyDD+1Fe9M+tencmtOymUPwp7TvH0yTnD0=</latexit>

[Hofman, Maldacena 08Õ]

Z 1

�1
dx�

1 T��(x
�
1 , x

+
1 , ~x1)

Z 1

�1
dx�

2 T��(x
�
2 , x

+
2 , ~x2)

<latexit sha1_base64="ipjuJwUsUMcimUQzXY7Wk0KaaLw="></latexit>

=
X

i

Z
dx�

O���
<latexit sha1_base64="f0syDY0KLIs1ltqhyvPfRzyN9QA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgJiWpgm6Eoht3VrAPaGKYTCbt0MmDmYlYQvZu/BU3LhRx6w+482+ctllo64ELh3Pu5d57vIRRIU3zWystLa+srpXXKxubW9s7+u5eR8Qpx6SNYxbznocEYTQibUklI72EExR6jHS90eXE794TLmgc3cpxQpwQDSIaUIykkly9eg5tkYYuhTaNJPThw50BMxsjBq9zNzMMI3f1mlk3p4CLxCpIDRRoufqX7cc4DUkkMUNC9C0zkU6GuKSYkbxip4IkCI/QgPQVjVBIhJNNf8nhoVJ8GMRclTpoqv6eyFAoxDj0VGeI5FDMexPxP6+fyuDMyWiUpJJEeLYoSBmUMZwEA33KCZZsrAjCnKpbIR4ijrBU8VVUCNb8y4uk06hbx/XGzUmteVHEUQYHoAqOgAVOQRNcgRZoAwwewTN4BW/ak/aivWsfs9aSVszsgz/QPn8AKRGZOA==</latexit>



Signature of  Light-ray Operators

Analytic continuation in spin is performed separately from 
even spins (signature +) and from odd spins (signature -).

One way to state this is to consider CRT transformation

CRT : (u, v, ~y) ! (" u, " v, ~y)
<latexit sha1_base64="Hc5SgVlDeYpOqRYHEVuur6OP36M=">AAACG3icbVDLSgMxFM3UV62vUZdugkWp0JaZKiiuit24rNIXdErJpJk2NPMgyRSGof/hxl9x40IRV4IL/8Z0Ooi2HggczrmXm3PsgFEhDeNLy6ysrq1vZDdzW9s7u3v6/kFL+CHHpIl95vOOjQRh1CNNSSUjnYAT5NqMtO1xbea3J4QL6nsNGQWk56KhRx2KkVRSX69YLpIj4cS1+8b0GhbC4qRoTQiG0Rk8taAlfQvCQiksln70vp43ykYCuEzMlORBinpf/7AGPg5d4knMkBBd0whkL0ZcUszINGeFggQIj9GQdBX1kEtEL06yTeGJUgbQ8bl6noSJ+nsjRq4QkWurySTJojcT//O6oXSuejH1glASD88POSGD0oezouCAcoIlixRBmFP1V4hHiCMsVZ05VYK5GHmZtCpl87xcubvIV2/SOrLgCByDAjDBJaiCW1AHTYDBA3gCL+BVe9SetTftfT6a0dKdQ/AH2uc3Ca+eQg==</latexit>

!
(CRT)

" !

"!
dv Oi ;váááv (0, v, !y)(CRT)" 1

#  

= ( ! 1)J i

" !

"!
dv Oi ;váááv (0, v, !y)

<latexit sha1_base64="i5vU56ZNZtqRFRBBjfcF4eof0Vc="></latexit>

The same continues for the non-local operators
⇣
(CRT)O±

! ,J (x, z)(CRT)
�1

⌘ 
= ±O±

! ,J (x, z)
<latexit sha1_base64="aVqvL7v3qOXm4ek3JMGZmA67iag="></latexit>



Transverse Representations

Naively, one would think that light-ray operators transforming 
in the arbitrary representations of  the transverse SO(d-2) can 
appear in the OPE. 

Rule:  For the OPE 

1. List all SO(d-1,1) representations in the OPE O1 ⇥O2
<latexit sha1_base64="WERP5EnXTJrO+S1qh3JDJEvl2iA="></latexit>

2. Remove first row in the corresponding Young diagram

Z
dv1O1 ⇥

Z
dv2O2

<latexit sha1_base64="V4TlyFjLbL6lcfknpDdjnbVO2E8="></latexit>

ANEC x ANEC



Derivation

h⌦|O4W�,j(x, z)O3|⌦i = ↵�,j

Z
Dd�2z1D

d�2z2hP̃
†
�1
(z1)P̃

†
�2
(z2)P�,j(z)i

<latexit sha1_base64="yEi6UcLnpITuVh5QIzxds9AVO9Q="></latexit>

h⌦|[O4,L[O1](x, z1)][L[O2](x, z2),O3]|⌦i
<latexit sha1_base64="zNYSZJDlM0ytwUCZfyjypM+DDNA="></latexit>

Derivation proceeds through harmonic analysis on the celestial 
sphere and by relating the corresponding integration kernel 
to the one appearing in the inversion formula

Compare to the Lorentzian inversion formula

ct(�, J) =

Z 1

0
dzdz µ(z, z)GJ+d�1,�+1�d(z, z)h[O2,O3][O1,O4]i

<latexit sha1_base64="0NF9Rqyr/yYc8Sc8h6Fuw4DPXcw="></latexit>

Even though they look very different they are essentially 
the same!



Derivation



Derivation



Celestial Blocks

Inserting the light-ray OPE inside a correlation function 
we get a sum over celestial blocks.

h�4(p)|L[�1](1, z1)L[�2](1, z2)|�3(p)i

= ⇡i

Z d
2+i1

d
2�i1

d�

2⇡i
C��1,0(z1, z2, @z2)h�4(p)|O+

�,�1(1, z2) +O
�
�,�1(1, z2)|�3(p)i

<latexit sha1_base64="J+dzUOeEeFEuy7t8/T4J+cpKiLA="></latexit>



Celestial Blocks

Inserting the light-ray OPE inside a correlation function 
we get a sum over celestial blocks.

h�4(p)|L[�1](1, z1)L[�2](1, z2)|�3(p)i

= ⇡i

Z d
2+i1

d
2�i1

d�

2⇡i
C��1,0(z1, z2, @z2)h�4(p)|O+

�,�1(1, z2) +O
�
�,�1(1, z2)|�3(p)i

<latexit sha1_base64="J+dzUOeEeFEuy7t8/T4J+cpKiLA="></latexit>

h�4(p)|L[�1](1, z1)L[�2](1, z2)|�3(p)i =
(�p2)

�1+�2+�3+�4�4�d
2 ✓(p)

(�2z1 · p)�1�1(�2z2 · p)�2�1
G�1�2(⇣)

<latexit sha1_base64="oZVtQswED7Gq8zxNb9nKEIHwGmU="></latexit>



Celestial Blocks

Inserting the light-ray OPE inside a correlation function 
we get a sum over celestial blocks.

h�4(p)|L[�1](1, z1)L[�2](1, z2)|�3(p)i

= ⇡i

Z d
2+i1

d
2�i1
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2⇡i
C��1,0(z1, z2, @z2)h�4(p)|O+

�,�1(1, z2) +O
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�,�1(1, z2)|�3(p)i

<latexit sha1_base64="J+dzUOeEeFEuy7t8/T4J+cpKiLA="></latexit>

h�4(p)|L[�1](1, z1)L[�2](1, z2)|�3(p)i =
(�p2)

�1+�2+�3+�4�4�d
2 ✓(p)

(�2z1 · p)�1�1(�2z2 · p)�2�1
G�1�2(⇣)

<latexit sha1_base64="oZVtQswED7Gq8zxNb9nKEIHwGmU="></latexit>

G�1�2(⇣) = 2d+4��3��4⇡
d
2+3ei⇡

�4��3
2

⇥
X

i

�(�i � 2)
�
p+�i

+ p��i

�

�(�i�1+�3��4
2 )�(�i�1��3+�4

2 )�(�3+�4��i�1
2 )�(�i�1+�3+�4�d

2 )
f�1,�2

�i
(⇣)

(when ⇣ < 1).
<latexit sha1_base64="CW0iI71t3SV9NUd4YH97vQkptsw="></latexit>

f�1,�2

� (⇣) = ⇣
���1��2+1

2 2F1

✓
�� 1 +�1 ��2
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Analyticity in spin is a fundamental property of  
QFTs/S-matrix/CFTs/QG.  

Particles/Operators populate Regge trajectories.  

A generic point on a Regge trajectory is a light-ray 
operator (shockwave state).  

Physics of  light-ray operators captures interesting 
Lorentzian dynamics.

We have tools (OPE/crossing) to study them



Applications



Gravitational Shock Wave

Gravitational “Coulomb” field of  a relativistic particle 
is known as a gravitational shockwave.

[Aichelburg, Sexl 71Õ]
[Õt Hooft 87Õ]

When a particle propagates through a gravitational  
shockwave it experiences Shapiro time delay

ds2 = �du dv +
4�(D�4

2 )

⇡
D�4

2

Gpv

|~y|D�4
�(u)du2 + d~y2

<latexit sha1_base64="BMgPOHJmzxuhpw+mbpL8i5QUhAE="></latexit>



Gravitational Shock Wave

Non-minimal couplings lead to causality violations 
when propagating through a shock  
(Shapiro time advance)

[Camanho, Edelstein, Maldacena, AZ 14Õ]
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Fixing the problem requires an infinite number of  
higher spin particles. (e.g. string theory)

S =
1

lD�2
Pl

Z
dDx

p
�g

�
�2⇤+R+ ↵GB“R

2” + ...
�

<latexit sha1_base64="m4jZ94agmh81wIgMHHheFlwuLnM="></latexit>



Gravitational Shock Wave

Non-minimal couplings lead to causality violations 
when propagating through a shock  
(Shapiro time advance)

[Camanho, Edelstein, Maldacena, AZ 14Õ]
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Fixing the problem requires an infinite number of  
higher spin particles. (e.g. string theory)

Is it possible to write a precise quantum formula? Yes!
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Commutativity of  Shocks

Consider now a particle propagating through a pair 
of  closely situated shocks.

In Einstein theory the result does not depend on the 
order of  the shocks (equivalence principle).

2
1

1
2

Any modification of  GR, however, introduces 
shockwave non-commutativity!

[Kravchuk, Kologlu, Simmons-DufÞn, AZ 19Õ]

[Belin, Hofman, Mathys 19Õ]



Commutativity of  shocks

In AdS/CFT:

We have proven that that in every CFT ANECs 
commute

Stringy Equivalence Principle : In every UV complete theory 
of  quantum gravity gravitational shocks commute.
(should be applicable to our Universe as well)

commutativity of shocks = commutativity of ANECs

[

Z
dv1Tvv(0, v1, ~y1),

Z
dv2Tvv(0, v2, ~y2)] = 0
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In flat space the corresponding sum rule is known as 
superconvergence

[Alfaro, Fubini, Rossetti, Furlan 66Õ]
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Stringy Equivalence Principle

This becomes 
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This is the precise formula, but it is still to be shown  
how small the RHS can be.

[Kravchuk, Kologlu, Simmons-DufÞn, AZ, work in progress]



Energy Correlators in CFTs

In principle, one can combine the light-ray OPE 
formula with the numerical and analytic conformal 
bootstrap methods to compute event shapes in the 
genuinely strongly coupled CFT, say, the 3d Ising model.



Energy Correlators in CFTs

In principle, one can combine the light-ray OPE 
formula with the numerical and analytic conformal 
bootstrap methods to compute event shapes in the 
genuinely strongly coupled CFT, say, the 3d Ising model.

A simpler example is planar N=4 SYM. In this case 
supersymmetry relates scalar-scalar event shape to the 
energy-energy correlator. [Belitsky, Hohenegger, Korchemsky, Sokatchev, AZ 13Õ]
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OPE data evaluated at spin J=-1
sum over Regge trajectories
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Perturbative Checks

One loop
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OPE data evaluated at spin J=-1
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Strong coupling
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Jets at Finite Coupling in N=4 SYM
Weak coupling = Jets (collimated energy flux)
Strong coupling = Jets (spherical energy blobs)

This feature manifests itself  in the small angle behavior 
of  the energy correlator
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[plot by N.Gromov]
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[Korchemsky 19Õ]

[Dixon, Moult, Zhu 19Õ]



Conclusions

• light-ray technology  
(bootstrap methods, Lorentzian observables)

• application to effective theories of  quantum gravity   
(derive the rules for EFT)

• application to event shapes/collider physics 
(tabletop colliders, QCD, jets in the 3d Ising,   
celestial bootstrap)


