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`t Hooft: string world sheet from 
diagrams 1974 

Fishnet pioneers: H.B.Nielsen P.Olesen 1970 

Integrability in fishnets: A.Zamolodchikov 
1980 

B.Thorn - studied fishnets intensively
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<latexit sha1_base64="ig8716n1DkC5TYBfWo8r4zHHvLg=">AAACB3icbVDLSsNAFJ3UV62vqEulDBbBVUnqQjdC0Y0LFy3YBzQhTCaTdujkwcxELCE7Xfgrblwo0q2/4M5v8CectF1o64GBwzn3cOceN2ZUSMP40gpLyyura8X10sbm1vaOvrvXFlHCMWnhiEW86yJBGA1JS1LJSDfmBAUuIx13eJX7nTvCBY3CWzmKiR2gfkh9ipFUkqOXUwsjBm8yJ7V4AL0EsezCuqfQ8iIpSo5eMarGBHCRmDNSqR+Om9+P5XHD0T9VECcBCSVmSIieacTSThGXFDOSlaxEkBjhIeqTnqIhCoiw08kdGTxWigf9iKsXSjhRfydSFAgxClw1GSA5EPNeLv7n9RLpn9spDeNEkhBPF/kJgzKCeSnQo5xgyUaKIMyp+ivEA8QRlqq6vARz/uRF0q5VzdNqranauARTFMEBOAInwARnoA6uQQO0AAYP4Bm8gjftSXvR3rXxdLSgzTL74A+0jx8dAZyE</latexit>



Evidence of existence
Why do we believe at strong coupling the theory is described 

by a dual weakly coupled theory?

see: Kazakov, Korchemsky, Sizov, Negro, Grabner, N.G.



Evidence of existence
Why do we believe at strong coupling the theory is described 

by a dual weakly coupled theory?
Dimensions scale as

� / ⇠
<latexit sha1_base64="GDDHfIZxXcBu/yLpZg7lTSRyG7U=">AAAB+nicbVC7TsMwFHXKq5RXCiMIWVRITFVSBhgrYGBsJfqQmqhyXKe16jiW7QBV6MhnsDCAECtDv4ONb+AncB8DtBzpSkfn3Kt77wkEo0o7zpeVWVpeWV3Lruc2Nre2d+z8bl3FicSkhmMWy2aAFGGUk5qmmpGmkARFASONoH859hu3RCoa8xs9EMSPUJfTkGKkjdS2894VYRp5QsZCx9C7p2274BSdCeAicWekUD4YVb8fD0eVtv3pdWKcRIRrzJBSLdcR2k+R1BQzMsx5iSIC4T7qkpahHEVE+enk9CE8NkoHhrE0xTWcqL8nUhQpNYgC0xkh3VPz3lj8z2slOjz3U8pFognH00VhwqB5cpwD7FBJsGYDQxCW1NwKcQ9JhLVJK2dCcOdfXiT1UtE9LZaqJo0LMEUW7IMjcAJccAbK4BpUQA1gcAeewAt4tR6sZ+vNep+2ZqzZzB74A+vjBypCl6M=</latexit>

see: Kazakov, Korchemsky, Sizov, Negro, Grabner, N.G.



Evidence of existence
Why do we believe at strong coupling the theory is described 

by a dual weakly coupled theory?
Correlation functions scale as

exp(�⇠A)
<latexit sha1_base64="jhvO8DaRfIRkpdV2ij+4aRb7RXY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgQhIobdeNBj1IvHCOYB2SXMTmaTIbOzy8ysZAn5C/HiQRGv/oy3/I2Tx0ETCxqKqm66u/yYM6Vte2Jl1tY3Nrey27md3b39g/zhUUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBu6jefqFQsEo86jakX4p5gASNYG8l16TAuXbhDhm7OOvmiXbZnQKvEWZBiteCeP0+qaa2T/3a7EUlCKjThWKm2Y8faG2GpGeF0nHMTRWNMBrhH24YKHFLljWY3j9GpUbooiKQpodFM/T0xwqFSaeibzhDrvlr2puJ/XjvRwbU3YiJONBVkvihIONIRmgaAukxSonlqCCaSmVsR6WOJiTYx5UwIzvLLq6RRKTuX5cqDSeMW5sjCCRSgBA5cQRXuoQZ1IBDDC7zBu5VYr9aH9TlvzViLmWP4A+vrB7Czk8Y=</latexit>

Dimensions scale as
� / ⇠

<latexit sha1_base64="GDDHfIZxXcBu/yLpZg7lTSRyG7U=">AAAB+nicbVC7TsMwFHXKq5RXCiMIWVRITFVSBhgrYGBsJfqQmqhyXKe16jiW7QBV6MhnsDCAECtDv4ONb+AncB8DtBzpSkfn3Kt77wkEo0o7zpeVWVpeWV3Lruc2Nre2d+z8bl3FicSkhmMWy2aAFGGUk5qmmpGmkARFASONoH859hu3RCoa8xs9EMSPUJfTkGKkjdS2894VYRp5QsZCx9C7p2274BSdCeAicWekUD4YVb8fD0eVtv3pdWKcRIRrzJBSLdcR2k+R1BQzMsx5iSIC4T7qkpahHEVE+enk9CE8NkoHhrE0xTWcqL8nUhQpNYgC0xkh3VPz3lj8z2slOjz3U8pFognH00VhwqB5cpwD7FBJsGYDQxCW1NwKcQ9JhLVJK2dCcOdfXiT1UtE9LZaqJo0LMEUW7IMjcAJccAbK4BpUQA1gcAeewAt4tR6sZ+vNep+2ZqzZzB74A+vjBypCl6M=</latexit>

see: Kazakov, Korchemsky, Sizov, Negro, Grabner, N.G.



Graph-building operator
O = �J

1 (�2�
†
2)

n
<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>



Graph-building operator
To add an extra layer: 
B({y}, {x}) =

JY

i=1

⇠2/⇡2

(yi � yi+1)2(xi � yi)2
<latexit sha1_base64="ApOvUU+8iB9bLLlpqmRcx/h5YQo="></latexit>

O = �J
1 (�2�

†
2)

n
<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>



Graph-building operator
To add an extra layer: 
B({y}, {x}) =

JY

i=1

⇠2/⇡2

(yi � yi+1)2(xi � yi)2
<latexit sha1_base64="ApOvUU+8iB9bLLlpqmRcx/h5YQo="></latexit>

O = �J
1 (�2�
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n
<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>

Resumming all wheels:
1 + B̂ + B̂2 + · · · = 1

1� B̂
<latexit sha1_base64="FMR3B2HJ0AieS8agM/KEuVsNtWE=">AAACE3icbVC7SgNBFJ01PmJ8RS1tBoMgBsNuLLQRQmwsI5gHZGOYncwmQ2YfzNwVwrL/YOM/+AU2ForYprET7K38ByePQhMPDHM45947c48TCq7AND+MhdTi0vJKejWztr6xuZXd3qmpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7vQvRn79lknFA/8aBiFreaTrc5dTAlpqZ4+svN0jgMvT66aYtzsBqHPblYTGVhJbxxMnaWdzZsEcA88Ta0pypdLD9+fXMFVpZ9/1KBp5zAcqiFJNywyhFRMJnAqWZOxIsZDQPumypqY+8ZhqxeOdEnyglQ52A6mPD3is/u6IiafUwHN0pUegp2a9kfif14zAPWvF3A8jYD6dPORGAkOARwHhDpeMghhoQqjk+q+Y9ogOA3SMGR2CNbvyPKkVC9ZJoXil0yijCdJoD+2jQ2ShU1RCl6iCqoiiO/SIntGLcW88Ga/G26R0wZj27KI/MIY/JlKg9A==</latexit>



Graph-building operator
To add an extra layer: 
B({y}, {x}) =

JY

i=1

⇠2/⇡2

(yi � yi+1)2(xi � yi)2
<latexit sha1_base64="ApOvUU+8iB9bLLlpqmRcx/h5YQo="></latexit>

O = �J
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n
<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>

Resumming all wheels:
1 + B̂ + B̂2 + · · · = 1

1� B̂
<latexit sha1_base64="FMR3B2HJ0AieS8agM/KEuVsNtWE=">AAACE3icbVC7SgNBFJ01PmJ8RS1tBoMgBsNuLLQRQmwsI5gHZGOYncwmQ2YfzNwVwrL/YOM/+AU2ForYprET7K38ByePQhMPDHM45947c48TCq7AND+MhdTi0vJKejWztr6xuZXd3qmpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7vQvRn79lknFA/8aBiFreaTrc5dTAlpqZ4+svN0jgMvT66aYtzsBqHPblYTGVhJbxxMnaWdzZsEcA88Ta0pypdLD9+fXMFVpZ9/1KBp5zAcqiFJNywyhFRMJnAqWZOxIsZDQPumypqY+8ZhqxeOdEnyglQ52A6mPD3is/u6IiafUwHN0pUegp2a9kfif14zAPWvF3A8jYD6dPORGAkOARwHhDpeMghhoQqjk+q+Y9ogOA3SMGR2CNbvyPKkVC9ZJoXil0yijCdJoD+2jQ2ShU1RCl6iCqoiiO/SIntGLcW88Ga/G26R0wZj27KI/MIY/JlKg9A==</latexit>

2J correlation function:



Graph-building operator
To add an extra layer: 
B({y}, {x}) =

JY

i=1

⇠2/⇡2

(yi � yi+1)2(xi � yi)2
<latexit sha1_base64="ApOvUU+8iB9bLLlpqmRcx/h5YQo="></latexit>
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<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>

Resumming all wheels:
1 + B̂ + B̂2 + · · · = 1

1� B̂
<latexit sha1_base64="FMR3B2HJ0AieS8agM/KEuVsNtWE=">AAACE3icbVC7SgNBFJ01PmJ8RS1tBoMgBsNuLLQRQmwsI5gHZGOYncwmQ2YfzNwVwrL/YOM/+AU2ForYprET7K38ByePQhMPDHM45947c48TCq7AND+MhdTi0vJKejWztr6xuZXd3qmpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7vQvRn79lknFA/8aBiFreaTrc5dTAlpqZ4+svN0jgMvT66aYtzsBqHPblYTGVhJbxxMnaWdzZsEcA88Ta0pypdLD9+fXMFVpZ9/1KBp5zAcqiFJNywyhFRMJnAqWZOxIsZDQPumypqY+8ZhqxeOdEnyglQ52A6mPD3is/u6IiafUwHN0pUegp2a9kfif14zAPWvF3A8jYD6dPORGAkOARwHhDpeMghhoQqjk+q+Y9ogOA3SMGR2CNbvyPKkVC9ZJoXil0yijCdJoD+2jQ2ShU1RCl6iCqoiiO/SIntGLcW88Ga/G26R0wZj27KI/MIY/JlKg9A==</latexit>

2J correlation function:
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>



Graph-building operator
To add an extra layer: 
B({y}, {x}) =

JY

i=1
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(yi � yi+1)2(xi � yi)2
<latexit sha1_base64="ApOvUU+8iB9bLLlpqmRcx/h5YQo="></latexit>
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n
<latexit sha1_base64="E6uP2hVqZ0XKcUop1VEa48qYlNs=">AAACEnicbVBLSwMxGMzWV62vqkc9BIvQXspuPSiIUPQiXqxgH9jdlmw2uw3NPkiyQln6G3rxZ3j14kERr568+W9Mdz1o60DCMDMfyTd2xKiQuv6l5RYWl5ZX8quFtfWNza3i9k5LhDHHpIlDFvKOjQRhNCBNSSUjnYgT5NuMtO3hxdRv3xMuaBjcylFELB95AXUpRlJJ/WIlMTFi8Hp8ZkYD2jd6V+WU1LK7ZzrI8wiv9FS2pFf1FHCeGD+kVC9NTp27/cdGv/hpOiGOfRJIzJAQXUOPpJUgLilmZFwwY0EihIfII11FA+QTYSXpSmN4qBQHuiFXJ5AwVX9PJMgXYuTbKukjORCz3lT8z+vG0j2xEhpEsSQBzh5yYwZlCKf9QIdygiUbKYIwp+qvEA8QR1iqFguqBGN25XnSqlWNo2rtRrVxDjLkwR44AGVggGNQB5egAZoAgwl4Ai/gVXvQnrU37T2L5rSfmV3wB9rHN2jIn5o=</latexit>

Resumming all wheels:
1 + B̂ + B̂2 + · · · = 1

1� B̂
<latexit sha1_base64="FMR3B2HJ0AieS8agM/KEuVsNtWE=">AAACE3icbVC7SgNBFJ01PmJ8RS1tBoMgBsNuLLQRQmwsI5gHZGOYncwmQ2YfzNwVwrL/YOM/+AU2ForYprET7K38ByePQhMPDHM45947c48TCq7AND+MhdTi0vJKejWztr6xuZXd3qmpIJKUVWkgAtlwiGKC+6wKHARrhJIRzxGs7vQvRn79lknFA/8aBiFreaTrc5dTAlpqZ4+svN0jgMvT66aYtzsBqHPblYTGVhJbxxMnaWdzZsEcA88Ta0pypdLD9+fXMFVpZ9/1KBp5zAcqiFJNywyhFRMJnAqWZOxIsZDQPumypqY+8ZhqxeOdEnyglQ52A6mPD3is/u6IiafUwHN0pUegp2a9kfif14zAPWvF3A8jYD6dPORGAkOARwHhDpeMghhoQqjk+q+Y9ogOA3SMGR2CNbvyPKkVC9ZJoXil0yijCdJoD+2jQ2ShU1RCl6iCqoiiO/SIntGLcW88Ga/G26R0wZj27KI/MIY/JlKg9A==</latexit>

2J correlation function:
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>

Diagonalize B?



J=2 example
Conformal symmetry alone fixes the eigenvectors of B

 �,S(x1, x2) =
1

x��S
1 x��S

2 xS��+2
12

(tensor)S

<latexit sha1_base64="kEkQF2KOtAlPVzLNW8pBGVZEuSA="></latexit>



J=2 example
Conformal symmetry alone fixes the eigenvectors of B

 �,S(x1, x2) =
1

x��S
1 x��S

2 xS��+2
12

(tensor)S

<latexit sha1_base64="kEkQF2KOtAlPVzLNW8pBGVZEuSA="></latexit>

B̂ �,S(x1, x2) = E�,S �,S(x1, x2)
<latexit sha1_base64="Zcm6vg9HEplPF0YwIqmfz0x9ZH4="></latexit>

The eigenvalue is given by an integral



J=2 example
Conformal symmetry alone fixes the eigenvectors of B

 �,S(x1, x2) =
1

x��S
1 x��S

2 xS��+2
12

(tensor)S

<latexit sha1_base64="kEkQF2KOtAlPVzLNW8pBGVZEuSA="></latexit>

B̂ �,S(x1, x2) = E�,S �,S(x1, x2)
<latexit sha1_base64="Zcm6vg9HEplPF0YwIqmfz0x9ZH4="></latexit>

The eigenvalue is given by an integral

E�,S =
⇠4

(�+ S)(�+ S � 2)(��+ S + 4)(��+ S + 2)
<latexit sha1_base64="FR7SQr3YjULMpAwdLiTiQxfqakg="></latexit>

Can be computed explicitly Kazakov, Korchemsky, Grabner, N.G.



J=2 example
Conformal symmetry alone fixes the eigenvectors of B

 �,S(x1, x2) =
1

x��S
1 x��S

2 xS��+2
12

(tensor)S

<latexit sha1_base64="kEkQF2KOtAlPVzLNW8pBGVZEuSA="></latexit>

B̂ �,S(x1, x2) = E�,S �,S(x1, x2)
<latexit sha1_base64="Zcm6vg9HEplPF0YwIqmfz0x9ZH4="></latexit>

The eigenvalue is given by an integral

E�,S =
⇠4

(�+ S)(�+ S � 2)(��+ S + 4)(��+ S + 2)
<latexit sha1_base64="FR7SQr3YjULMpAwdLiTiQxfqakg="></latexit>

Can be computed explicitly Kazakov, Korchemsky, Grabner, N.G.

Note that Δ is an arbitrary parameter so far



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>
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X

S

Z
d�

1

1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>
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1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>

Compute integration by poles. Poles at
E�,S(⇠) = 1

<latexit sha1_base64="/bAih7niRIMR6BHR2q6WRGKsrwY=">AAAB/HicbVDLSsNAFJ3UV219RLt0E6xCBSlJXehGKD7AZUX7gCaEyXTSDp1MwsykGEL9FTcuFHHbH/AP3PkhunbautDWAxcO59zLvfd4ESVCmuaHlllYXFpeya7m8mvrG5v61nZDhDFHuI5CGvKWBwWmhOG6JJLiVsQxDDyKm17/fOw3B5gLErJbmUTYCWCXEZ8gKJXk6oVLN7UvMJXw8GZYsu/Iwanl6kWzbE5gzBPrhxSre5+jt0H+q+bq73YnRHGAmUQUCtG2zEg6KeSSIIqHOTsWOIKoD7u4rSiDARZOOjl+aOwrpWP4IVfFpDFRf0+kMBAiCTzVGUDZE7PeWPzPa8fSP3FSwqJYYoami/yYGjI0xkkYHcIxkjRRBCJO1K0G6kEOkVR55VQI1uzL86RRKVtH5cq1SuMMTJEFO2AXlIAFjkEVXIEaqAMEEvAAnsCzdq89ai/a67Q1o/3MFMAfaKNv52uYDw==</latexit>



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>

=
X

S

Z
d�

1

1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>

Compute integration by poles. Poles at
E�,S(⇠) = 1

<latexit sha1_base64="/bAih7niRIMR6BHR2q6WRGKsrwY=">AAAB/HicbVDLSsNAFJ3UV219RLt0E6xCBSlJXehGKD7AZUX7gCaEyXTSDp1MwsykGEL9FTcuFHHbH/AP3PkhunbautDWAxcO59zLvfd4ESVCmuaHlllYXFpeya7m8mvrG5v61nZDhDFHuI5CGvKWBwWmhOG6JJLiVsQxDDyKm17/fOw3B5gLErJbmUTYCWCXEZ8gKJXk6oVLN7UvMJXw8GZYsu/Iwanl6kWzbE5gzBPrhxSre5+jt0H+q+bq73YnRHGAmUQUCtG2zEg6KeSSIIqHOTsWOIKoD7u4rSiDARZOOjl+aOwrpWP4IVfFpDFRf0+kMBAiCTzVGUDZE7PeWPzPa8fSP3FSwqJYYoami/yYGjI0xkkYHcIxkjRRBCJO1K0G6kEOkVR55VQI1uzL86RRKVtH5cq1SuMMTJEFO2AXlIAFjkEVXIEaqAMEEvAAnsCzdq89ai/a67Q1o/3MFMAfaKNv52uYDw==</latexit>

�(S, ⇠)
<latexit sha1_base64="0h2UKxZpZx1XN9SPb3R4N7DELgU=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGIKGEmHvQY1IPHiGaBzBB6Oj1Jk57F7prgMOQvBC8eFPHqx3jL39hZDpr4oODxXhVV9dxIcAWmOTYyK6tr6xvZzdzW9s7uXn7/oKHCWFJWp6EIZcsligkesDpwEKwVSUZ8V7CmO7ie+M0hk4qHwQMkEXN80gu4xykBLTn2DRNASvdn9hM/6eSLZtmcAi8Ta06K1YJ9+jyuJrVO/tvuhjT2WQBUEKXalhmBkxIJnAo2ytmxYhGhA9JjbU0D4jPlpNOjR/hYK13shVJXAHiq/p5Iia9U4ru60yfQV4veRPzPa8fgXTopD6IYWEBni7xYYAjxJAHc5ZJREIkmhEqub8W0TyShoHPK6RCsxZeXSaNSts7LlTudxhWaIYuOUAGVkIUuUBXdohqqI4oe0Qt6Q+/G0Hg1PozPWWvGmM8coj8wvn4AsLWUXg==</latexit>

Gives spectrum



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>

=
X

S

Z
d�

1

1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>

Compute integration by poles. Poles at
E�,S(⇠) = 1

<latexit sha1_base64="/bAih7niRIMR6BHR2q6WRGKsrwY=">AAAB/HicbVDLSsNAFJ3UV219RLt0E6xCBSlJXehGKD7AZUX7gCaEyXTSDp1MwsykGEL9FTcuFHHbH/AP3PkhunbautDWAxcO59zLvfd4ESVCmuaHlllYXFpeya7m8mvrG5v61nZDhDFHuI5CGvKWBwWmhOG6JJLiVsQxDDyKm17/fOw3B5gLErJbmUTYCWCXEZ8gKJXk6oVLN7UvMJXw8GZYsu/Iwanl6kWzbE5gzBPrhxSre5+jt0H+q+bq73YnRHGAmUQUCtG2zEg6KeSSIIqHOTsWOIKoD7u4rSiDARZOOjl+aOwrpWP4IVfFpDFRf0+kMBAiCTzVGUDZE7PeWPzPa8fSP3FSwqJYYoami/yYGjI0xkkYHcIxkjRRBCJO1K0G6kEOkVR55VQI1uzL86RRKVtH5cq1SuMMTJEFO2AXlIAFjkEVXIEaqAMEEvAAnsCzdq89ai/a67Q1o/3MFMAfaKNv52uYDw==</latexit>

�(S, ⇠)
<latexit sha1_base64="0h2UKxZpZx1XN9SPb3R4N7DELgU=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGIKGEmHvQY1IPHiGaBzBB6Oj1Jk57F7prgMOQvBC8eFPHqx3jL39hZDpr4oODxXhVV9dxIcAWmOTYyK6tr6xvZzdzW9s7uXn7/oKHCWFJWp6EIZcsligkesDpwEKwVSUZ8V7CmO7ie+M0hk4qHwQMkEXN80gu4xykBLTn2DRNASvdn9hM/6eSLZtmcAi8Ta06K1YJ9+jyuJrVO/tvuhjT2WQBUEKXalhmBkxIJnAo2ytmxYhGhA9JjbU0D4jPlpNOjR/hYK13shVJXAHiq/p5Iia9U4ru60yfQV4veRPzPa8fgXTopD6IYWEBni7xYYAjxJAHc5ZJREIkmhEqub8W0TyShoHPK6RCsxZeXSaNSts7LlTudxhWaIYuOUAGVkIUuUBXdohqqI4oe0Qt6Q+/G0Hg1PozPWWvGmM8coj8wvn4AsLWUXg==</latexit>

Gives spectrum

�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>
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1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>

Compute integration by poles. Poles at
E�,S(⇠) = 1

<latexit sha1_base64="/bAih7niRIMR6BHR2q6WRGKsrwY=">AAAB/HicbVDLSsNAFJ3UV219RLt0E6xCBSlJXehGKD7AZUX7gCaEyXTSDp1MwsykGEL9FTcuFHHbH/AP3PkhunbautDWAxcO59zLvfd4ESVCmuaHlllYXFpeya7m8mvrG5v61nZDhDFHuI5CGvKWBwWmhOG6JJLiVsQxDDyKm17/fOw3B5gLErJbmUTYCWCXEZ8gKJXk6oVLN7UvMJXw8GZYsu/Iwanl6kWzbE5gzBPrhxSre5+jt0H+q+bq73YnRHGAmUQUCtG2zEg6KeSSIIqHOTsWOIKoD7u4rSiDARZOOjl+aOwrpWP4IVfFpDFRf0+kMBAiCTzVGUDZE7PeWPzPa8fSP3FSwqJYYoami/yYGjI0xkkYHcIxkjRRBCJO1K0G6kEOkVR55VQI1uzL86RRKVtH5cq1SuMMTJEFO2AXlIAFjkEVXIEaqAMEEvAAnsCzdq89ai/a67Q1o/3MFMAfaKNv52uYDw==</latexit>

�(S, ⇠)
<latexit sha1_base64="0h2UKxZpZx1XN9SPb3R4N7DELgU=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGIKGEmHvQY1IPHiGaBzBB6Oj1Jk57F7prgMOQvBC8eFPHqx3jL39hZDpr4oODxXhVV9dxIcAWmOTYyK6tr6xvZzdzW9s7uXn7/oKHCWFJWp6EIZcsligkesDpwEKwVSUZ8V7CmO7ie+M0hk4qHwQMkEXN80gu4xykBLTn2DRNASvdn9hM/6eSLZtmcAi8Ta06K1YJ9+jyuJrVO/tvuhjT2WQBUEKXalhmBkxIJnAo2ytmxYhGhA9JjbU0D4jPlpNOjR/hYK13shVJXAHiq/p5Iia9U4ru60yfQV4veRPzPa8fgXTopD6IYWEBni7xYYAjxJAHc5ZJREIkmhEqub8W0TyShoHPK6RCsxZeXSaNSts7LlTudxhWaIYuOUAGVkIUuUBXdohqqI4oe0Qt6Q+/G0Hg1PozPWWvGmM8coj8wvn4AsLWUXg==</latexit>

Gives spectrum
Residue gives the structure function

�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>



J=2 example
hx1, . . . , xJ |

1

1� B̂
|y1, . . . , yJi

<latexit sha1_base64="zG/NaQeAFOhWsV2AvD7F0+7Jy1M="></latexit>

=
X

S

Z
d�

1

1� E�,S
hx1, . . . , xJ | �,Sih �,S |y1, . . . , yJi

<latexit sha1_base64="y9ZHpF72ZSyOTQ0yi7Hud0SSDbA="></latexit>

Compute integration by poles. Poles at
E�,S(⇠) = 1

<latexit sha1_base64="/bAih7niRIMR6BHR2q6WRGKsrwY=">AAAB/HicbVDLSsNAFJ3UV219RLt0E6xCBSlJXehGKD7AZUX7gCaEyXTSDp1MwsykGEL9FTcuFHHbH/AP3PkhunbautDWAxcO59zLvfd4ESVCmuaHlllYXFpeya7m8mvrG5v61nZDhDFHuI5CGvKWBwWmhOG6JJLiVsQxDDyKm17/fOw3B5gLErJbmUTYCWCXEZ8gKJXk6oVLN7UvMJXw8GZYsu/Iwanl6kWzbE5gzBPrhxSre5+jt0H+q+bq73YnRHGAmUQUCtG2zEg6KeSSIIqHOTsWOIKoD7u4rSiDARZOOjl+aOwrpWP4IVfFpDFRf0+kMBAiCTzVGUDZE7PeWPzPa8fSP3FSwqJYYoami/yYGjI0xkkYHcIxkjRRBCJO1K0G6kEOkVR55VQI1uzL86RRKVtH5cq1SuMMTJEFO2AXlIAFjkEVXIEaqAMEEvAAnsCzdq89ai/a67Q1o/3MFMAfaKNv52uYDw==</latexit>

�(S, ⇠)
<latexit sha1_base64="0h2UKxZpZx1XN9SPb3R4N7DELgU=">AAAB9HicbVDJSgNBEO2JW4xb1KOXJkGIKGEmHvQY1IPHiGaBzBB6Oj1Jk57F7prgMOQvBC8eFPHqx3jL39hZDpr4oODxXhVV9dxIcAWmOTYyK6tr6xvZzdzW9s7uXn7/oKHCWFJWp6EIZcsligkesDpwEKwVSUZ8V7CmO7ie+M0hk4qHwQMkEXN80gu4xykBLTn2DRNASvdn9hM/6eSLZtmcAi8Ta06K1YJ9+jyuJrVO/tvuhjT2WQBUEKXalhmBkxIJnAo2ytmxYhGhA9JjbU0D4jPlpNOjR/hYK13shVJXAHiq/p5Iia9U4ru60yfQV4veRPzPa8fgXTopD6IYWEBni7xYYAjxJAHc5ZJREIkmhEqub8W0TyShoHPK6RCsxZeXSaNSts7LlTudxhWaIYuOUAGVkIUuUBXdohqqI4oe0Qt6Q+/G0Hg1PozPWWvGmM8coj8wvn4AsLWUXg==</latexit>

Gives spectrum
Residue gives the structure function
J=2 we get:
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

�
<latexit sha1_base64="bdAS1DU9pLDwmRSuoG8etVlJoIw=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbSbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqDg2upNLtgBmQIoYGCpTQTjSwKJDQCkY3U7/1BNoIFT/gOAE/YoNYhIIztFKzewsSWa9UdivuDHSZeDkpkxz1Xumr21c8jSBGLpkxHc9N0M+YRsElTIrd1EDC+IgNoGNpzCIwfja7dkJPrdKnodK2YqQz9fdExiJjxlFgOyOGQ7PoTcX/vE6K4ZWfiThJEWI+XxSmkqKi09dpX2jgKMeWMK6FvZXyIdOMow2oaEPwFl9eJs1qxTuvVO8vyrXrPI4COSYn5Ix45JLUyB2pkwbh5JE8k1fy5ijnxXl3PuatK04+c0T+wPn8AWHajwA=</latexit>



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum:
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

htr(�1�2)tr(�1�
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At weak coupling              :⇠ ! 0
<latexit sha1_base64="rvDfkRjVyAvmedG4ieAjjAaTui4=">AAAB73icbVDLSsNAFJ34rPVVdanIYBFclaQudFl047IF+4AmlMl00g6dTOLMjVhCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePBddg21/W0vLK6tp6biO/ubW9s1vY22/oKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AfXmd+8Z0rzSN7CMGZeSHqSB5wSMFLLfeAuRHa+UyjaJXsCvEicGSlWjsa178fjcbVT+HS7EU1CJoEKonXbsWPwUqKAU8FGeTfRLCZ0QHqsbagkIdNeOrl3hE+N0sVBpExJwBP190RKQq2HoW86QwJ9Pe9l4n9eO4Hg0ku5jBNgkk4XBYnAEOHsedzlilEQQ0MIVdzcimmfKELBRJSF4My/vEga5ZJzXirXTBpXaIocOkQn6Aw56AJV0A2qojqiSKAn9IJerTvr2Xqz3qetS9Zs5gD9gfXxA0hqkys=</latexit>
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At weak coupling              :⇠ ! 0
<latexit sha1_base64="rvDfkRjVyAvmedG4ieAjjAaTui4=">AAAB73icbVDLSsNAFJ34rPVVdanIYBFclaQudFl047IF+4AmlMl00g6dTOLMjVhCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePBddg21/W0vLK6tp6biO/ubW9s1vY22/oKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AfXmd+8Z0rzSN7CMGZeSHqSB5wSMFLLfeAuRHa+UyjaJXsCvEicGSlWjsa178fjcbVT+HS7EU1CJoEKonXbsWPwUqKAU8FGeTfRLCZ0QHqsbagkIdNeOrl3hE+N0sVBpExJwBP190RKQq2HoW86QwJ9Pe9l4n9eO4Hg0ku5jBNgkk4XBYnAEOHsedzlilEQQ0MIVdzcimmfKELBRJSF4My/vEga5ZJzXirXTBpXaIocOkQn6Aw56AJV0A2qojqiSKAn9IJerTvr2Xqz3qetS9Zs5gD9gfXxA0hqkys=</latexit>
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At weak coupling              :⇠ ! 0
<latexit sha1_base64="rvDfkRjVyAvmedG4ieAjjAaTui4=">AAAB73icbVDLSsNAFJ34rPVVdanIYBFclaQudFl047IF+4AmlMl00g6dTOLMjVhCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePBddg21/W0vLK6tp6biO/ubW9s1vY22/oKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AfXmd+8Z0rzSN7CMGZeSHqSB5wSMFLLfeAuRHa+UyjaJXsCvEicGSlWjsa178fjcbVT+HS7EU1CJoEKonXbsWPwUqKAU8FGeTfRLCZ0QHqsbagkIdNeOrl3hE+N0sVBpExJwBP190RKQq2HoW86QwJ9Pe9l4n9eO4Hg0ku5jBNgkk4XBYnAEOHsedzlilEQQ0MIVdzcimmfKELBRJSF4My/vEga5ZJzXirXTBpXaIocOkQn6Aw56AJV0A2qojqiSKAn9IJerTvr2Xqz3qetS9Zs5gD9gfXxA0hqkys=</latexit>

Harmonic Poly-Logarithms
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<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At weak coupling              :⇠ ! 0
<latexit sha1_base64="rvDfkRjVyAvmedG4ieAjjAaTui4=">AAAB73icbVDLSsNAFJ34rPVVdanIYBFclaQudFl047IF+4AmlMl00g6dTOLMjVhCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePBddg21/W0vLK6tp6biO/ubW9s1vY22/oKFGU1WkkItXyiWaCS1YHDoK1YsVI6AvW9AfXmd+8Z0rzSN7CMGZeSHqSB5wSMFLLfeAuRHa+UyjaJXsCvEicGSlWjsa178fjcbVT+HS7EU1CJoEKonXbsWPwUqKAU8FGeTfRLCZ0QHqsbagkIdNeOrl3hE+N0sVBpExJwBP190RKQq2HoW86QwJ9Pe9l4n9eO4Hg0ku5jBNgkk4XBYnAEOHsedzlilEQQ0MIVdzcimmfKELBRJSF4My/vEga5ZJzXirXTBpXaIocOkQn6Aw56AJV0A2qojqiSKAn9IJerTvr2Xqz3qetS9Zs5gD9gfXxA0hqkys=</latexit>

Harmonic Poly-Logarithms

htr(�1�2)tr(�1�
†
2)tr(�

†
1�2)tr(�

†
1�

†
2)i

<latexit sha1_base64="Qv8AWoX2aUiAApsmHa9uLOCSuds="></latexit>

N.G., Kazakov, Korchemsky

Single-valued 



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At strong coupling              :⇠ ! 1
<latexit sha1_base64="COSdaS/ttoML1REBTssYvK+bpRE=">AAAB83icbVDLSsNAFJ3UV62vqktFgkVwVZK60GXRjcsW7AOaUCbTSTt0MhNmbsQQuvQX3LhQxK37foc7v8GfcPpYaOuBC4dz7uXee4KYMw2O82XlVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2gAGnLZjRXEUcNoKhjcTv3VPlWZS3EEaUz/CfcFCRjAYyfMemAfSYyKEtFssOWVnCnuZuHNSqh6P69+PJ+Nat/jp9SRJIiqAcKx1x3Vi8DOsgBFORwUv0TTGZIj7tGOowBHVfja9eWSfGaVnh1KZEmBP1d8TGY60TqPAdEYYBnrRm4j/eZ0Ewis/YyJOgAoyWxQm3AZpTwKwe0xRAjw1BBPFzK02GWCFCZiYCiYEd/HlZdKslN2LcqVu0rhGM+TRETpF58hFl6iKblENNRBBMXpCL+jVSqxn6816n7XmrPnMIfoD6+MHZ2SVnw==</latexit>

� =
p

S2 ⌥ 4⇠2
<latexit sha1_base64="0qwJ8zVm1GyIqvz4zR2gonORTeI=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpRoMiFmF3FbQRglpYRjQPyCZhdjJJhsw+nLkrhiWFjb9iY6GIrR9hZ+WvOHkUGj1w4XDOvdx7jxcJrsCyPo3UzOzc/EJ6MbO0vLK6Zq5vlFUYS8pKNBShrHpEMcEDVgIOglUjyYjvCVbxemdDv3LLpOJhcA39iNV90gl4m1MCWmqaWfecCSAnrrqRkFw1HNeP8KF7xxvOoGnmrLw1Av5L7AnJFbb2qRJfu8Wm+eG2Qhr7LAAqiFI124qgnhAJnAo2yLixYhGhPdJhNU0D4jNVT0ZPDPCOVlq4HUpdAeCR+nMiIb5Sfd/TnT6Brpr2huJ/Xi2G9nE94UEUAwvoeFE7FhhCPEwEt7hkFERfE0Il17di2iWSUNC5ZXQI9vTLf0nZydsHeedSp3GKxkijLNpGe8hGR6iALlARlRBF9+gRPaMX48F4Ml6Nt3FrypjMbKJfMN6/Aa1Kmmk=</latexit>



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At strong coupling              :⇠ ! 1
<latexit sha1_base64="COSdaS/ttoML1REBTssYvK+bpRE=">AAAB83icbVDLSsNAFJ3UV62vqktFgkVwVZK60GXRjcsW7AOaUCbTSTt0MhNmbsQQuvQX3LhQxK37foc7v8GfcPpYaOuBC4dz7uXee4KYMw2O82XlVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2gAGnLZjRXEUcNoKhjcTv3VPlWZS3EEaUz/CfcFCRjAYyfMemAfSYyKEtFssOWVnCnuZuHNSqh6P69+PJ+Nat/jp9SRJIiqAcKx1x3Vi8DOsgBFORwUv0TTGZIj7tGOowBHVfja9eWSfGaVnh1KZEmBP1d8TGY60TqPAdEYYBnrRm4j/eZ0Ewis/YyJOgAoyWxQm3AZpTwKwe0xRAjw1BBPFzK02GWCFCZiYCiYEd/HlZdKslN2LcqVu0rhGM+TRETpF58hFl6iKblENNRBBMXpCL+jVSqxn6816n7XmrPnMIfoD6+MHZ2SVnw==</latexit>

� =
p

S2 ⌥ 4⇠2
<latexit sha1_base64="0qwJ8zVm1GyIqvz4zR2gonORTeI=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpRoMiFmF3FbQRglpYRjQPyCZhdjJJhsw+nLkrhiWFjb9iY6GIrR9hZ+WvOHkUGj1w4XDOvdx7jxcJrsCyPo3UzOzc/EJ6MbO0vLK6Zq5vlFUYS8pKNBShrHpEMcEDVgIOglUjyYjvCVbxemdDv3LLpOJhcA39iNV90gl4m1MCWmqaWfecCSAnrrqRkFw1HNeP8KF7xxvOoGnmrLw1Av5L7AnJFbb2qRJfu8Wm+eG2Qhr7LAAqiFI124qgnhAJnAo2yLixYhGhPdJhNU0D4jNVT0ZPDPCOVlq4HUpdAeCR+nMiIb5Sfd/TnT6Brpr2huJ/Xi2G9nE94UEUAwvoeFE7FhhCPEwEt7hkFERfE0Il17di2iWSUNC5ZXQI9vTLf0nZydsHeedSp3GKxkijLNpGe8hGR6iALlARlRBF9+gRPaMX48F4Ml6Nt3FrypjMbKJfMN6/Aa1Kmmk=</latexit>

G = e�2i⇠
p

✓2+⇢2

<latexit sha1_base64="/bUB//0SD+3xQ6n0Og0kM17g9iY="></latexit>



J=2 example
G(x1, x2|y1, y2) =

X

S,�

C�,Sg�,S(u, v)

<latexit sha1_base64="HQv51+9evT7J7hID29uWgQ7Wx3o="></latexit>

Exact spectrum: Exact structure constant:

At strong coupling              :⇠ ! 1
<latexit sha1_base64="COSdaS/ttoML1REBTssYvK+bpRE=">AAAB83icbVDLSsNAFJ3UV62vqktFgkVwVZK60GXRjcsW7AOaUCbTSTt0MhNmbsQQuvQX3LhQxK37foc7v8GfcPpYaOuBC4dz7uXee4KYMw2O82XlVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2gAGnLZjRXEUcNoKhjcTv3VPlWZS3EEaUz/CfcFCRjAYyfMemAfSYyKEtFssOWVnCnuZuHNSqh6P69+PJ+Nat/jp9SRJIiqAcKx1x3Vi8DOsgBFORwUv0TTGZIj7tGOowBHVfja9eWSfGaVnh1KZEmBP1d8TGY60TqPAdEYYBnrRm4j/eZ0Ewis/YyJOgAoyWxQm3AZpTwKwe0xRAjw1BBPFzK02GWCFCZiYCiYEd/HlZdKslN2LcqVu0rhGM+TRETpF58hFl6iKblENNRBBMXpCL+jVSqxn6816n7XmrPnMIfoD6+MHZ2SVnw==</latexit>

� =
p

S2 ⌥ 4⇠2
<latexit sha1_base64="0qwJ8zVm1GyIqvz4zR2gonORTeI=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpRoMiFmF3FbQRglpYRjQPyCZhdjJJhsw+nLkrhiWFjb9iY6GIrR9hZ+WvOHkUGj1w4XDOvdx7jxcJrsCyPo3UzOzc/EJ6MbO0vLK6Zq5vlFUYS8pKNBShrHpEMcEDVgIOglUjyYjvCVbxemdDv3LLpOJhcA39iNV90gl4m1MCWmqaWfecCSAnrrqRkFw1HNeP8KF7xxvOoGnmrLw1Av5L7AnJFbb2qRJfu8Wm+eG2Qhr7LAAqiFI124qgnhAJnAo2yLixYhGhPdJhNU0D4jNVT0ZPDPCOVlq4HUpdAeCR+nMiIb5Sfd/TnT6Brpr2huJ/Xi2G9nE94UEUAwvoeFE7FhhCPEwEt7hkFERfE0Il17di2iWSUNC5ZXQI9vTLf0nZydsHeedSp3GKxkijLNpGe8hGR6iALlARlRBF9+gRPaMX48F4Ml6Nt3FrypjMbKJfMN6/Aa1Kmmk=</latexit>

G = e�2i⇠
p

✓2+⇢2

<latexit sha1_base64="/bUB//0SD+3xQ6n0Og0kM17g9iY="></latexit>

x1
<latexit sha1_base64="lbp0mxvqmlOK1Iup6dopUe9Ixrg=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+67XzRfcojsFWibenBTKR7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KJBdV+Oj11jE6t0kNhpGxJg6bq74kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhN/kY9pigxfGQJJorZWxEZYIWJsenkbAje4svLpFEqeufFUs2mUYEZsnAMJ3AGHlxAGa6hCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H65eRQQ==</latexit>

x2
<latexit sha1_base64="9SCxJjiKWQ1GuegWCE+3Mqrx3Uk=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+26pmy+4RXcKtEy8OSmUj2rf7L3yUe3mPzu9iCSCSkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUSC6r9dHrqGJ1apYfCSNmSBk3V3xMpFlqPRGA7BTYDvehNxP+8dmLCSz9lMk4MlWS2KEw4MhGa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiAMlxDFepAoA8P8ATPDncenRfnddaaceYzh/AHztsP7RuRQg==</latexit>

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

✓
<latexit sha1_base64="XSnmv7Q3htaBkjl1qDUiNLnLL28=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMTmaTMbMzy8xZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEiuAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq1ZTVqBJKN0NimOCS1YCDYM1EMxKHgjXCwdU4b9wzbbiStzBMWBCTnuQRpwSsVW9DnwHpFIpeyZsIL4I/g+LFh3uevH251U7hs91VNI2ZBCqIMS3fSyDIiAZOBRu57dSwhNAB6bGWRUliZoJsMu0IH1mniyOl7ZOAJ+7vjozExgzj0FbGBPpmPhub/2WtFKKzIOMySYFJOv0oSgUGhcer4y7XjIIYWiBUczsrpn2iCQV7INcewZ9feRHq5ZJ/UirfeMXKJZoqjw7QITpGPjpFFXSNqqiGKLpDD+gJPTvKeXRenNdpac6Z9eyjP3LefwAE25Jp</latexit>

e⇢
<latexit sha1_base64="ptKkw2OLxBTsIxzFJlE92MI+2kU=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkjXMTs4mY2ZnlplZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8KEM20878vJLSwuLa/kV9219Y3NrcL2Tl3LVFGoUcmlaoZEA2cCaoYZDs1EAYlDDo1wcDHOG3egNJPi2gwTCGLSEyxilBhr1eGmrfqyUyh6JW8iPA/+DxTP3t3T5PXTrXYKH+2upGkMwlBOtG75XmKCjCjDKIeR2041JIQOSA9aFgWJQQfZZNoRPrBOF0dS2ScMnri/OzISaz2MQ1sZE9PXs9nY/C9rpSY6CTImktSAoNOPopRjI/F4ddxlCqjhQwuEKmZnxbRPFKHGHsi1R/BnV56HernkH5XKV16xco6myqM9tI8OkY+OUQVdoiqqIYpu0T16RE+OdB6cZ+dlWppzfnp20R85b9/1Y5Jf</latexit>

In COM kinematics



Resembles classical dual string @  ⇠ ! 1
<latexit sha1_base64="Cj5dlWGrQ77Ufa9wAz+xkgaV8w4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwVZI+UHdFNy4r2Ac0oUymk3boZBJmbsQQ+htuXCji1p9x5984bSOo6IELh3Pu5d57/FhwDbb9YRVWVtfWN4qbpa3tnd298v5BV0eJoqxDIxGpvk80E1yyDnAQrB8rRkJfsJ4/vZr7vTumNI/kLaQx80IyljzglICRXPeeuxC5XAaQDssVu2o79oVTw4YsYEjTrjcbTezkSgXlaA/L7+4ooknIJFBBtB44dgxeRhRwKtis5CaaxYROyZgNDJUkZNrLFjfP8IlRRjiIlCkJeKF+n8hIqHUa+qYzJDDRv725+Jc3SCA49zIu4wSYpMtFQSIwRHgeAB5xxSiI1BBCFTe3YjohilAwMZVMCF+f4v9Jt1Z16tXaTaPSuszjKKIjdIxOkYPOUAtdozbqIIpi9ICe0LOVWI/Wi/W6bC1Y+cwh+gHr7ROsq5Ib</latexit>



Resembles classical dual string @  ⇠ ! 1
<latexit sha1_base64="Cj5dlWGrQ77Ufa9wAz+xkgaV8w4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwVZI+UHdFNy4r2Ac0oUymk3boZBJmbsQQ+htuXCji1p9x5984bSOo6IELh3Pu5d57/FhwDbb9YRVWVtfWN4qbpa3tnd298v5BV0eJoqxDIxGpvk80E1yyDnAQrB8rRkJfsJ4/vZr7vTumNI/kLaQx80IyljzglICRXPeeuxC5XAaQDssVu2o79oVTw4YsYEjTrjcbTezkSgXlaA/L7+4ooknIJFBBtB44dgxeRhRwKtis5CaaxYROyZgNDJUkZNrLFjfP8IlRRjiIlCkJeKF+n8hIqHUa+qYzJDDRv725+Jc3SCA49zIu4wSYpMtFQSIwRHgeAB5xxSiI1BBCFTe3YjohilAwMZVMCF+f4v9Jt1Z16tXaTaPSuszjKKIjdIxOkYPOUAtdozbqIIpi9ICe0LOVWI/Wi/W6bC1Y+cwh+gHr7ROsq5Ib</latexit>

Energy

Correlation functions

� ⇠ ⇠
<latexit sha1_base64="qPBF5+5Ka+AEzDQSIT5ARzpIfew=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNRDx4r2A/oriWbZtvQJLskWbUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rQeqNIvlnRklNBC4L1nECDZWuvevKTcY+ZoJ/4l1S2W34k6BFomXkzLkqHdLX34vJqmg0hCOte54bmKCDCvDCKfjop9qmmAyxH3asVRiQXWQTa8eo2Or9FAUK1vSoKn6eyLDQuuRCG2nwGag572J+J/XSU10EWRMJqmhkswWRSlHJkaTCFCPKUoMH1mCiWL2VkQGWGFibFBFG4I3//IiaVYr3mmlentWrl3mcRTgEI7gBDw4hxrcQB0aQEDBM7zCm/PovDjvzsesdcnJZw7gD5zPHzR2klI=</latexit>

hO1O2 . . . i ⇠ e�⇠A
<latexit sha1_base64="0yu/hKnF3Kv1BTpZLxQFPBSHVSc=">AAACHnicbZDLSgMxFIYz9V5vVZdugkVwY5mpii5EvGzcWcFqoVNLJj3ThmYuJGfEMvRJ3PgqblwoIrjStzG9INr6Q+DjP+ckOb8XS6HRtr+szMTk1PTM7Fx2fmFxaTm3snqto0RxKPNIRqriMQ1ShFBGgRIqsQIWeBJuvPZZr35zB0qLKLzCTgy1gDVD4QvO0Fj13J4rwcfD1OVM0otu3fmhotuIULtKNFt45GoRULhNt917QU+69VzeLth90XFwhpAnQ5XquQ9zG08CCJFLpnXVsWOspUyh4BK6WTfREDPeZk2oGgxZALqW9tfr0k3jNKgfKXNCpH3390TKAq07gWc6A4YtPVrrmf/Vqgn6B7VUhHGCEPLBQ34iKUa0lxVtCAUcZccA40qYv1LeYopxNIlmTQjO6MrjcF0sODuF4uVu/vh0GMcsWScbZIs4ZJ8ck3NSImXCyQN5Ii/k1Xq0nq03633QmrGGM2vkj6zPb5dNoiQ=</latexit>



Resembles classical dual string @  ⇠ ! 1
<latexit sha1_base64="Cj5dlWGrQ77Ufa9wAz+xkgaV8w4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwVZI+UHdFNy4r2Ac0oUymk3boZBJmbsQQ+htuXCji1p9x5984bSOo6IELh3Pu5d57/FhwDbb9YRVWVtfWN4qbpa3tnd298v5BV0eJoqxDIxGpvk80E1yyDnAQrB8rRkJfsJ4/vZr7vTumNI/kLaQx80IyljzglICRXPeeuxC5XAaQDssVu2o79oVTw4YsYEjTrjcbTezkSgXlaA/L7+4ooknIJFBBtB44dgxeRhRwKtis5CaaxYROyZgNDJUkZNrLFjfP8IlRRjiIlCkJeKF+n8hIqHUa+qYzJDDRv725+Jc3SCA49zIu4wSYpMtFQSIwRHgeAB5xxSiI1BBCFTe3YjohilAwMZVMCF+f4v9Jt1Z16tXaTaPSuszjKKIjdIxOkYPOUAtdozbqIIpi9ICe0LOVWI/Wi/W6bC1Y+cwh+gHr7ROsq5Ib</latexit>

Energy

Correlation functions

� ⇠ ⇠
<latexit sha1_base64="qPBF5+5Ka+AEzDQSIT5ARzpIfew=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GNRDx4r2A/oriWbZtvQJLskWbUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rQeqNIvlnRklNBC4L1nECDZWuvevKTcY+ZoJ/4l1S2W34k6BFomXkzLkqHdLX34vJqmg0hCOte54bmKCDCvDCKfjop9qmmAyxH3asVRiQXWQTa8eo2Or9FAUK1vSoKn6eyLDQuuRCG2nwGag572J+J/XSU10EWRMJqmhkswWRSlHJkaTCFCPKUoMH1mCiWL2VkQGWGFibFBFG4I3//IiaVYr3mmlentWrl3mcRTgEI7gBDw4hxrcQB0aQEDBM7zCm/PovDjvzsesdcnJZw7gD5zPHzR2klI=</latexit>

hO1O2 . . . i ⇠ e�⇠A
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Instead we can integrate it out (Polyakov -> NG)
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Time reparameterization
Symmetries:
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Time reparameterization
Rotations, Translations 
Special conformal

Symmetries: ~ = 1/⇠
<latexit sha1_base64="sDa0UDNhkGEsHQ8ItU7kMv53d4o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZM0tHUhFN24rGAfkIQymU7aoZNJmJmIpfQz3LhQxK1f486/cdJWUNEDFw7n3Mu994Qpo1JZ1odRWFldW98obpa2tnd298r7Bx2ZZAKTNk5YInohkoRRTtqKKkZ6qSAoDhnphuOr3O/eESFpwm/VJCVBjIacRhQjpSXPH4VIXNhn/j3tlyuWed6oOW4NWqZl1W3HzolTd6sutLWSowKWaPXL7/4gwVlMuMIMSenZVqqCKRKKYkZmJT+TJEV4jIbE05SjmMhgOj95Bk+0MoBRInRxBefq94kpiqWcxKHujJEayd9eLv7leZmKGsGU8jRThOPFoihjUCUw/x8OqCBYsYkmCAuqb4V4hATCSqdU0iF8fQr/Jx3HtKumc+NWmpfLOIrgCByDU2CDOmiCa9ACbYBBAh7AE3g2lPFovBivi9aCsZw5BD9gvH0C4oKRAQ==</latexit>

classical at strong coupling! 



Derivation of the dual
L =

2J � 1

2
2J

2J�1

 
1

�

JY

i=1

~̇x2
i

! 1
2J�1

+ �
JY

i=1

4⇠2

(~xi � ~xi+1)2
<latexit sha1_base64="nEicyL2EztBSEK938W9nMnOnvs8="></latexit>

The condition H=0 comes from EOM for 𝛾 after gauge fixing 𝛾=1 
Instead we can integrate it out (Polyakov -> NG)

S = ⇠

Z
Ldt = 2J⇠

Z  JY

i=1

~̇x2
i

(~xi � ~xi+1)2

! 1
2J

dt .
<latexit sha1_base64="DNg//X88tg994TFpPwu611QZv6o="></latexit>

Time reparameterization
Rotations, Translations 
Special conformal

Symmetries:
Next:  
try to make symmetries 

more manifest…

~ = 1/⇠
<latexit sha1_base64="sDa0UDNhkGEsHQ8ItU7kMv53d4o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZM0tHUhFN24rGAfkIQymU7aoZNJmJmIpfQz3LhQxK1f486/cdJWUNEDFw7n3Mu994Qpo1JZ1odRWFldW98obpa2tnd298r7Bx2ZZAKTNk5YInohkoRRTtqKKkZ6qSAoDhnphuOr3O/eESFpwm/VJCVBjIacRhQjpSXPH4VIXNhn/j3tlyuWed6oOW4NWqZl1W3HzolTd6sutLWSowKWaPXL7/4gwVlMuMIMSenZVqqCKRKKYkZmJT+TJEV4jIbE05SjmMhgOj95Bk+0MoBRInRxBefq94kpiqWcxKHujJEayd9eLv7leZmKGsGU8jRThOPFoihjUCUw/x8OqCBYsYkmCAuqb4V4hATCSqdU0iF8fQr/Jx3HtKumc+NWmpfLOIrgCByDU2CDOmiCa9ACbYBBAh7AE3g2lPFovBivi9aCsZw5BD9gvH0C4oKRAQ==</latexit>

classical at strong coupling! 



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>

Lagrangian:

L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>

Lagrangian:

L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

Symmetries:



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>

Lagrangian:

L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

Gauge: Time reparameterization

Symmetries:



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>

Lagrangian:

L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

Gauge: Time reparameterization
Global: Conformal symmetry 

Symmetries:



Up-lifting to 1+5D
XM

i , M = �1, 0, 1, 2, 3, 4
<latexit sha1_base64="Cj43dy9zzg0FHx5cKlaRtXfMiR4=">AAACBXicbVC7SgNBFJ31GeNr1VKLJUFIsYbdRIgQhKCNTSCCeUB2XWYnk2TI7IOZWSEsaWz8CH/AxkIRW2tbO9GPcTZJoYkH7uVwzr3M3OOGlHBhGJ/KwuLS8spqai29vrG5ta3u7DZ4EDGE6yigAWu5kGNKfFwXRFDcChmGnktx0x2cJ37zBjNOAv9KDENse7Dnky5BUEjJUQ9aDrmuWmWrrCetenpk6oZu6gW9qB87atbIG2No88Sckmwlk/v+Kr3f1xz1w+oEKPKwLxCFnLdNIxR2DJkgiOJR2oo4DiEawB5uS+pDD3M7Hl8x0g6l0tG6AZPlC22s/t6Iocf50HPlpAdFn896ifif145E98SOiR9GAvto8lA3opoItCQSrUMYRoIOJYGIEflXDfUhg0jI4NIyBHP25HnSKOTNYr5wKdM4AxOkwD7IgBwwQQlUwAWogTpA4BY8gCfwrNwpj8qL8joZXVCmO3vgD5S3H+N7mLA=</latexit>

Introduce 1+5D vector (-+++++)

xµ
i = Xµ

i /X
+
i , X2

i = 0 , X+
i = X0

i +X�1
i .

<latexit sha1_base64="SvTSsEoMspppdZPgMFRAUrd+eOI="></latexit>

Related to the original 4D vector

Useful identities
(xi � xi�1)

2 = �2Xi ·Xi�1 , (ẋi)
2 = (Ẋi)

2
<latexit sha1_base64="3cBLorxwlSlgNAKGvRRBVZjFdcM="></latexit>

Lagrangian:

L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

Gauge: Time reparameterization
Global: Conformal symmetry 
Gauge: Rescaling of each Xi

Symmetries:



Up-lifting to 5D
L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>



Up-lifting to 5D
L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

We “Polyakov” the gauge symmetries

L = �
X

i

 
↵iẊ2

i

2
+
Y

k

(�↵kXk.Xk+1)
� 1

J

!
+ ⌘iX

2
i ,

<latexit sha1_base64="EvRF2VhS+GegbMwSCHe1IyvZNgo="></latexit>



Up-lifting to 5D
L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

We “Polyakov” the gauge symmetries

L = �
X

i

 
↵iẊ2

i

2
+
Y

k

(�↵kXk.Xk+1)
� 1

J

!
+ ⌘iX

2
i ,

<latexit sha1_base64="EvRF2VhS+GegbMwSCHe1IyvZNgo="></latexit>

Fix “conformal” gauge 
↵i = 1 ,

X

i

⌘i = J
<latexit sha1_base64="Kb8AUFRW03m3/i0OvGz4q35qZXw=">AAACCnicbVDLSgMxFM34rPU16tJNtAgupMzUhUIRii4UVxXsAzrDkEnTNjTJDElGKGPXbvwSwY0LRdz6Be78GzNtF9p64F4O59xLck8YM6q043xbc/MLi0vLuZX86tr6xqa9tV1XUSIxqeGIRbIZIkUYFaSmqWakGUuCeMhII+xfZH7jjkhFI3GrBzHxOeoK2qEYaSMF9p6HWNxDAT1zvbJXPsqapxIeUI/oTL4O7IJTdEaAs8SdkELlEj55wX23GthfXjvCCSdCY4aUarlOrP0USU0xI8O8lygSI9xHXdIyVCBOlJ+OThnCA6O0YSeSpoSGI/X3Roq4UgMemkmOdE9Ne5n4n9dKdOfUT6mIE00EHj/USRjUEcxygW0qCdZsYAjCkpq/QtxDEmFt0subENzpk2dJvVR0j4ulG5PGORgjB3bBPjgELjgBFXAFqqAGMHgAz+AVvFmP1ov1bn2MR+esyc4O+APr8wdfapxi</latexit>



Up-lifting to 5D
L = 2J

 
JY

i=1

Ẋi · Ẋi

�2Xi ·Xi+1

! 1
2J

<latexit sha1_base64="u0MnT4KG4yNDHfDSKGhWwmwJUjE="></latexit>

We “Polyakov” the gauge symmetries

L = �
X

i

 
↵iẊ2

i

2
+
Y

k

(�↵kXk.Xk+1)
� 1

J

!
+ ⌘iX

2
i ,

<latexit sha1_base64="EvRF2VhS+GegbMwSCHe1IyvZNgo="></latexit>

Fix “conformal” gauge 
↵i = 1 ,

X

i

⌘i = J
<latexit sha1_base64="Kb8AUFRW03m3/i0OvGz4q35qZXw=">AAACCnicbVDLSgMxFM34rPU16tJNtAgupMzUhUIRii4UVxXsAzrDkEnTNjTJDElGKGPXbvwSwY0LRdz6Be78GzNtF9p64F4O59xLck8YM6q043xbc/MLi0vLuZX86tr6xqa9tV1XUSIxqeGIRbIZIkUYFaSmqWakGUuCeMhII+xfZH7jjkhFI3GrBzHxOeoK2qEYaSMF9p6HWNxDAT1zvbJXPsqapxIeUI/oTL4O7IJTdEaAs8SdkELlEj55wX23GthfXjvCCSdCY4aUarlOrP0USU0xI8O8lygSI9xHXdIyVCBOlJ+OThnCA6O0YSeSpoSGI/X3Roq4UgMemkmOdE9Ne5n4n9dKdOfUT6mIE00EHj/USRjUEcxygW0qCdZsYAjCkpq/QtxDEmFt0subENzpk2dJvVR0j4ulG5PGORgjB3bBPjgELjgBFXAFqqAGMHgAz+AVvFmP1ov1bn2MR+esyc4O+APr8wdfapxi</latexit>

Finally get the dual action:

L = �
X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



EOM and constraints
L = �

X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



EOM and constraints

“Virasoro” constraint
Ẋ2

k = 2
Y

i

(�Xi.Xi+1)
� 1

J ⌘ L , k = 1, . . . , J ,
<latexit sha1_base64="lgB1C3SKLkjOqCharmWB5fiocIQ="></latexit>

L = �
X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



EOM and constraints

“Virasoro” constraint
Ẋ2

k = 2
Y

i

(�Xi.Xi+1)
� 1

J ⌘ L , k = 1, . . . , J ,
<latexit sha1_base64="lgB1C3SKLkjOqCharmWB5fiocIQ="></latexit>

Equations of motion
Ẍi = 2⌘iXi �

L
2

✓
Xi+1

Xi+1.Xi
+

Xi�1

Xi.Xi�1

◆
.

<latexit sha1_base64="ug7gUyHcMFbI2FDAojUaGBSfL24="></latexit>

L = �
X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



EOM and constraints

“Virasoro” constraint
Ẋ2

k = 2
Y

i

(�Xi.Xi+1)
� 1

J ⌘ L , k = 1, . . . , J ,
<latexit sha1_base64="lgB1C3SKLkjOqCharmWB5fiocIQ="></latexit>

Equations of motion
Ẍi = 2⌘iXi �

L
2

✓
Xi+1

Xi+1.Xi
+

Xi�1

Xi.Xi�1

◆
.

<latexit sha1_base64="ug7gUyHcMFbI2FDAojUaGBSfL24="></latexit>

Global charges
qMN
i = ẊM

i XN
i � ẊN

i XM
i

<latexit sha1_base64="H3qAvnW4GbvIH7z1M44DuHyc+NE=">AAACGnicbVDLSgMxFM34rONr1KWb0CJ0Y5mpi7oRim7cWCrYB7R1yKSZNjTzMMkIZZjvcKG/4saFUtyJG9GPMZ0W1NYDISfn3JvkHidkVEjT/NAWFpeWV1Yza/r6xubWtrGzWxdBxDGp4YAFvOkgQRj1SU1SyUgz5AR5DiMNZ3A29hu3hAsa+FdyGJKOh3o+dSlGUkm2Yd3Y9Dq+qCQn7W4gYTM9JelWSfTDH7GSTD3byJkFMwWcJ9aU5MrZ/NdnaXRftY03dQuOPOJLzJAQLcsMZSdGXFLMSKK3I0FChAeoR1qK+sgjohOnoyXwQCld6AZcLV/CVP3dESNPiKHnqEoPyb6Y9cbif14rku5xJ6Z+GEni48lDbsSgDOA4J9ilnGDJhoogzKn6K8R9xBGWKk1dhWDNjjxP6sWCdVQoXqo0TsEEGbAPsiAPLFACZXAOqqAGMLgDj+AZvGgP2pM20l4npQvatGcP/IH2/g0X1aSj</latexit>

QMN = ⇠
X

i

qMN
i

<latexit sha1_base64="0YV1gN3naZbDbEEvmcsxzVwIuiI=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiR1oRuh6EI3Sgv2AU0Mk+mkHTqTxJmJWGJx46+46UIRt36FO//GadqFth64cDjnXu69x48Zlcqyvo25+YXFpeXcSn51bX1j09zarssoEZjUcMQi0fSRJIyGpKaoYqQZC4K4z0jD752P/MY9EZJG4Y3qx8TlqBPSgGKktOSZu9Xb9Op6cOo8UEcm3KPwzqOZ5JkFq2hlgLPEnpBC+QIOHe+xU/HML6cd4YSTUGGGpGzZVqzcFAlFMSODvJNIEiPcQx3S0jREnEg3zV4YwAOttGEQCV2hgpn6eyJFXMo+93UnR6orp72R+J/XSlRw4qY0jBNFQjxeFCQMqgiO8oBtKghWrK8JwoLqWyHuIoGw0qnldQj29MuzpF4q2kfFUlWncQbGyIE9sA8OgQ2OQRlcggqoAQyewAt4BW/GszE03o2PceucMZnZAX9gfP4A6PSaEw==</latexit>

L = �
X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



EOM and constraints

“Virasoro” constraint
Ẋ2

k = 2
Y

i

(�Xi.Xi+1)
� 1

J ⌘ L , k = 1, . . . , J ,
<latexit sha1_base64="lgB1C3SKLkjOqCharmWB5fiocIQ="></latexit>

Equations of motion
Ẍi = 2⌘iXi �

L
2

✓
Xi+1

Xi+1.Xi
+

Xi�1

Xi.Xi�1

◆
.

<latexit sha1_base64="ug7gUyHcMFbI2FDAojUaGBSfL24="></latexit>

Global charges
qMN
i = ẊM

i XN
i � ẊN

i XM
i

<latexit sha1_base64="H3qAvnW4GbvIH7z1M44DuHyc+NE=">AAACGnicbVDLSgMxFM34rONr1KWb0CJ0Y5mpi7oRim7cWCrYB7R1yKSZNjTzMMkIZZjvcKG/4saFUtyJG9GPMZ0W1NYDISfn3JvkHidkVEjT/NAWFpeWV1Yza/r6xubWtrGzWxdBxDGp4YAFvOkgQRj1SU1SyUgz5AR5DiMNZ3A29hu3hAsa+FdyGJKOh3o+dSlGUkm2Yd3Y9Dq+qCQn7W4gYTM9JelWSfTDH7GSTD3byJkFMwWcJ9aU5MrZ/NdnaXRftY03dQuOPOJLzJAQLcsMZSdGXFLMSKK3I0FChAeoR1qK+sgjohOnoyXwQCld6AZcLV/CVP3dESNPiKHnqEoPyb6Y9cbif14rku5xJ6Z+GEni48lDbsSgDOA4J9ilnGDJhoogzKn6K8R9xBGWKk1dhWDNjjxP6sWCdVQoXqo0TsEEGbAPsiAPLFACZXAOqqAGMLgDj+AZvGgP2pM20l4npQvatGcP/IH2/g0X1aSj</latexit>

QMN = ⇠
X

i

qMN
i

<latexit sha1_base64="0YV1gN3naZbDbEEvmcsxzVwIuiI=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiR1oRuh6EI3Sgv2AU0Mk+mkHTqTxJmJWGJx46+46UIRt36FO//GadqFth64cDjnXu69x48Zlcqyvo25+YXFpeXcSn51bX1j09zarssoEZjUcMQi0fSRJIyGpKaoYqQZC4K4z0jD752P/MY9EZJG4Y3qx8TlqBPSgGKktOSZu9Xb9Op6cOo8UEcm3KPwzqOZ5JkFq2hlgLPEnpBC+QIOHe+xU/HML6cd4YSTUGGGpGzZVqzcFAlFMSODvJNIEiPcQx3S0jREnEg3zV4YwAOttGEQCV2hgpn6eyJFXMo+93UnR6orp72R+J/XSlRw4qY0jBNFQjxeFCQMqgiO8oBtKghWrK8JwoLqWyHuIoGw0qnldQj29MuzpF4q2kfFUlWncQbGyIE9sA8OgQ2OQRlcggqoAQyewAt4BW/GszE03o2PceucMZnZAX9gfP4A6PSaEw==</latexit>

Q�1,0 = i� , Q1,2 = S1 , Q3,4 = S2
<latexit sha1_base64="+gNIXwDSrNZaV2CpAklie/ExDUM="></latexit>

L = �
X

i

 
Ẋ2

i

2
+
Y

k

(�Xk.Xk+1)
� 1

J + ⌘i(X
2
i +R2) +R2

!

<latexit sha1_base64="eBtViG/WE3nUfeLSb5yU0i0UGV4="></latexit>



J=2 example
Can use global rotation to bring to the form:



J=2 example
Can use global rotation to bring to the form:
X1 =

rp
2
(cosh s, sinh s,+cos�,� sin�, 0, 0)

<latexit sha1_base64="xq4KA4bKq36CwkFGj5anPPiWzVw="></latexit>

X2 =
rp
2
(cosh s, sinh s,� cos�,+sin�, 0, 0)

<latexit sha1_base64="VKr6iX3R1TnNDMtdIg3lqYSM//U="></latexit>



J=2 example
Can use global rotation to bring to the form:
X1 =

rp
2
(cosh s, sinh s,+cos�,� sin�, 0, 0)

<latexit sha1_base64="xq4KA4bKq36CwkFGj5anPPiWzVw="></latexit>

X2 =
rp
2
(cosh s, sinh s,� cos�,+sin�, 0, 0)

<latexit sha1_base64="VKr6iX3R1TnNDMtdIg3lqYSM//U="></latexit>

Conserved charges determine all dynamics 

S = ⌥4⇠ ⌧ , s = �i
�

⇠
⌧ , � =

S1

⇠
⌧ , d⌧ =

dt

r2(t)
<latexit sha1_base64="qiVxRcxuJURbehdSueOd2EyXuSA="></latexit>



J=2 example
Can use global rotation to bring to the form:
X1 =

rp
2
(cosh s, sinh s,+cos�,� sin�, 0, 0)

<latexit sha1_base64="xq4KA4bKq36CwkFGj5anPPiWzVw="></latexit>

X2 =
rp
2
(cosh s, sinh s,� cos�,+sin�, 0, 0)

<latexit sha1_base64="VKr6iX3R1TnNDMtdIg3lqYSM//U="></latexit>

Conserved charges determine all dynamics 

S = ⌥4⇠ ⌧ , s = �i
�

⇠
⌧ , � =

S1

⇠
⌧ , d⌧ =

dt

r2(t)
<latexit sha1_base64="qiVxRcxuJURbehdSueOd2EyXuSA="></latexit>

Virasoro constraint
@⌧X

2
1 = @⌧X

2
2 = 2

<latexit sha1_base64="OZ4iW9WN5TrWuq9h6nEfBWNj9Bs=">AAACEnicbZC7TsMwFIadcivlFmBksVohlaVKwlAWpAoWxiLRi9SEyHHd1qrjRLaDVEV9BhY2noOFAYSYkJjYEDwMTtsBWn7J0q/vnGP7/EHMqFSW9WnklpZXVtfy64WNza3tHXN3rymjRGDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHie1Vs3REga8Ss1iokXoj6nPYqR0sg3j9wYCUUR812FEtj27WvndJ45mjm+WbIq1kRw0dgzU6oVy99f1bf7um9+uN0IJyHhCjMkZce2YuWl2dWYkXHBTSSJER6iPuloy1FIpJdOVhrDQ026sBcJfbiCE/p7IkWhlKMw0J0hUgM5X8vgf7VOononXkp5nCjC8fShXsKgimCWD+xSQbBiI20QFlT/FeIBEggrnWJBh2DPr7xomk7FPq44lzqNMzBVHhyAIigDG1RBDVyAOmgADG7BA3gCz8ad8Wi8GK/T1pwxm9kHf2S8/wDGdKCa</latexit>



J=2 example
Can use global rotation to bring to the form:
X1 =

rp
2
(cosh s, sinh s,+cos�,� sin�, 0, 0)

<latexit sha1_base64="xq4KA4bKq36CwkFGj5anPPiWzVw="></latexit>

X2 =
rp
2
(cosh s, sinh s,� cos�,+sin�, 0, 0)

<latexit sha1_base64="VKr6iX3R1TnNDMtdIg3lqYSM//U="></latexit>

Conserved charges determine all dynamics 

S = ⌥4⇠ ⌧ , s = �i
�

⇠
⌧ , � =

S1

⇠
⌧ , d⌧ =

dt

r2(t)
<latexit sha1_base64="qiVxRcxuJURbehdSueOd2EyXuSA="></latexit>

Virasoro constraint
@⌧X

2
1 = @⌧X

2
2 = 2

<latexit sha1_base64="OZ4iW9WN5TrWuq9h6nEfBWNj9Bs=">AAACEnicbZC7TsMwFIadcivlFmBksVohlaVKwlAWpAoWxiLRi9SEyHHd1qrjRLaDVEV9BhY2noOFAYSYkJjYEDwMTtsBWn7J0q/vnGP7/EHMqFSW9WnklpZXVtfy64WNza3tHXN3rymjRGDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHie1Vs3REga8Ss1iokXoj6nPYqR0sg3j9wYCUUR812FEtj27WvndJ45mjm+WbIq1kRw0dgzU6oVy99f1bf7um9+uN0IJyHhCjMkZce2YuWl2dWYkXHBTSSJER6iPuloy1FIpJdOVhrDQ026sBcJfbiCE/p7IkWhlKMw0J0hUgM5X8vgf7VOononXkp5nCjC8fShXsKgimCWD+xSQbBiI20QFlT/FeIBEggrnWJBh2DPr7xomk7FPq44lzqNMzBVHhyAIigDG1RBDVyAOmgADG7BA3gCz8ad8Wi8GK/T1pwxm9kHf2S8/wDGdKCa</latexit>

S2
1 ��2 = 4⇠2

<latexit sha1_base64="YdPUONLgEqf4lHfPKpf3tFjc3Zg=">AAAB/nicbVDLSsNAFJ34rPUVFVduhhahG0sShboRirpwWdE+oEnDZDpph04ezEzEEgr+hys3LhRx6y+4dSf6MU4fC209cOFwzr3ce48XMyqkYXxqc/MLi0vLmZXs6tr6xqa+tV0TUcIxqeKIRbzhIUEYDUlVUslII+YEBR4jda93NvTrN4QLGoXXsh8TJ0CdkPoUI6kkV9+9cs2WdWCfEyZRyzo5sm9py3L1vFE0RoCzxJyQfDlX+P4qvd9XXP3Dbkc4CUgoMUNCNE0jlk6KuKSYkUHWTgSJEe6hDmkqGqKACCcdnT+A+0ppQz/iqkIJR+rviRQFQvQDT3UGSHbFtDcU//OaifSPnZSGcSJJiMeL/IRBGcFhFrBNOcGS9RVBmFN1K8RdxBGWKrGsCsGcfnmW1KyieVi0LlUap2CMDNgDOVAAJiiBMrgAFVAFGKTgATyBZ+1Oe9RetNdx65w2mdkBf6C9/QAmOJgN</latexit>

Reproduced correct spectrum!



J=2 example



J=2 example
Want to get from x1, x2 to y1, y2  

by adjusting S1 and time.



J=2 example

x1
<latexit sha1_base64="lbp0mxvqmlOK1Iup6dopUe9Ixrg=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+67XzRfcojsFWibenBTKR7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KJBdV+Oj11jE6t0kNhpGxJg6bq74kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhN/kY9pigxfGQJJorZWxEZYIWJsenkbAje4svLpFEqeufFUs2mUYEZsnAMJ3AGHlxAGa6hCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H65eRQQ==</latexit>

x2
<latexit sha1_base64="9SCxJjiKWQ1GuegWCE+3Mqrx3Uk=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+26pmy+4RXcKtEy8OSmUj2rf7L3yUe3mPzu9iCSCSkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUSC6r9dHrqGJ1apYfCSNmSBk3V3xMpFlqPRGA7BTYDvehNxP+8dmLCSz9lMk4MlWS2KEw4MhGa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiAMlxDFepAoA8P8ATPDncenRfnddaaceYzh/AHztsP7RuRQg==</latexit>

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

✓
<latexit sha1_base64="XSnmv7Q3htaBkjl1qDUiNLnLL28=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMTmaTMbMzy8xZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEiuAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq1ZTVqBJKN0NimOCS1YCDYM1EMxKHgjXCwdU4b9wzbbiStzBMWBCTnuQRpwSsVW9DnwHpFIpeyZsIL4I/g+LFh3uevH251U7hs91VNI2ZBCqIMS3fSyDIiAZOBRu57dSwhNAB6bGWRUliZoJsMu0IH1mniyOl7ZOAJ+7vjozExgzj0FbGBPpmPhub/2WtFKKzIOMySYFJOv0oSgUGhcer4y7XjIIYWiBUczsrpn2iCQV7INcewZ9feRHq5ZJ/UirfeMXKJZoqjw7QITpGPjpFFXSNqqiGKLpDD+gJPTvKeXRenNdpac6Z9eyjP3LefwAE25Jp</latexit>

e⇢
<latexit sha1_base64="ptKkw2OLxBTsIxzFJlE92MI+2kU=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkjXMTs4mY2ZnlplZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8KEM20878vJLSwuLa/kV9219Y3NrcL2Tl3LVFGoUcmlaoZEA2cCaoYZDs1EAYlDDo1wcDHOG3egNJPi2gwTCGLSEyxilBhr1eGmrfqyUyh6JW8iPA/+DxTP3t3T5PXTrXYKH+2upGkMwlBOtG75XmKCjCjDKIeR2041JIQOSA9aFgWJQQfZZNoRPrBOF0dS2ScMnri/OzISaz2MQ1sZE9PXs9nY/C9rpSY6CTImktSAoNOPopRjI/F4ddxlCqjhQwuEKmZnxbRPFKHGHsi1R/BnV56HernkH5XKV16xco6myqM9tI8OkY+OUQVdoiqqIYpu0T16RE+OdB6cZ+dlWppzfnp20R85b9/1Y5Jf</latexit>

Want to get from x1, x2 to y1, y2  
by adjusting S1 and time.



J=2 example

x1
<latexit sha1_base64="lbp0mxvqmlOK1Iup6dopUe9Ixrg=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+67XzRfcojsFWibenBTKR7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KJBdV+Oj11jE6t0kNhpGxJg6bq74kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhN/kY9pigxfGQJJorZWxEZYIWJsenkbAje4svLpFEqeufFUs2mUYEZsnAMJ3AGHlxAGa6hCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H65eRQQ==</latexit>

x2
<latexit sha1_base64="9SCxJjiKWQ1GuegWCE+3Mqrx3Uk=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+26pmy+4RXcKtEy8OSmUj2rf7L3yUe3mPzu9iCSCSkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUSC6r9dHrqGJ1apYfCSNmSBk3V3xMpFlqPRGA7BTYDvehNxP+8dmLCSz9lMk4MlWS2KEw4MhGa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiAMlxDFepAoA8P8ATPDncenRfnddaaceYzh/AHztsP7RuRQg==</latexit>

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

✓
<latexit sha1_base64="XSnmv7Q3htaBkjl1qDUiNLnLL28=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMTmaTMbMzy8xZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEiuAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq1ZTVqBJKN0NimOCS1YCDYM1EMxKHgjXCwdU4b9wzbbiStzBMWBCTnuQRpwSsVW9DnwHpFIpeyZsIL4I/g+LFh3uevH251U7hs91VNI2ZBCqIMS3fSyDIiAZOBRu57dSwhNAB6bGWRUliZoJsMu0IH1mniyOl7ZOAJ+7vjozExgzj0FbGBPpmPhub/2WtFKKzIOMySYFJOv0oSgUGhcer4y7XjIIYWiBUczsrpn2iCQV7INcewZ9feRHq5ZJ/UirfeMXKJZoqjw7QITpGPjpFFXSNqqiGKLpDD+gJPTvKeXRenNdpac6Z9eyjP3LefwAE25Jp</latexit>

e⇢
<latexit sha1_base64="ptKkw2OLxBTsIxzFJlE92MI+2kU=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkjXMTs4mY2ZnlplZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8KEM20878vJLSwuLa/kV9219Y3NrcL2Tl3LVFGoUcmlaoZEA2cCaoYZDs1EAYlDDo1wcDHOG3egNJPi2gwTCGLSEyxilBhr1eGmrfqyUyh6JW8iPA/+DxTP3t3T5PXTrXYKH+2upGkMwlBOtG75XmKCjCjDKIeR2041JIQOSA9aFgWJQQfZZNoRPrBOF0dS2ScMnri/OzISaz2MQ1sZE9PXs9nY/C9rpSY6CTImktSAoNOPopRjI/F4ddxlCqjhQwuEKmZnxbRPFKHGHsi1R/BnV56HernkH5XKV16xco6myqM9tI8OkY+OUQVdoiqqIYpu0T16RE+OdB6cZ+dlWppzfnp20R85b9/1Y5Jf</latexit>

Want to get from x1, x2 to y1, y2  
by adjusting S1 and time.

Computing the action on this trajectory 
we get



J=2 example

x1
<latexit sha1_base64="lbp0mxvqmlOK1Iup6dopUe9Ixrg=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+67XzRfcojsFWibenBTKR7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KJBdV+Oj11jE6t0kNhpGxJg6bq74kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhN/kY9pigxfGQJJorZWxEZYIWJsenkbAje4svLpFEqeufFUs2mUYEZsnAMJ3AGHlxAGa6hCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H65eRQQ==</latexit>

x2
<latexit sha1_base64="9SCxJjiKWQ1GuegWCE+3Mqrx3Uk=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+26pmy+4RXcKtEy8OSmUj2rf7L3yUe3mPzu9iCSCSkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUSC6r9dHrqGJ1apYfCSNmSBk3V3xMpFlqPRGA7BTYDvehNxP+8dmLCSz9lMk4MlWS2KEw4MhGa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiAMlxDFepAoA8P8ATPDncenRfnddaaceYzh/AHztsP7RuRQg==</latexit>

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

✓
<latexit sha1_base64="XSnmv7Q3htaBkjl1qDUiNLnLL28=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMTmaTMbMzy8xZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEiuAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq1ZTVqBJKN0NimOCS1YCDYM1EMxKHgjXCwdU4b9wzbbiStzBMWBCTnuQRpwSsVW9DnwHpFIpeyZsIL4I/g+LFh3uevH251U7hs91VNI2ZBCqIMS3fSyDIiAZOBRu57dSwhNAB6bGWRUliZoJsMu0IH1mniyOl7ZOAJ+7vjozExgzj0FbGBPpmPhub/2WtFKKzIOMySYFJOv0oSgUGhcer4y7XjIIYWiBUczsrpn2iCQV7INcewZ9feRHq5ZJ/UirfeMXKJZoqjw7QITpGPjpFFXSNqqiGKLpDD+gJPTvKeXRenNdpac6Z9eyjP3LefwAE25Jp</latexit>

e⇢
<latexit sha1_base64="ptKkw2OLxBTsIxzFJlE92MI+2kU=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkjXMTs4mY2ZnlplZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8KEM20878vJLSwuLa/kV9219Y3NrcL2Tl3LVFGoUcmlaoZEA2cCaoYZDs1EAYlDDo1wcDHOG3egNJPi2gwTCGLSEyxilBhr1eGmrfqyUyh6JW8iPA/+DxTP3t3T5PXTrXYKH+2upGkMwlBOtG75XmKCjCjDKIeR2041JIQOSA9aFgWJQQfZZNoRPrBOF0dS2ScMnri/OzISaz2MQ1sZE9PXs9nY/C9rpSY6CTImktSAoNOPopRjI/F4ddxlCqjhQwuEKmZnxbRPFKHGHsi1R/BnV56HernkH5XKV16xco6myqM9tI8OkY+OUQVdoiqqIYpu0T16RE+OdB6cZ+dlWppzfnp20R85b9/1Y5Jf</latexit>

Want to get from x1, x2 to y1, y2  
by adjusting S1 and time.

Computing the action on this trajectory 
we get

eiS = e�2i⇠
p

✓2+⇢2
<latexit sha1_base64="J+NyBSvImctLbZx49MB/scYJCaM="></latexit>



J=2 example

x1
<latexit sha1_base64="lbp0mxvqmlOK1Iup6dopUe9Ixrg=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+67XzRfcojsFWibenBTKR7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU7HuU6iaYzJEPdp21KJBdV+Oj11jE6t0kNhpGxJg6bq74kUC61HIrCdApuBXvQm4n9eOzHhpZ8yGSeGSjJbFCYcmQhN/kY9pigxfGQJJorZWxEZYIWJsenkbAje4svLpFEqeufFUs2mUYEZsnAMJ3AGHlxAGa6hCnUg0IcHeIJnhzuPzovzOmvNOPOZQ/gD5+0H65eRQQ==</latexit>

x2
<latexit sha1_base64="9SCxJjiKWQ1GuegWCE+3Mqrx3Uk=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMyKYckn2FgoYmvrX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8o0qzSN6aUUx9gfuShYxgY6Wb+26pmy+4RXcKtEy8OSmUj2rf7L3yUe3mPzu9iCSCSkM41rrtubHxU6wMI5yOc51E0xiTIe7TtqUSC6r9dHrqGJ1apYfCSNmSBk3V3xMpFlqPRGA7BTYDvehNxP+8dmLCSz9lMk4MlWS2KEw4MhGa/I16TFFi+MgSTBSztyIywAoTY9PJ2RC8xZeXSaNU9M6LpZpNowIzZOEYTuAMPLiAMlxDFepAoA8P8ATPDncenRfnddaaceYzh/AHztsP7RuRQg==</latexit>

y1
<latexit sha1_base64="yoxxbxxZ0eo++xhfb6kBNwQ2a4o=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUnqQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcJp2oa0HLhzOuZd77/EizpS27S8rt7K6tr6R3yxsbe/s7hX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kY3U7/1QKViobjXSUTdAA8E8xnB2kh3Sc/pFUt22c6AlokzJ6Xq8aT+/XgyqfWKn91+SOKACk04Vqrj2JF2Uyw1I5yOC91Y0QiTER7QjqECB1S5aXbqGJ0ZpY/8UJoSGmXq74kUB0olgWc6A6yHatGbiv95nVj7V27KRBRrKshskR9zpEM0/Rv1maRE88QQTCQztyIyxBITbdIpmBCcxZeXSbNSdi7KlbpJ4xpmyMMRnMI5OHAJVbiFGjSAwACe4AVeLW49W2/W+6w1Z81nDuEPrI8f+3SRTA==</latexit>

y2
<latexit sha1_base64="WVGE9yN56Ou14YcgzqrkYTWNbp4=">AAAB6nicbVDLSsNAFL2pr1pfVZeKDBbBVUniQpdFNy5btA9oQ5lMJ+3QySTMTIQQunTpxoUibv2Ifoc7v8GfcPpYaOuBC4dz7uXee/yYM6Vt+8vKrayurW/kNwtb2zu7e8X9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHNxG8+UKlYJO51GlMvxH3BAkawNtJd2nW7xZJdtqdAy8SZk1LleFz7fjwZV7vFz04vIklIhSYcK9V27Fh7GZaaEU5HhU6iaIzJEPdp21CBQ6q8bHrqCJ0ZpYeCSJoSGk3V3xMZDpVKQ990hlgP1KI3Ef/z2okOrryMiTjRVJDZoiDhSEdo8jfqMUmJ5qkhmEhmbkVkgCUm2qRTMCE4iy8vk4Zbdi7Kbs2kcQ0z5OEITuEcHLiECtxCFepAoA9P8AKvFreerTfrfdaas+Yzh/AH1scP/PiRTQ==</latexit>

✓
<latexit sha1_base64="XSnmv7Q3htaBkjl1qDUiNLnLL28=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMTmaTMbMzy8xZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEiuAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq1ZTVqBJKN0NimOCS1YCDYM1EMxKHgjXCwdU4b9wzbbiStzBMWBCTnuQRpwSsVW9DnwHpFIpeyZsIL4I/g+LFh3uevH251U7hs91VNI2ZBCqIMS3fSyDIiAZOBRu57dSwhNAB6bGWRUliZoJsMu0IH1mniyOl7ZOAJ+7vjozExgzj0FbGBPpmPhub/2WtFKKzIOMySYFJOv0oSgUGhcer4y7XjIIYWiBUczsrpn2iCQV7INcewZ9feRHq5ZJ/UirfeMXKJZoqjw7QITpGPjpFFXSNqqiGKLpDD+gJPTvKeXRenNdpac6Z9eyjP3LefwAE25Jp</latexit>

e⇢
<latexit sha1_base64="ptKkw2OLxBTsIxzFJlE92MI+2kU=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkjXMTs4mY2ZnlplZISx5BxsLRWwsfBR7G/FtnCQWmvjDwMf/n8Occ8KEM20878vJLSwuLa/kV9219Y3NrcL2Tl3LVFGoUcmlaoZEA2cCaoYZDs1EAYlDDo1wcDHOG3egNJPi2gwTCGLSEyxilBhr1eGmrfqyUyh6JW8iPA/+DxTP3t3T5PXTrXYKH+2upGkMwlBOtG75XmKCjCjDKIeR2041JIQOSA9aFgWJQQfZZNoRPrBOF0dS2ScMnri/OzISaz2MQ1sZE9PXs9nY/C9rpSY6CTImktSAoNOPopRjI/F4ddxlCqjhQwuEKmZnxbRPFKHGHsi1R/BnV56HernkH5XKV16xco6myqM9tI8OkY+OUQVdoiqqIYpu0T16RE+OdB6cZ+dlWppzfnp20R85b9/1Y5Jf</latexit>

Want to get from x1, x2 to y1, y2  
by adjusting S1 and time.

Computing the action on this trajectory 
we get

eiS = e�2i⇠
p

✓2+⇢2
<latexit sha1_base64="J+NyBSvImctLbZx49MB/scYJCaM="></latexit>

Reproduced correctly 4-point correlator!

G = e�2i⇠
p

✓2+⇢2

<latexit sha1_base64="/bUB//0SD+3xQ6n0Og0kM17g9iY="></latexit>
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3 particles?



3 particles?



Integrability
Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)

<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>



Integrability
L̇i(u) = Vi+1(u).Li(u)� Li(u).Vi(u) .

<latexit sha1_base64="jMc0IlGo7/Kt4Tm6aEo7mFHOfqw="></latexit>

Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)
<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>



Integrability
L̇i(u) = Vi+1(u).Li(u)� Li(u).Vi(u) .

<latexit sha1_base64="jMc0IlGo7/Kt4Tm6aEo7mFHOfqw="></latexit>

Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)
<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>

This guarantees that for any value of u Ṫ(u) = 0
<latexit sha1_base64="wVe2L6jWJWs2TQ9jbniqF1XIgRc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIFaHM1IVuhKIblxX6gs5QMmmmDc08SO4Iw1DwI/wBNy4Ucet3uOvfmD4W2nogcDjn3uTkeLHgCixrYuTW1jc2t/LbhZ3dvf0D8/CopaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upv67UcmFY/CBqQxcwMyCLnPKQEt9cwTpx8BzpyAwNDzcGNcTs5vrJ5ZsirWDHiV2AtSqhWdi+dJLa33zG99D00CFgIVRKmubcXgZkQCp4KNC06iWEzoiAxYV9OQBEy52Sz+GJ9ppY/9SOoTAp6pvzcyEiiVBp6enMZUy95U/M/rJuBfuxkP4wRYSOcP+YnAEOFpF7jPJaMgUk0IlVxnxXRIJKGgGyvoEuzlL6+SVrViX1aqD7qNWzRHHp2iIiojG12hGrpHddREFGXoBb2hd+PJeDU+jM/5aM5Y7ByjPzC+fgDVYpe4</latexit>



Integrability
L̇i(u) = Vi+1(u).Li(u)� Li(u).Vi(u) .

<latexit sha1_base64="jMc0IlGo7/Kt4Tm6aEo7mFHOfqw="></latexit>

Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)
<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>

T(u) = tr ⌦(u) where ⌦ ⌘ LJ . . .L2.L1
<latexit sha1_base64="pzim4e1tQbsl87pLwM+ix+ImRv4="></latexit>

This guarantees that for any value of u Ṫ(u) = 0
<latexit sha1_base64="wVe2L6jWJWs2TQ9jbniqF1XIgRc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIFaHM1IVuhKIblxX6gs5QMmmmDc08SO4Iw1DwI/wBNy4Ucet3uOvfmD4W2nogcDjn3uTkeLHgCixrYuTW1jc2t/LbhZ3dvf0D8/CopaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upv67UcmFY/CBqQxcwMyCLnPKQEt9cwTpx8BzpyAwNDzcGNcTs5vrJ5ZsirWDHiV2AtSqhWdi+dJLa33zG99D00CFgIVRKmubcXgZkQCp4KNC06iWEzoiAxYV9OQBEy52Sz+GJ9ppY/9SOoTAp6pvzcyEiiVBp6enMZUy95U/M/rJuBfuxkP4wRYSOcP+YnAEOFpF7jPJaMgUk0IlVxnxXRIJKGgGyvoEuzlL6+SVrViX1aqD7qNWzRHHp2iIiojG12hGrpHddREFGXoBb2hd+PJeDU+jM/5aM5Y7ByjPzC+fgDVYpe4</latexit>



Integrability
L̇i(u) = Vi+1(u).Li(u)� Li(u).Vi(u) .

<latexit sha1_base64="jMc0IlGo7/Kt4Tm6aEo7mFHOfqw="></latexit>

Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)
<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>

T(u) = tr ⌦(u) where ⌦ ⌘ LJ . . .L2.L1
<latexit sha1_base64="pzim4e1tQbsl87pLwM+ix+ImRv4="></latexit>

This guarantees that for any value of u Ṫ(u) = 0
<latexit sha1_base64="wVe2L6jWJWs2TQ9jbniqF1XIgRc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIFaHM1IVuhKIblxX6gs5QMmmmDc08SO4Iw1DwI/wBNy4Ucet3uOvfmD4W2nogcDjn3uTkeLHgCixrYuTW1jc2t/LbhZ3dvf0D8/CopaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upv67UcmFY/CBqQxcwMyCLnPKQEt9cwTpx8BzpyAwNDzcGNcTs5vrJ5ZsirWDHiV2AtSqhWdi+dJLa33zG99D00CFgIVRKmubcXgZkQCp4KNC06iWEzoiAxYV9OQBEy52Sz+GJ9ppY/9SOoTAp6pvzcyEiiVBp6enMZUy95U/M/rJuBfuxkP4wRYSOcP+YnAEOFpF7jPJaMgUk0IlVxnxXRIJKGgGyvoEuzlL6+SVrViX1aqD7qNWzRHHp2iIiojG12hGrpHddREFGXoBb2hd+PJeDU+jM/5aM5Y7ByjPzC+fgDVYpe4</latexit>

We found
Li = u2 + uqi +

q2i
2

, Vi =
ji
2u

<latexit sha1_base64="n5VXZ9dHvMGMCpWxJZC/B5lu0pk="></latexit>



Integrability
L̇i(u) = Vi+1(u).Li(u)� Li(u).Vi(u) .

<latexit sha1_base64="jMc0IlGo7/Kt4Tm6aEo7mFHOfqw="></latexit>

Similarly to Toda: need to find a pair of matrices Li(u), Vi(u)
<latexit sha1_base64="BLk/k2gRPfLJrUJ2attZ3hkoAoc=">AAACDnicbZDLSsNAFIYn9VbrLerSzdBSqCglqQsFN0U3LlxUsBdoQphMJ+3QyYWZiRBCnsCNC1/EjQtF3Lp217dx0hbR6g8DP985hznndyNGhTSMiVZYWl5ZXSuulzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem648u83r0jXNAwuJVJRGwfDQPqUYykQo5eTS0fyZHrwuvMobX48Ng6/0adzElppqCjV4y6MRX8a8y5qTTL1tHjpJm0HP3TGoQ49kkgMUNC9E0jknaKuKSYkaxkxYJECI/RkPSVDZBPhJ1Oz8lgVZEB9EKuXiDhlP6cSJEvROK7qjNfVCzWcvhfrR9L78xOaRDFkgR49pEXMyhDmGcDB5QTLFmiDMKcql0hHiGOsFQJllQI5uLJf02nUTdP6o0blcYFmKkIDkAZ1IAJTkETXIEWaAMM7sETeAGv2oP2rL1p77PWgjaf2Qe/pH18Af8Wnmk=</latexit>

T(u) = tr ⌦(u) where ⌦ ⌘ LJ . . .L2.L1
<latexit sha1_base64="pzim4e1tQbsl87pLwM+ix+ImRv4="></latexit>

This guarantees that for any value of u Ṫ(u) = 0
<latexit sha1_base64="wVe2L6jWJWs2TQ9jbniqF1XIgRc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIFaHM1IVuhKIblxX6gs5QMmmmDc08SO4Iw1DwI/wBNy4Ucet3uOvfmD4W2nogcDjn3uTkeLHgCixrYuTW1jc2t/LbhZ3dvf0D8/CopaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upv67UcmFY/CBqQxcwMyCLnPKQEt9cwTpx8BzpyAwNDzcGNcTs5vrJ5ZsirWDHiV2AtSqhWdi+dJLa33zG99D00CFgIVRKmubcXgZkQCp4KNC06iWEzoiAxYV9OQBEy52Sz+GJ9ppY/9SOoTAp6pvzcyEiiVBp6enMZUy95U/M/rJuBfuxkP4wRYSOcP+YnAEOFpF7jPJaMgUk0IlVxnxXRIJKGgGyvoEuzlL6+SVrViX1aqD7qNWzRHHp2iIiojG12hGrpHddREFGXoBb2hd+PJeDU+jM/5aM5Y7ByjPzC+fgDVYpe4</latexit>

We found
Li = u2 + uqi +

q2i
2

, Vi =
ji
2u

<latexit sha1_base64="n5VXZ9dHvMGMCpWxJZC/B5lu0pk="></latexit>

Where
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<latexit sha1_base64="EWEvZYUGPdnPMVWyrSAwO+OLsvA="></latexit>



Future directions
Test at the quantum level, “world-sheet” loops (Amit) 
1/N corrections? Seems doable 
SOV program - should be very simple 
Match with Ben’s “sigma-model” (Amit) 
Derive dual of 3D and 6D fishnets 
Dual of SUSY fishnets 
Incorporate corrections away from the fishnet -  
should start seeing AdS emerging classically 
Fishchain for SYK? 
Hints about N=4: integrability, AdS/CFT 
…





thank you!


