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Overview

@ Superstring theory is considered as a possible approach for unifying the
Standard model and Quantum gravity.

o If we wish to obtain 4d theory with Space-Time supersymmetry (which is
needed for the phemenological reasons) we have to compactify 6 of 10
dimensions of Superstring theory on Calabi-Yau manifolds X.

@ In result we obtain the 4-d low-energy effective theory Supergravity theory.
The Lagrangian of the effective theory is defined by so called Special
Kéahler geometry which appears on the moduli space of CY manifold X.

@ Indeed the moduli space of CY manifold X is a product of two factors:
Moduli space Mi(X) of the Kahler structure defomations and Moduli
space of the complex structure deformations Mc(X).

@ Therefore for finding the Effective low energy theory we have to compute
the Special Kadhler geometry on the both Moduli spaces of CY manifolds.



Introduction

@ Recently we suggest an efficient approach for computing Special geometry
on the complex moduli space. Our approach is based on the isomorphism
between the cohomologies on CY and Chiral ring defined by the
polynomial Wx whose zero locus is the CY hypersurface X in the weighted
projective space.

@ On the other hand it was suggested recently a conjecture for the explicit
expressions the Kahler potential the Kahler moduli spaces [Jockers et al].
This conjecture (JKLMR conjecture) is the equality

e M) = Z,(Y)

where K (Y) is the Kahler potential of the Special geometry on the
Kahler moduli space of CY as the hypersurface Y in a toric variety.

@ Here Zs>(Y) is the partition function of the Witten gauged linear sigma
model (GLSM) on S? which was exactly computed by Supersymmetric
localization [Benini et al, Doroud et al |.

CY manifold Y is the manifold of the supersymmetric vacua of the GLSM.

@ Since we want to know Special Kahler geometry of the both Moduli
spaces for each given family Calabi-Yau manifolds, we need to find the
connection between these two computations.



Introduction

To reach this goul we use the Mirror symmetry and the duality of the
Batyrev's reflexive polytopes.

The Mirror symmetry , if Y is the mirror manifold to X together with
JKLMR conjecture predict the relation

e K = 7o, (Y) = e M),
So the problem is to find Y that is the mirror counterpart for X.
We do this with help the Batyrev construction.

The main idea of Batyrev is to interpret the monomials of the
homogenious polynom Wx which defines CY hypersurface X as the lattice
points of the Polytope defining the enveloping weighted projective space.

These lattice points are used for constructing Fan which defines Y, which
is mirror to X, as a hypersurface in the toric manifold built by the Fan.

Knowing the Fan we also find the corresponding GLSM and the values of
the electric charges of the chiral fields as the coefficients in the linear
relations between the vectors of the Fan.

In result we obtain the explicit expressions for the Special geometry of the
both moduli spaces.



Covariantly constant spinor and 3,0 form Q

The requirement for the compact 6d manifold X to be CY manifold arises as
follows.

Since after the compactification the background has to be invariant with
respect to d=4 Super-Poincaré algebra, then the supersymmetry variations of
the gravitini have to vanish

(0cthu,a) = (Vuea) = 0.

It means that X admits the covariantly constant spinor field.
The existence of the covariantly constant spinor is one of the few equivalent
definitions of Calabi-Yau manifold.

Another important properthy of three-dimensional Calabi-Yau manifold is
existence on X the holomorphic nonvanishing 3,0 form.
We will denote it Q.

The Kahler potential of the Special geometry on the complex moduli space of
X can be expressed in terms of the form €.



Special geometry on moduli space of complex structures.

The Kahler potential of this geometry is given by the logarithm of the
holomorphic volume of Calabi-Yau manifold X
(¢ denote the parameters of the complex structure of CY):

G(8).5 = 0205 K(9, 9)

e K@) = QAQ.
X

This can be rewritten in terms of periods of Q as:
w(6) = / Q, q. € H(X,R).
du

e = Wi (@) Cuw wu (),

where C. = [gu] N [g.] is an intersection matrix of 3-cycles.



Example. Hypersurfaces in weighted projective spaces

Consider the 4-d weighted projective space
Plig...ok) = C\0} = /C" = {(a s 0 6) | xi ~ X, X # 0}

When ki =1 we have an ordinary projective space. Each variable has integral
degree (or U(1) charge) k.

W/(x) is weighted homogeneous <= W(\ix;) = AW(x) = its zero
locus X = {W = 0} C P} is well-defined.

W/(x) is non-degenerate if dW(x) = 0, W = 0 takes place only when x = 0.
In this case X is not singularic manifold.

W(x) defines a Calabi-Yau manifold <= 3> ki = d. We consider the
family of of Calabi-Yau manifolds defined as the zero locus of the polynomals

W(X d) + Z ¢ses
such that manifolds with different ¢ have different complex structures.

The holomorphic volume form is explicitly

xsdxidxedxs 7{ d°x
X5

Q= eoadeds _dx
8W(Xa ¢)/8X4 =0 J W=0 W(X7¢)



Special geometry of CYs in WPS

The periods of such a form are

d®x
wi(®) ::/ Q= _
qj Qi W(X’¢)
A good example is the quintic threefold in the projective space P*:
X={(1:":x5) 61@4\ W(x, ¢) = 0},
100

W(x, ¢) = Wo(x) + Y deer(x), Wo(x) =i+ +3 + 3 + x5
t=0

and e:(x) are the degree 5 monomials such that each variable has the power
that is a non-negative integer less then four.
The chiral ring defined as

(C[Xl, ce ,Xs]Q

Q _
R= W, oW

invariant under the discrete gauge symmetry Q : X; — €2™%/?X; and
decomposes as

R = (1) ® (R @ (RY)? @ (HessW).

Let es(x)a are elements of a basis of the chiral ring.



Special geometry of CYs in WPS

Kahler potential for the Special geometry can be written in terms of the
oscilatory integrals as

e K = Cij/ efW(X’@de/ eWx¢)d5x.
Q 2

+

It can be derived from the equality

/ &’ / e W) sy
o Wix, z;S) o



Oscillatory integral cohomology

The key point for computing the periods is the Stokes formula for oscillatory
integrals which implies

/efWD,a = /efw(da —dW Aa)=0.

Therefore the oscillatory integrands e,(x) d5x form a cohomology group
H3 (C®)? which is dual to steepest descent contours Hs(C®, Re(W) > 0)€.

Define a basis of cycles by duality formula

<m@4m&@:/‘g%%@m&:5j

re

The cycles '{ are not actual geometric cycles but complex linear combinations
of such cycles.

Using the duality it is very easy to find that the intersection matrix of cycles
M.NT = (n"')7, where ¥ is a residue pairing for the R?

5
i pes &(X) &(x) dx
T W - 05 o



Main working formula

We use the formula for the Kahler potential in the basis of cycles I, :

e_KI’Uij/ o W68) Py /746W(x,¢)d5x’
r

i i
+ r

where the last conjugation is due to the fact that ', are linear combinations of
cycles with complex coefficients.

We denote

oi(¢) = /ri e WG T = MITk
+

for a matrix Mf which is called the real structure matrix. MM = 1.

Our main formula becomes

e " =ai(¢)n" M ().



Special geometry for the quintic

Quintic CY manifold X be given as a solution of the equation

101

W(x, ¢) = Zx, +Z¢|Hx5” =0

0 < s <3, deg(s) :=>, s =5
The complex structures Kahler potential in this case is

203

=30 1"eg<“/5H (22 Yioutort,

_ e+ ") ¢
VRS VN | C= == DN
nyeeny ns >0 i=1 my,...,mp1E€X, I=1
p=(pa, 2, 3, ia, pis), 0 < pi <3, deg(u) = 37, i = 0,5,10,15.
I_(X) 101
= —-—"= Y, = i = 5n; i
7(x) M=)’ {mi | ;mm 5nj + pi}
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Special geometry for Fermat hypersurfaces

The Fermat hypersurfaces (around 100 threefolds) are given by
5 h 5
W(x,0) =D x"+> o J[x" =0
i= =1 =1

0 S Sii S d/k,' — 1 and Z?:l k,'S/,' = Z?:l k; =d.
The complex structures Kahler potential in this case is

2h+1
—K(®) _ 1)deel)/d (k i(pi + 1) >| (@),
sl g
u,+1 :)
w0 ¥ T S I
ny,...,n5>0 i=1 miEeL,

p=(pa, pi2, j13, pa, pis), 0 < i < d/ki — 1, 2?:1 pi =0,d,2d,3d.

X, ={m| Z mysiiki = dnj + kipi}
[
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Gauged Linear Sigma Models

The 2d N=(2,2) supersymmetric GLSM have superspace Lagrangians of the
type
X 1
L= [ d% $,e%Viep, - —F%
[ao(gmerro.- 2 )+
1 25 : 2
+5 |- 0 u% + [ dPOW(d) +he. |,

=1
where V/ is 2d vector multiplets, ®, are 2d chiral multiplets which are charged
with respect to the U(1) gauge group with the charges Q.. W(®) is the
superpotential which is gauge invariant.

The parameters t; = r; + i0; are complexified Fayet-lliopoulos terms. The
theory has the potential energy for the scalar fields

k 2 N
U= Z o (Z Qall(z)a‘z - I’/>
=1 a=1

Depending on r; the vacuum manifold can be either a nontrivial manifold or a
point ¢ = 0. In the first case the theory flows to a nonlinear sigma model in
the infrared.

6(;32



Vacuum manifolds and toric manifolds

The nonlinear sigma model case the vacuum manifold is a Hamliltonian
reduction

N
S Qulgal>=r, I=1,... k, ‘Z—Z = 0} Ju).

a=1

Y= {(¢1,---,¢N)€CN

This manifold is isomorphic to a hypersurface dW = 0 in a toric variety
cY/ /()
where the action of (C*)* is defined by the N x k charge matrix Q. as

ba => \¥¢,

The classical way to describe a toric variety is a Fan. The vectors v,, whose
components are {va;}a<n,i<s, form the edges of the Fan.

The vectors v, satisfy the linear relations. The integral basis of these relations
can be witten as Z.’av:1 Qav, = 0.

Then namely these integral numbers Q. are the weights which define the toric
variety CV//(C*)k.



Supersymmetric localization on S

In the recent years the partition function of GLSM was computed in a
supersymmetric background on S? using the Supersymmetric localization
(Benini et al, Doroud et al):

doy
252 = E LI g chass(gy m) H Zd’a (07 m)’
mj

1<k a<N

where the classical action is

_ —A4Tiro;—i6;my
chass - | | €
/

and the one-loop determinant of a chiral field ®, is

7 - M(ga/2 — i3 ,(Quor — my/2))
* T —qa/2 =i > (Qaior + my/2))




Mirror version of JKLMR conjecture

Shortly after this Localization computation has been proposed by Jockers et al
(JKLMR ) a conjecture that

Zo:(Y,) = ‘,:,*Kk(Yr)7

where Ki(Y;) is the Kahler potential of the special geometry on the Kahler
moduli space of the vacuum manifold Y.

The Mirror symmetry relates the special geometry on the moduli space of the
Kahler structures Mi(Y;) and the special geometry on the moduli space of the
complex structures Mc(Xy) of two different families of Calabi-Yau manifolds Y,
and X¢ through a Mirror map r = r(¢).

We want to verify the Mirror version of the JKLMR conjecture by the direct
computations in the cases where we are able to compute special geometry
using our method.

The Mirror version is the statement that
Zoo(Y,) = e KelXo)

under a suitable mirror map.



Mirror symmetry and Batyrev polytopes

We use a version of the Batyrev mirror construction for hypersurfaces in the
toric varieties.
The family X of Calabi-Yau varieties defined by the equation (for example the
quintic)
5 101 106 5
5 ai
WX(Xa(z)) = ZXI' + Z¢/€/(X) = Z Ca(d’) HXIV )
i=1 =1 a=1 j=1
expressed in terms the exponent matrix v,;. Vectors v, define the lattice points
of the reflexive polytope in R®.

Following Batyrev construction for finding the mirror to X manifold we take
the Fan whose edges are the vectors v, with the components v,; and construct
the toric variety with this Fan as explained above.

Then hypersurface Y defined by zero locus of a quasihomogenious polynomial
Wy inside this toric variety will be the mirror partner to the quintic X in the
projective space.



Construction the Mirror for Quintic

For the quintic the vectors of the fan are
56,5, 1<a<5,
Vai =
: Sasi, 6<a<106.

We build a GLSM whose vacuum manifold is a mirror quintic. We easily
reconstruct the charge matrix Q.

o, _ [ 1<i<s
7\ —86,5s, 6<a<106.

such that

Z Q.iva = 0.

2<106

Elements Q. form a basis in linear relations among v..



Mirror for quintic as a GLSM

To write the superpotential of the GLSM it is convenient to separate the chiral
fields as
o, — Say 1<i <5,
P._s, 6

It can be shown that the quasihomogenious polynomial (superpotential) Wy is

of the form
Wy = P1 G(Sl, .. .755; Pg, ey P101).

Therefore the potential for the scalars whose zeroes define the mirror for the
quintic is

101 o /5 2
1
U(d)) = Z % (Z Sli|sa|2 - 5|P/|2 - r,) +Z|G(51, . .,55; Pz, ey P101)‘2—|—

=1 i=1
N Z'

101

*IP\ Z

2




Partition function for the mirror quintic

The partition function of the GLSM in this case is given by a 101-fold contour
integral

01
dT/ —r+ s
Zs: = E / / z " i z " : x
C1 Ci01 j=1

mev

r(1 —5(n — 3 > r Z, si(m — )) o r(*5(7'/ — %))
X r(5(m + "“) H ML= si(n+3)) H S T(1+5(m+ %))’

i=1

where
—(27r+i6))
)

zi—=e
and summation is over m; such that > m.,Q.; € Z for all i.

To connect with our previous computations we compute the integral at
ra << 0 that is at |z,| >> 0. The contours can be deformed to the right
picking up the residues at

p=12..., p=0,1,... sothat p +5m > 0.



Partition function for the mirror quintic

After computing the residues the partition function reduces to

P Py

Zo=m" ), ZH 277 °

p1>0,p/ >0 P/ EXp p/ P/

h h h
H r (5 ZSHP1> r (; ZSIII_JI> sin (;r Zﬂfﬁ/) )
= = =1 =1

where the set ¥, - is a set of all {p/} such that
Za(/_)a - pa)Qal/5 - Za maQal € Z.

After a rearrangement this formula becomes

where



Conclusion

The formula for partition function on §? coincides with the special geometry on
the moduli space of the quintic itself after a simple mirror map

-5
zi=—¢; .

Thus we constructed an explicit correspondence between a family of Calabi-Yau
manifolds X4 and the Gauge Linear Sigma Model whose vacuum manifold Y, is
a mirror of Xj.

The GLSM partition function presentation also gives an useful analytic
continutation of the Special geometry on the complex moduli space X.

Thank you for your attention!



