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Decay of a single particle state

ϕ0, ⃗p 0

ϕ1, ⃗p 1

ϕ2, ⃗p 2

ϕn, ⃗p n

ϕ0 → ϕ1 + ϕ2 + . . . + ϕn

Momentum conservation: ⃗p 0 = ⃗p 1 + ⃗p 2 + . . . + ⃗p n

Energy conservation: ω0 = ω1 + ω2 + . . . + ωn

ωi = p2
i + m2

i

Γ =
n

∏
i=1

V∫
d3ki

(2π)3

d |Sfi |
2

dt

Sfi =
i(2π)4

∏n
i=0 2ωiV

δ4 (p0 −
n

∑
i=1

pi) ℳfi

As i⟩ f⟩ are asymptotic free statesand



Simple toy model
ℋI = gϕχ2

We are interested in the process ϕ → 2χ

mϕ Mass of the scalar field ϕ
mχ Mass of the scalar field χ

ω ⃗k = k2 + m2
ϕ Ω ⃗k = k2 + m2

χ

We assume that ϕ has an initial free asymptotic state
with momentum ⃗p



⃗p

⃗k

⃗p − ⃗k

we define ϵ ⃗k = Ω ⃗k + Ω ⃗p − ⃗k − ω ⃗p

Two opposite cases:
(1) massive ϕ and massless χ

(2) massless ϕ and massive χ

Two scenarios:
(I) ϕ is a one particle state
(II) ϕ is highly occupied



Scenario (I)

Sfi =
ig(2π)4δ4 (pϕ − kχ − qχ)
2ω ⃗p V 2Ω ⃗k V 2Ω ⃗p − ⃗k V

Case (1)

Γϕ→2χ =
g2

8πmϕ
In the rest frame of the
decaying particle

ϵ ⃗k can be zero

Here final states are asymptotically free, so Ω ⃗k Ω ⃗p − ⃗kand
are the energies of the final states

ϵ ⃗k = 0 is required

k ≡ | ⃗k | =
mϕ

2

Case (2) ϵ ⃗k can never be zero
Γϕ→2χ = 0



Scenario (II)

ϕ =
2 ⟨ρ⟩
ω ⃗p

cos ( ⃗p ⋅ ⃗x − ω ⃗p t)
We assume the decaying field to be highly occupied 
and we are not considering back reactions on it

⟨ρ⟩ time averaged
energy density

χ = ∫
d3k

(2π)3

1

2Ω ⃗k
(χ ⃗k (t) ei ⃗k ⋅ ⃗x + χ ⃗k (t)† e−i ⃗k ⋅ ⃗x )

(∂2
t + Ω2

⃗k ) A ⃗k = − ω2
⃗p α

Ω ⃗k

Ω ⃗k − ⃗p
A ⃗k − ⃗p e−iω ⃗p t +

Ω ⃗k

Ω ⃗k + ⃗p
A ⃗k + ⃗p eiω ⃗p t

A ⃗k = χ ⃗k + χ†
− ⃗k

α =
g 2 ⟨ρ⟩

ω3 ⃗p

[χ ⃗k , χ†
⃗k ′�] = (2π)3δ3 ( ⃗k − ⃗k ′�)



Rotating wave approximation (RWA)

χ ⃗k (t) = a ⃗k (t) e−iΩ ⃗k t

Hχ = ∫ d3x ( 1
2 (∂t χ)2 +

1
2 ( ⃗∇ χ)

2
+

1
2

m2
χ χ2)

= ∫
d3k

(2π)3 (Ω ⃗k a†
⃗k
a ⃗k + R(t))

R(t) =
1
2 (a†

⃗k
·a ⃗k − ·a†

⃗k
a ⃗k ) +

1
2Ω ⃗k

·a†
⃗k
·a ⃗k +

e−2iΩ ⃗k t

4Ω ⃗k
( ·a ⃗k

·a− ⃗k − iΩ ⃗k ( ·a ⃗k a− ⃗k + a ⃗k
·a− ⃗k ))

+
e2iΩ ⃗k t

4Ω ⃗k
( ·a†

⃗k
·a†
− ⃗k

+ iΩ ⃗k ( ·a†
⃗k
a†

− ⃗k
+ a†

⃗k
·a†
− ⃗k ))

If a ⃗k variates much slower than e±iΩ ⃗k t

R(t) can be neglected, so a†
⃗k
a ⃗k is interpreted as

the particle number density



∂t a ⃗k = ∂t a†
− ⃗k

e2iΩ ⃗k t − iσ ⃗k (a ⃗k − ⃗p eiϵ(1)
⃗k
t + a†

⃗p − ⃗k
eiϵ(2)

⃗k
t)

−iσ ⃗k + ⃗p (a ⃗k + ⃗p eiϵ(3)
⃗k
t + a†

− ⃗p − ⃗k
eiϵ(4)

⃗k
t)

σ ⃗k = g
⟨ρ⟩/2

ω2 ⃗p Ω ⃗p − ⃗k Ω ⃗k
=

α ω2 ⃗p

2 Ω ⃗p − ⃗k Ω ⃗k

ϵ(1)
⃗k

= Ω ⃗k − Ω ⃗k − ⃗p − ω ⃗p ϕ ⃗p + χ ⃗k − ⃗p ↔ χ ⃗k

ϵ(2)
⃗k

= Ω ⃗k + Ω ⃗p − ⃗k − ω ⃗p
ϕ ⃗p ↔ χ ⃗k + χ ⃗p − ⃗k

ϵ(3)
⃗k

= Ω ⃗k − Ω ⃗k + ⃗p + ω ⃗p ϕ ⃗p + χ ⃗k ↔ χ ⃗k + ⃗p

ϵ(4)
⃗k

= Ω ⃗k + Ω− ⃗k − ⃗p + ω ⃗p vacuum ↔ ϕ ⃗p + χ ⃗k + χ− ⃗k − ⃗p

Processes with ϵ(i)
⃗k
≪ Ω ⃗k are excited



ϕ ⃗p ↔ χ ⃗k + χ ⃗p − ⃗kt > ∼ 0

ϵ ⃗k ≡ ϵ(2)
⃗k

∂ta ⃗k = − iσ ⃗k a†
⃗p − ⃗k

eiϵ ⃗k t

a ⃗k (t) = eiϵ ⃗k t a ⃗k (0)(cosh(s ⃗k t) − i
ϵ ⃗k

2s ⃗k
sinh(s ⃗k t)) − i

σ ⃗k

s ⃗k
a ⃗p − ⃗k (0)†sinh(s ⃗k t)

s ⃗k = σ2
⃗k
− ϵ2

⃗k
/4

RWA is valid for |s ⃗k | ≪ {Ω ⃗k , Ω ⃗p − ⃗k }

Instability condition: s ⃗k must be real



We define dimensionless parameters

⃗κ =
⃗k

ω ⃗p

μ =
mχ

ω ⃗p
⃗v =

⃗p
ω ⃗p

β ⃗κ = κ2 + μ2

η ⃗k =
s ⃗k

ω ⃗p
=

α2

4β ⃗v − ⃗κ β ⃗κ
−

1
4

(β ⃗κ + β ⃗v − ⃗κ − 1)2

RWA is valid for |η ⃗κ | ≪ {β ⃗κ , β ⃗v − ⃗κ }

Instability condition: η ⃗k must be real



Case (1)

⃗v = 0we choose

1/2 − α < κ < 1/2 + αInstability condition:
mϕ

2
−

g 2 ⟨ρ⟩
m2

ϕ
< k <

mϕ

2
+

g 2 ⟨ρ⟩
m2

ϕ

ϵ ⃗k = 2k − mϕ it is 0 for k = mϕ/2

What about energy conservation?



Hχ = ∫
d3k

(2π)3 (Ω ⃗k a†
⃗k
a ⃗k + R(t))

R(t) =
1
2 (a†

⃗k
·a ⃗k − ·a†

⃗k
a ⃗k ) +

1
2Ω ⃗k

·a†
⃗k
·a ⃗k +

e−2iΩ ⃗k t

4Ω ⃗k
( ·a ⃗k

·a− ⃗k − iΩ ⃗k ( ·a ⃗k a− ⃗k + a ⃗k
·a− ⃗k ))

+
e2iΩ ⃗k t

4Ω ⃗k
( ·a†

⃗k
·a†
− ⃗k

+ iΩ ⃗k ( ·a†
⃗k
a†

− ⃗k
+ a†

⃗k
·a†
− ⃗k ))

We go back to the hamiltonian

we define ⟨n ⃗k (t)⟩ = ⟨0 a ⃗k (t)a ⃗k (t)† 0⟩

⟨0 R(t) 0⟩ = −
1
2

ϵ ⃗k ⟨n ⃗k (t)⟩

⟨Eχ(t)⟩ =
ω ⃗p

2 ∫
d3k

(2π)3 ⟨n ⃗k (t)⟩



Case (2)
v = 1 θ

⃗p

⃗k

For θ = 0 and α = 10−3



For and α = 10−3μ = α /2



For and α = 10−3μ = α /2



μ ≪ 1 θ ≪ 1For and

ϵ ⃗k =
p(m2

χ + k2θ2)
2k(p − k)

κ± =
1 ± 1 − μ4/α2

2

limits of the instability for θ = 0

κ− < κ < κ+

Instability condition: μ < α ⟨ρ⟩ >
p2m4

χ

2g2

in case (2) the quantity is Lorentz invariant⟨ρ⟩/p2

δκ = 1 − μ4/α2 Bandwidth



The RWA was used to find the instability in
 a frame where p ≫ mχ

What about a frame where ?p ≪ mχ

(∂2
t + Ω2

⃗k ) A ⃗k = − ω2
⃗p α

Ω ⃗k

Ω ⃗k − ⃗p
A ⃗k − ⃗p e−iω ⃗p t

(∂2
t + m2

χ ) A ⃗k = − ω2
⃗p αA ⃗k − ⃗p e−ip t

again, the instability occurs for μ < α



t ≫ 0

⃗k ⃗p − ⃗kwhen the modes and are occupied

Case (1)

ϵ(i)
⃗k

the others are still big,
so there are no other processes involved

Case (2)

ϵ(3)
⃗k is as small as ϵ(2)

⃗k

ϕ ⃗p + χ ⃗k +n ⃗p → χ ⃗k +(n+1) ⃗p

ϕ ⃗p + χn ⃗p − ⃗k → χ(n+1) ⃗p − ⃗k
they gradually become important



⃗k = ⃗p /2



Spontaneous decay rate

Sfi = ∫
T

0
dt∫ d3x ⟨ f ℋI i⟩

=
1
V

σ ⃗k (2π)3 δ3( ⃗k + ⃗q − ⃗p ) eiϵ ⃗k T/2
sin(ϵ ⃗k T/2)

ϵ ⃗k /2

Γϕ→2χ = V∫
d3k

(2π)3
σ2

⃗k

sin(ϵ ⃗k T )
ϵ ⃗k

T =
1

2s ⃗k

sin(ϵ ⃗k /2s ⃗k ) ≈ ϵ ⃗k /2s ⃗k
Γϕ→2χ = V∫

d3k
(2π)3

σ2 ⃗k

4σ2 ⃗k
− ϵ2 ⃗k



Case (1) Γ(1)
ϕ→2χ =

g2N
8πmϕ

Case (2) Γ(2)
ϕ→2χ =

g2N
8πp

F(μ/ α)

F(x) =
1
π ∫

κ+(x)

κ−(x)
dκ

π
2

− arcsin ( x2

2 κ(1 − κ) )

Γ(2)
ϕ→2χ

Γ(1)
ϕ→2χ

= F(μ/ α)



Thanks for your attention


