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Oscillons: introduction

Example: scalar field theory

∂2
t ϕ−∆ϕ = −V ′(ϕ)

V (ϕ) =
1

2
tanh2 ϕ

0

V (φ)

φ

d = 3

ϕ(0, r) = ϕ0 e−r
2/σ2

ϕ0 = 1, σ = 20

Lifetime:

& 105 periods
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Introduction: oscillons in cosmology

nucleate during generation of axion or ultra-light DM

Kolb, Tkachev ’94

Vaquero, Redondo,
Stadler ’19

Buschmann, Foster,
Safdi ’20

accompany cosmological phase transitions
Dymnikova, Kozel, Khlopov, Rubin ’00

Gleiser, Graham, Stamatopoulos ’10

formed by inflaton field during preheating
Amin, Easther, Finkel, ’10

Hong, Kawasaki, Yamazaki ’18

Why are oscillons so long-lived? How to describe them?

Vasily Maslov (INR RAS & ITMP MSU) An Effective Field Theory for Large Oscillons 2022 3 / 19

https://doi.org/10.1103/PhysRevD.49.5040
https://doi.org/10.1088/1475-7516/2019/04/012
https://doi.org/10.1088/1475-7516/2019/04/012
https://doi.org/10.1103/PhysRevLett.124.161103
https://doi.org/10.1103/PhysRevLett.124.161103
https://arxiv.org/abs/hep-th/0010120
https://doi.org/10.1103/PhysRevD.82.043517
https://doi.org/10.1088/1475-7516/2010/12/001
https://doi.org/10.1103/PhysRevD.98.043531


Previous methods of describing oscillons

Numerical methods
Kudryavtsev ’75; Bogolyubsky, Makhankov ’76

Piette, Zakrzewski ’98
Gleiser et al. ’10; Ollé, et al. ’20

Perturbative expansion: |ϕ| � 1, R � m−1wwww� Dashen, Hasslacher, Neveu ’75
Kosevich, Kovalev ’75

Fodor et al. ’08; Fodor, et al. ’09

Small-amplitude oscillons

Goal.

Develop description of oscillons at large ϕ.
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Effective Field Theory: action-angle variables

Main idea: consider large-size oscillons

Zero order approx.: ∂2
t ϕ −��HH∆ϕ = −V ′(ϕ) =⇒ Nonlinear oscillator

0

V (φ)

φ

V (ϕ) = 1
2

tanh2 ϕ

ϕ = arcsinh

(√
I (2−I )
1−I cos θ

)
h(I ) = I − I 2/2.

Exactly solvable: action-angle variables

(πϕ ≡ ϕ̇) (ϕ, ϕ̇)→ (I , θ)

Hamiltonian: h =
ϕ̇2

2
+ V (ϕ) ≡ h(I )

Explicitly:
I (ϕ, ϕ̇) ∝

∮ √
h − V dϕ

θ(ϕ, ϕ̇) ∝ ∂

∂I

∫ √
h − V dϕ′

Classical solution:

I = const, θ = Ωt + const, Ω =
∂h

∂I

General case: ϕ = Φ(I , θ), ϕ̇ = Π(I , θ)
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Effective Field Theory: leading-order effective action

BUT oscillon depends on x =⇒ I = I (x), θ = θ(t, x), but slowly

Let us derive effective action:

S =

∫
dt ddx

(
1

2
ϕ̇2 − V (ϕ)︸ ︷︷ ︸
I∂tθ − h

− 1

2
(∂iϕ)2︸ ︷︷ ︸

subleading

)

Averaging over period

(∂iϕ)2 −→ 〈(∂iϕ)2〉 =
1

2π

∫ 2π

0
(∂iΦ(I , θ))2 dθ

Slow-varying ∂i I , ∂iθ are moved out of the average

〈(∂iϕ)2〉 ≈ (∂i I )
2

µI (I )
+

(∂iθ)2

µθ(I )
+((((

((((hhhhhhhh〈∂IΦ ∂θΦ〉∂i I∂iθ

µI ≡
〈
(∂IΦ)2

〉−1
, µθ ≡

〈
(∂θΦ)2

〉−1
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Effective Field Theory: properties

Effective action in the leading order

Seff =

∫
dt ddx

(
I∂tθ − h(I )− (∂i I )

2

2µI (I )
− (∂iθ)2

2µθ(I )

)
Example: V (ϕ) = 1

2
tanh2 ϕ

µI = I (2− I )2(1− I )2, µθ = I−1 − 1
Introducing complex field
ψ(t, x) =

√
I · e−iθ gives

Seff =

∫
dt ddx

(
iψ∗∂tψ − h − |∂iψ|

2

2µ1
− 1

2µ2

[
ψ∗2(∂iψ)2 + h.c.

])
nonlinear Schrödinger model

Form factors: µi = µi (|ψ|2), h = h(|ψ|2)

Global symmetry: θ → θ + α ⇐⇒ ψ → e−iαψw�
Conserved charge: N =

∫
ddx I =

∫
ddx |ψ|2
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Oscillons — solitons in EFT

Attraction + charge conservation = solitons!

Stationary ansatz:

ψ = ψ(r) e−iωt , or θ = ωt

Alternatively:

minimize the energy E at fixed charge N.

Oscillon profile equation Ω = ∂h/∂I

−2ψ2

µI
∆ψ − (∂iψ)2 d

dψ

(
ψ2/µI

)
+ Ωψ = ωψ

At the oscillon: δE = ωδN for all variations =⇒ ω = dE/dN .
Physical interpretation: N — ,,number of particles”

ω — ,,energy of a particle”
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Example: V (ϕ) = 1
2 tanh2 ϕ

d = 1 : (t, x)

ODE is integrable

x =
2√

2ω − 1
arctan

ζ(ψ)√
2ω − 1

− 1√
2ω

arctan
ζ(ψ)√

2ω

+
1√

2− 2ω
arctanh

ζ(ψ)√
2− 2ω

,

where ζ(ψ) =
√

2− 2ω − ψ2

Oscillon profile:

ϕ(t, x) = Φ(ψ2, ωt)

ω → 1
NR limit

: R ∝ (1− ω)−1/2 →∞

0

0.2

0.4

−10 0 10

ψ
(x
)

x

ω = 0.91ω = 0.91

0

0.2

0.4

-10 0 10

ϕ
(0
,
x
)

x

leading-order EFT

exact simulation

ω = 0.91ω = 0.91

coincides!
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Example: V (ϕ) = 1
2 tanh2 ϕ

N and E — also explicitly computed:

N =
4√

2ω − 1
arctan

√
1− ω√
ω − 1/2

− 4√
2ω

arctan
√

1/ω − 1 ,

E =
4(1− ω)√

2ω − 1
arctan

√
1− ω√
ω − 1/2

+ 2
√

2ω arctan
√

1/ω − 1 ,

0

0.5

1

1.5

0.85 0.9 0.95 1

N

ω

leading-order EFT

exact simulation

For d 6= 1 — profile ψ(r), N and E are found numerically.
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Oscillons: existence, longevity, stability

In the EFT — existence conditions can be derived Coleman ’85

0

V (φ)

φ

I0 ≡ I (0), Ω(I ) = ∂h/∂I

Existence conditions.

Ω(I0) < m

h(I0)/I0 < m
&

µI
∣∣
I≤I0 6= 0︸ ︷︷ ︸

non-singular EFT

Longevity. Profile eqs. =⇒ ω − Ω ∼ (mR)−2 � 1w�
|dΩ/dI | � Ω/I

– conditions for EFT

– longevity of oscillon

Linear stability

dN(ω)/dω < 0 (Vakhitov-Kolokolov crit.)
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Oscillons: restoring V (ϕ)

ϕ(V ) =

∫ V

0

dh

Ω(h)
√

2V − 2h

2 ways of achieving |dΩ/dI | � Ω/I :

Small-amplitude approximation:

V =
1

2
m2ϕ2 +

g3

4
ϕ4 +

g5

6
ϕ6 + . . .

Special cases of flat Ω(I ), e.g.

Ω = Ω0 + δΩ(I ), δΩ(I )� Ω0.

⇓
V =

1

2
Ω̃2(ϕ)ϕ2, Ω̃2 ≈ Ω2

0 + δΩ̃(ϕ)

E.g. monodromy potential

Vp(ϕ) = 1
2pm

2F 2

[
(1 +

ϕ2

F 2
)p − 1

]
,

p → 1 Ollé et al. ’20

0

V (ϕ)

ϕ

0 F

V (ϕ)

ϕ

∼ ϕ2

monodromy
p = 0.9
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Corrections

Goal: Develop asymptotic expansion in R−2:

Seff = S(1)
eff︸︷︷︸

R0+R−2

+

corrections

S(2)
eff︸︷︷︸

R−4

+ S(3)
eff︸︷︷︸

R−6

+ . . .

Field corrections:

I = Ī︸︷︷︸
slow

+ δI︸︷︷︸
fast

, θ = θ̄︸︷︷︸
slow

+ δθ︸︷︷︸
fast

〈δI 〉 = 〈δθ〉 = 0, δI � I , δθ � θ

Solve eqs. for δI , δθ

δI ≈ I[∂θ̄Φ∆Φ]

∂t θ̄
, δθ ≈ 1

∂t θ̄

{
∂ĪΩ · I[δI ]− I [∂ĪΦ∆Φ− 〈∂ĪΦ∆Φ〉]

}
I[f ] =

∫ θ̄

f (θ̄′) d θ̄′ − A — primitive, Φ = Φ(Ī , θ̄), Ω = Ω(Ī )
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Second-order EFT: oscillons

Plug δI , δθ into action =⇒ Seff = S(1)
eff + S(2)

eff , θ̄ = ωt

S(2)
eff =

∫
dt ddx

[
d1 (∂iψ)4 + d2 ψ∆ψ(∂iψ)2 + d3 (∆ψ)2

]
Note. Four spatial derivatives di (ψ

2) — form factors

Oscillon profile Ī = ψ2(x)
can be found perturbatively:

Ī = Ī (1) + Ī (2), S
(1)
eff [Ī (1)]−minw�

δ2S
(1)
eff

δĪ 2
· Ī (2) = −δS

(2)
eff

δĪ

Oscillon field:

ϕ(t, x) = Φ
(
Ī + δI , ωt + δθ

)
,

δI = δI (Ī , ωt), δθ = δθ(Ī , ωt)

0

0.2

0.4

-10 0 10

φ
(0
,
x
)

x

leading-order EFT

second-order EFT

exact simulation

ω = 0.91ω = 0.91

V (ϕ) = 1
2 tanh2 ϕ, d = 1
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Oscillons: E (ω) comparison for V (ϕ) = 1
2 tanh2 ϕ

50

150

250

0.85 0.9 0.95 1

ω

(a) d = 3
E

50

150

250

0.85 0.9 0.95 1

ω

(a) d = 3
E

0.85 0.9 0.95 1

(a) d = 3 leading-order EFT

second-order EFT

simulation

5

10

15

0.85 0.9 0.95 1

ω

(b) d = 2

E

0

0.5

1

1.5

0.85 0.9 0.95 1

ω

(c) d = 1

E

0

0.5

1

1.5

0.85 0.9 0.95 1

ω

(c) d = 1

E

EFT, even for lesser ω, works better at smaller d . Why?
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Limit d → 0

Analytically continue field equation to d < 1:

∂2
t ϕ− ∂2

r ϕ−
d − 1

r
∂rϕ = −V ′(ϕ)

Substitute r = 0: ∂2
t ϕ(0) − d ∂2

r ϕ(0)︸ ︷︷ ︸
vanishes at d=0

= −V ′(ϕ(0))

w�
Oscillator at d = 0, r = 0

0

ϕ

r

oscillator

bulk

0

0.5

1

0 5 10 15

φ

r

t ≈ 3 · 104
t ≈ 2 · 105

There are exactly periodic solutions at d = 0.
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Small-amplitude expansion vs. EFT

Reminder. different expansion parameters:

R−1 → 0 at finite ϕ (EFT), R−1 ∼ ϕ→ 0 (small-amplitude)

0

0.5

1

1.5

0.85 0.9 0.95 1

E

ω

(a) d = 1

leading-order SAE
second-order SAE

0

0.5

1

1.5

0.85 0.9 0.95 1

E

ω

leading-order EFT
second-order EFT

exact simulation

0

50

150

0.85 0.9 0.95 1

E

ω

(b) d = 3

V (ϕ) = 1
2 tanh2 ϕ
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Results & Discussion

EFT.

Sole parameter of the expansion: (mR)−2

Global U(1)– symmetry =⇒ oscillons

Conditions for existence of long-lived oscillons:

V (ϕ)

{
attractive

nearly quadratic potential

d = 0: exact oscillons and exact EFT

Generic models: ϕ = Φ(I , θ) = c1I
1/2 + c2I

3/2 + . . .

systematic small-amplitude expansion

Perspective.

EFT for monodromy potentials ϕ2n, n→ 1
Decay of oscillons — nonperturbative in EFT?
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Thank you for your attention!
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Oscillons: existence conditions

Auxiliary field χ(I ) =

∫ I

0
dI ′ [µI (I

′)]−1/2 = 2

∫ ψ

0
ψ′dψ′/

√
µI

normalizes the gradient term: F =

∫
ddx

[
1

2
(∂iχ)2 − Uω(χ)

]
,

where Uω ≡ ωI − h .Spherically symmetric oscillon:

∂2
r χ+ d−1

r ∂rχ = −dUω(χ)/dχ

Existence conditions:

max at χ = 0 =⇒ ω < m

∂χ0Uω(χ0) > 0

χ0≡χ(0), I0≡I (0)

&

{
Uω(χ0) > 0, d > 1
Uω(χ0) = 0, d = 1

⇓
ω > Ω(I0), ω ≥ h(I0)/I0

,,=” for d=1

, µI |I<I0 6=0

-0.02

0.02

0.50

Uω(χ)

χ

V = 1
2 tanh2 ϕ, ω = 0.8
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Oscillons: possibility of parametric resonance

Possible parametric resonance: for wave vectors k ∼ O(m):

(∂2
t + k2)δϕ = −V ′′(Φ(I0, ωt)) δϕ (I (r) ≈ I0)

Resonance bands width: δk ∼ |V ′′osc |/k
Growing modes δϕ(t, k) should be localized inside oscillon

δk−1 . R =⇒ |V ′′osc |R & m

EFT regime: near-quadratic potential

|V ′′osc |/m2 ∝ |d ln Ω/d ln I | ∼ (mR)−2w�
|V ′′osc |R/m ∼ (mR)−1 � 1 =⇒ no parametric resonance
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Corrections: technicalities

Solve eqs. for δI , δθ{
∂tδI = jθ(I , θ),

∂tδθ = Ω(I )− 〈Ω〉 − jI (I , θ) ,
where

Ω = ∂Ih

jθ = ∂θΦ ∆Φ,

jI = ∂IΦ ∆Φ− 〈∂IΦ ∆Φ〉
For second-order EFT we find δI , δθ in the leading order

⇓
∂t ≈ (∂t θ̄) ∂θ̄,

Ω− 〈Ω〉 ≈ δI · ∂ĪΩ,
jI (I , θ) ≈ jI (Ī , θ̄),

jθ(I , θ) ≈ jθ(Ī , θ̄)

Fast-oscillating parts in the leading order:

δI ≈ I[jθ(Ī , θ̄)]

∂t θ̄
, δθ ≈ 1

∂t θ̄

{
∂ĪΩ(Ī ) I[δI (Ī , θ̄)]− I[jI (Ī , θ̄)]

}
,

I[f ] =

∫ θ̄

0
f (θ̄′) d θ̄′−

〈∫ θ̄

0
f (θ̄′) d θ̄′

〉
satisfying 〈I[f ]〉 = 〈f 〉 = 0 .

Second-order correction to the effective action:

S(2)
eff [Ī , θ̄ ] =

∫
dt ddx

[
1

∂t θ̄
〈jII[jθ]〉 − ∂ĪΩ

2(∂t θ̄)2
〈(I[jθ])2〉

]
.
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Limit d → 0

Integral quantities (e.g. energy)

Volume element: ddx = Sd−1(µr)d dr/r , Sd−1 = 2πd/2/Γ(d/2),
d → 0: Sd−1 ∝ d → 0, dr/r diverges at r = 0.w�

E = E0 + E1d + O(d2) (“core” + “bulk”)

E0 = (∂tϕ0)2/2 + V (ϕ0), E1 =

∫ ∞
ε

ρ dr/r + E0 ln(cµε), ε→ 0

ρ(r) = (∂tϕ)2/2 + (∂iϕ)2/2 + V (ϕ), c = eγE/2√π ≈ 2.37

Bulk energy conservation:
∂tE1 = J0 − J

Flux radiated to infinity:

J = − lim
r→∞

r−1∂tϕ∂rϕ

Flux from the origin:

J0 = −∂tϕ∂2
r ϕ
∣∣
r=0

〈J〉 → J∞ = const — stationary flow

0

10-9

0 105 2 · 105

⟨J
⟩−

J
∞

t
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Small-amplitude expansion from EFT

If ε2 = m2 − ω2 � m2, R ∼ O(ε−1), I0 ∼ O(ε2), ϕ ∼ O(ε)

⇓
both EFT and small-amplitude expansion are applicable.
Generic scalar potential, m = 1:

V =
1

2
ϕ2 +

g3

4
ϕ4 +

g5

6
ϕ6 + . . .

Action-angle variables — as half-integer series

Φ =
√

2I cos θ + (2I )3/2 g3

32
[ cos(3θ)− 6 cos θ ] + . . . ,

h = I +
3

8
g3I

2 + γ3I
3 + . . . , γ3 ≡

5

12
g5 −

17

64
g2

3 .

EFT form factors — as series

1

µI
=

1

4I
− 9

16
g3 + O(I ) , d3 =

1

8ω
+ O(I ) ,
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Small-amplitude expansion from EFT

Effective Lagrangian (up to second order):

F (1) + F (2) =

∫
ddx

{
1

2
(∂iψ)2 +

ε2

2
ψ2 +

3

8
g3ψ

4

−9

8
g3ψ

2(∂iψ)2 +
ε4

8
ψ2 + γ3ψ

6 − 1

8
(∆ψ)2 + O(ε8)

}
Search for solution perturbatively in ε:

ψ =
ε√
2
p1(x) +

ε3

4
√

2
[4p3(x)− p1(x)] + O(ε5)w�{

ε−2∆p1 − p1 − 3
4g3p

3
1 = 0 ,

ε−2∆p3 − p3 − 9
4 g3p

2
1p3 =

(
5g5
8 +

3g2
3

128

)
p5

1 .
G. Fodor et al.

Phys. Rev. D. 78,

025003 (2008)

[arXiv:0802.3525]

Oscillonic field:

ϕ(t, x) = (εp1 + ε3p3) cos(ωt) +
g3

32
(εp1)3 cos(3ωt) + O(ε5) ,
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Numerical simulations

To absorb the outgoing radiation we introduce the sponge H(r):(
∂2
t + H(r)∂t −∆

)
ϕ = −V ′(ϕ) ,

H(r) = 0 at r < Rs ,

H(r) smoothly increases at r > Rsw�
Outgoing scalar waves fade out exponentially at r > Rs .

Starting configuration: I -balls ϕ = Φ(0, I (r)) with various ω.
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Second-order EFT coefficients for V (ϕ) = 1
2 tanh2 ϕ

NA =
[
2Ī (1 − Ī )(2 − Ī )

]−1
, z2 = Ī/(2 − Ī )

c1 =
ln(1 − z2

2 ) ∂ĪN
2
A

ωĪ (2 − Ī )

{
2 − 2Ī

Ī (2 − Ī )
− 1

ω
− ∂ĪNA

NA

}
+

(∂ĪNA)2

ω2
Li2(z2

2 )

+
N2

A

4ω(1 − Ī )(2 − Ī )2

{
4 − 3Ī

(1 − Ī )(2 − Ī )
+ 6

∂ĪNA

NA
+

1

ω

}
,

c2 =
2 ln(1 − z2

2 )N2
A

ωĪ (2 − Ī )

{
2 − 2Ī

Ī (2 − Ī )
− 3∂ĪNA

NA
− 1

ω

}
+

2N2
A

ω(1 − Ī )(2 − Ī )2
+
∂ĪN

2
A

ω2
Li2(z2

2 ) ,

c3 =
N2

A

ω

{
1

ω
Li2

(
z2

2

)
− 4 ln(1 − z2

2 )

Ī (2 − Ī )

}
,

d1 = 16ψ4c1 + 8ψ2c2 + 4c3 , d2 = 8(ψ2c2 + c3) , d3 = 4ψ2c3 ,
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