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Motivation
Classical gravitational waveform: from (generalised) amplitudes:

Amplitudes: quantum. Pair production?
<latexit sha1_base64="WAOip3ulwmLrEGqXfVhwTS3A5zA="></latexit>

<latexit sha1_base64="xAbGHrDLYJQ896oHp1TtCTmnhTg=">AAACFXicbVDLSgMxFM3UV62vUcGNm2AR6qbMSFE3SsGNywr2Ae1QMmmmDU0yQ5KplrHf4d6t/oI7cevaP/AzzLSz0NYDgcM593Jujh8xqrTjfFm5peWV1bX8emFjc2t7x97da6gwlpjUcchC2fKRIowKUtdUM9KKJEHcZ6TpD69TvzkiUtFQ3OlxRDyO+oIGFCNtpK590OFIDyRP7tGIBKHkk5I+gZddu+iUnSngInEzUgQZal37u9MLccyJ0JghpdquE2kvQVJTzMik0IkViRAeoj5pGyoQJ8pLpvdP4LFRetCkmyc0nKq/NxLElRpz30ym16p5LxX/9foSRQOKH+bydXDhJVREsSYCz+KDmEEdwrQi2KOSYM3GhiAsqfkBxAMkEdamyIKpxp0vYpE0TsvuWblyWylWr7KS8uAQHIEScME5qIIbUAN1gMEjeAYv4NV6st6sd+tjNpqzsp198AfW5w8tj59D</latexit>

waveform(t) =

<latexit sha1_base64="g4kACohPPmEiDxkdUSBvcI1RhHg="></latexit>

=

∫
+ · · ·

Single-graviton production
amplitude (in-in)



Motivation
Gravitational wave  graviton?≠

classical

Resolution: wave is a coherent state of gravitons
<latexit sha1_base64="o/JjWIu6LnyjzuOL4pu0y8vF+xA="></latexit>

S |ω→ ↑ exp

[∫

k
a†(k)

]
|0→

Graviton
number state

Single-graviton 
production amplitude

<latexit sha1_base64="/Bhep571zLObsA2e9qBIrFoUqjc="></latexit>

→n| µω |n↑ ↓ →n|a(k)|n↑ = 0



Classically:

Motivation

Uncorrelated single graviton production

Coherent state
Classical waveform

<latexit sha1_base64="o/JjWIu6LnyjzuOL4pu0y8vF+xA="></latexit>

S |ω→ ↑ exp

[∫

k
a†(k)

]
|0→

Hawking radiation: pair production from BH

Squeezed state

Uncorrelated production of pairs

<latexit sha1_base64="nCuhh7uvT+mCiaOekRL6LHrE3hg="></latexit>

S |ω→ ↑ exp

[∫

k1,k2

a†(k1)a
†(k2)

]
|0→

Semiclassically:



So study how to compute Hawking radiation from amplitudes

Motivation

<latexit sha1_base64="/pPDBv6csYkOa9LZaHOUX9JSVqQ="></latexit>

p1

p2

p01

p02

k

Eg usual radiation backreaction

Compute reaction to Hawking pairs?



This talk
1. Waveforms and (generalised) amplitudes

2. Amplitudes and Bogoliubov

3. Hawking’s scattering process, spectrum

4. Outlook



Generalised amplitude

<latexit sha1_base64="xAbGHrDLYJQ896oHp1TtCTmnhTg=">AAACFXicbVDLSgMxFM3UV62vUcGNm2AR6qbMSFE3SsGNywr2Ae1QMmmmDU0yQ5KplrHf4d6t/oI7cevaP/AzzLSz0NYDgcM593Jujh8xqrTjfFm5peWV1bX8emFjc2t7x97da6gwlpjUcchC2fKRIowKUtdUM9KKJEHcZ6TpD69TvzkiUtFQ3OlxRDyO+oIGFCNtpK590OFIDyRP7tGIBKHkk5I+gZddu+iUnSngInEzUgQZal37u9MLccyJ0JghpdquE2kvQVJTzMik0IkViRAeoj5pGyoQJ8pLpvdP4LFRetCkmyc0nKq/NxLElRpz30ym16p5LxX/9foSRQOKH+bydXDhJVREsSYCz+KDmEEdwrQi2KOSYM3GhiAsqfkBxAMkEdamyIKpxp0vYpE0TsvuWblyWylWr7KS8uAQHIEScME5qIIbUAN1gMEjeAYv4NV6st6sd+tjNpqzsp198AfW5w8tj59D</latexit>

waveform(t) =

Waveforms & Amplitudes

b

Classical point particle approximation (corrected at high order)

Cristofoli, Gonzo, Kosower & DOC
Kosower, Maybee & DOC

<latexit sha1_base64="OLHYNZ1gLaLMe8pqxL10dl/ARHE="></latexit>

=

∫
→p→1p→2|S†a(k)S|p1p2↑+ · · ·

<latexit sha1_base64="y5EhYOFjfmO6ID+0XzCHibgALCc="></latexit>



| i time!1������! U(1,�1)| i

<latexit sha1_base64="9DwAgmO+OTbnR/EldleFbaE+/eE="></latexit>

Amplitudes: from time evolution (interaction picture)

Waveforms & Amplitudes

| i time!1������! U(1,�1)| i

<latexit sha1_base64="9DwAgmO+OTbnR/EldleFbaE+/eE="></latexit>

Initial state
Far past

Final state
Far future



Amplitudes: from time evolution (interaction picture)

| i time!1������! S| i

<latexit sha1_base64="aMh5nHE7Xc8GfZmGUCv37lybKbQ="></latexit>

U(�1,1) = S = 1 + iT

<latexit sha1_base64="jyjDKm99uWwhHg5yORQZybAhWRI=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoqCWRgrpQCm5cVmzaQhvKZDpph04mYWYihtCt3+EHuNVPcCdu9Qv8DadtFtp64HIP59zL5R4vYlQqy/oycguLS8sr+dXC2vrG5pa5vdOQYSwwcXDIQtHykCSMcuIoqhhpRYKgwGOk6Q2vx37znghJQ15XSUTcAPU59SlGSktdEzqlkw7lvkqO4bQfwkt4p8uGR5DCetcsWmVrAjhP7IwUQYZa1/zu9EIcB4QrzJCUbduKlJsioShmZFToxJJECA9Rn7Q15Sgg0k0nn4zggVZ60A+FLq7gRP29kaJAyiTw9GSA1EDOemPxX68vUDSg+GHmvvLP3ZTyKFaE4+l5P2ZQhXAcFuxRQbBiiSYIC6o/gHiABMJKR6qTsWdzmCeN07JdKV/cVorVqyyjPNgD+6AEbHAGquAG1IADMHgEz+AFvBpPxpvxbnxMR3NGtrML/sD4/AEnQ6Al</latexit>

Waveforms & Amplitudes

Matrix elements of T are the amplitudes 
<latexit sha1_base64="oZREaOwjHKmnx6zuLZW974C7cQ8="></latexit>

hq1 · · · qm|T |p1 · · · pni = A(p1 . . . pn ! q1 . . . qm) �4(total momentum)



Waveforms & Amplitudes
Measure expectation of curvature component in classical limit

Dominant term at large distances 
( )Ψ4

Final state
Amplitudes!

| i ⇠
Z

|p1 p2i

<latexit sha1_base64="fnAZRiZI9b8uK7YyeVOlnvZv+vM=">AAACKXicbVDLSgMxFM3UV62vUZdugkUQlDJTCupGCm5cVrAP6AxDJk3b0EwmJBmxTPsRfocf4FY/wZ26deFvmLYjaOuBC4dz7uXee0LBqNKO827llpZXVtfy64WNza3tHXt3r6HiRGJSxzGLZStEijDKSV1TzUhLSIKikJFmOLia+M07IhWN+a0eCuJHqMdpl2KkjRTYJyNPKAo9iXiPEegpGkGPcg1HInChdwpFUP5xA7volJwp4CJxM1IEGWqB/eV1YpxEhGvMkFJt1xHaT5HUFDMyLniJIgLhAeqRtqEcRUT56fSpMTwySgd2Y2nK3DNVf0+kKFJqGIWmM0K6r+a9ifiv15NI9Cm+n9uvu+d+SrlINOF4tr6bMKhjOMkNdqgkWLOhIQhLaj6AuI8kwtqka5Jx53NYJI1yya2ULm4qxeplllEeHIBDcAxccAaq4BrUQB1g8ACewDN4sR6tV+vN+pi15qxsZh/8gfX5DRsQpqE=</latexit>

<latexit sha1_base64="Cs1PYYyZkHjNdY+QigxUiDVSB14="></latexit> <latexit sha1_base64="Cs1PYYyZkHjNdY+QigxUiDVSB14="></latexit>

| i ⇠
Z

|p1 p2i

<latexit sha1_base64="fnAZRiZI9b8uK7YyeVOlnvZv+vM=">AAACKXicbVDLSgMxFM3UV62vUZdugkUQlDJTCupGCm5cVrAP6AxDJk3b0EwmJBmxTPsRfocf4FY/wZ26deFvmLYjaOuBC4dz7uXee0LBqNKO827llpZXVtfy64WNza3tHXt3r6HiRGJSxzGLZStEijDKSV1TzUhLSIKikJFmOLia+M07IhWN+a0eCuJHqMdpl2KkjRTYJyNPKAo9iXiPEegpGkGPcg1HInChdwpFUP5xA7volJwp4CJxM1IEGWqB/eV1YpxEhGvMkFJt1xHaT5HUFDMyLniJIgLhAeqRtqEcRUT56fSpMTwySgd2Y2nK3DNVf0+kKFJqGIWmM0K6r+a9ifiv15NI9Cm+n9uvu+d+SrlINOF4tr6bMKhjOMkNdqgkWLOhIQhLaj6AuI8kwtqka5Jx53NYJI1yya2ULm4qxeplllEeHIBDcAxccAaq4BrUQB1g8ACewDN4sR6tV+vN+pi15qxsZh/8gfX5DRsQpqE=</latexit>

<latexit sha1_base64="8PYvakjVmINo8Mb/2RzlgulUNrI=">AAACEHicbVDLSgMxFM3UV62vsS7dBEvBVZkRUVdScOOygn1AOw6ZTNqGZpKQZKRl6E/4AW71E9yJW//AL/A3TNtZaOuBC4dz7uXeeyLJqDae9+UU1tY3NreK26Wd3b39A/ew3NIiVZg0sWBCdSKkCaOcNA01jHSkIiiJGGlHo5uZ334kSlPB781EkiBBA077FCNjpdAtk4eMQhn6sIdjYWA0haFb8WreHHCV+DmpgByN0P3uxQKnCeEGM6R11/ekCTKkDMWMTEu9VBOJ8AgNSNdSjhKig2x++xRWrRLDvlC2uIFz9fdEhhKtJ4m9q5ogM9TL3kz81xsoJIcUj5f2m/5VkFEuU0M4XqzvpwwaAWfxwJgqgg2bWIKwovYDiIdIIWxsiDYZfzmHVdI6q/kXtfO780r9Os+oCI7BCTgFPrgEdXALGqAJMBiDZ/ACXp0n5815dz4WrQUnnzkCf+B8/gAX4Zyx</latexit>

eip1·b

Classical initial conditions

<latexit sha1_base64="13TvufDXUY3Dfy374opFOL/NUDY="></latexit>

waveform ⌘ h |S†
····(x)S| i

Riemann curvature 
operator

x



Waveforms & Amplitudes

Graviton polarisation
<latexit sha1_base64="OkAcKc105dNm9pYfxg9WiEAFvJ0="></latexit>

····(x) = @·@· ··(x)
Leading in distance

<latexit sha1_base64="GaaBKj4C+SLUrIAOuRpXJCfffdY="></latexit>

waveform =

∫
d!(k)

[
kk ωω e→ik·x→ε|S†a(k)S|ε↑+ c.c.

]

On-shell
phase space

Measure expectation of curvature component in classical limit



Waveforms & Amplitudes

Key object to understand

<latexit sha1_base64="Vq1fvS2RFayquLL+1NJibsc1SUg="></latexit>

h |S†a(k)S| i =
Z

pi,p0
i

 ⇤(p01, p
0
2) (p1, p2) hp01, p02|S†a(k)S|p1, p2i

Generalised amplitude

Elkhidir, Sergola, Vazquez-Holm, DOC
Caron-Huot, Giroux, Hannesdóttir, Mizera

<latexit sha1_base64="GaaBKj4C+SLUrIAOuRpXJCfffdY="></latexit>

waveform =

∫
d!(k)

[
kk ωω e→ik·x→ε|S†a(k)S|ε↑+ c.c.

]



Waveforms & Amplitudes
Generalised amplitude closely related to amplitudes

<latexit sha1_base64="+n3+22GUKaj9keybb5Zt0DscHto="></latexit>

E �4(momentum) ⌘ �ihp01p02|S†a(k)S|p1p2i

<latexit sha1_base64="lCW4eXc7tIKpeUxBDjyJ+QPuCOo="></latexit>

= hp01p02k|T |p1p2i � ihp01p02|T †a(k)T |p1p2i

5 point amplitude Cut (subtraction) term
<latexit sha1_base64="Pp3V+dWOftHgxu0D1mjz76YMsOQ="></latexit>

<latexit sha1_base64="KCHkkpz5AK1QV/I+1q/gxXlhRTY="></latexit>

· · ·+ + · · ·



Waveforms & Amplitudes
At NLO only difference:

Amplitude:
plus sign



Waveforms & Amplitudes
Past/future ladder operators

<latexit sha1_base64="mxJsz+ODzjHyLmy5foRqfT4C4ys="></latexit>

a , a†

t →↑↓
b , b†

t →+↓
S

<latexit sha1_base64="1IsOHo+dq40Ii8NUDeloLe8qAL4="></latexit>

b(p) = S†a(p)S

In Out



<latexit sha1_base64="GHaoEC7I3DKCNKZGYTl74wcaNbM="></latexit>

iE�4(momentum) = h0|a(p01)a(p02)b(k)a†(p1)a†(p2)|0i

Waveforms & Amplitudes

Caron-Huot, Giroux, Hannesdóttir, Mizera

<latexit sha1_base64="J4Qwn1JWwkNF0y8Th8WhbUHCtwQ="></latexit>

iA�4(momentum) = h0|b(p01)b(p02)b(k)a†(p1)a†(p2)|0i

Past/future ladder operators
<latexit sha1_base64="mxJsz+ODzjHyLmy5foRqfT4C4ys="></latexit>

a , a†

t →↑↓
b , b†

t →+↓
S

Physics: different  prescription. In-out vs in-in, Schwinger-Keldysh

Expectation admits classical limit, amplitudes doesn’t

iϵ



Waveforms & Amplitudes
Scattering on background:

<latexit sha1_base64="qQaMnRZL+dPrVPc1NaWLkhPaTqc="></latexit>

waveform(t) =

∫
→!|a(p→1)S†a(k)Sa†(p1)|!↑

Generalised 3-point amplitude
on background

Appropriate at LO in m /M



Amplitudes & Bogoliubov



Amplitudes & Bogoliubov
 Pair production: any species

<latexit sha1_base64="WAOip3ulwmLrEGqXfVhwTS3A5zA="></latexit>

Graviton pair production

<latexit sha1_base64="jnV3FV2WTUlu7CD97OPc2Q9nFzY="></latexit>

Scalar pair production: simpler



Amplitudes & Bogoliubov
Produced from dynamical background metric “Vaidya”

<latexit sha1_base64="U4HRiB2hpeHMbYxXs8PTv5kWzxo="></latexit>

gµω = ωµω +
2GM!(t+ r)

r
kµkω

Thin shell of radiation 
falling in to origin

Kerr-Schild vector
<latexit sha1_base64="LOoRbEnNUei/bqMC9MnVr9F/EJU="></latexit>

kµdx
µ = dt+ dr

 

Flat

Schwarzschild

BH

Infalling 
radiation
(classical)



Amplitudes & Bogoliubov

Bogoliubov very useful:

<latexit sha1_base64="mxJsz+ODzjHyLmy5foRqfT4C4ys="></latexit>

a , a†

t →↑↓
b , b†

t →+↓
S

<latexit sha1_base64="1IsOHo+dq40Ii8NUDeloLe8qAL4="></latexit>

b(p) = S†a(p)S

In Out

<latexit sha1_base64="aBg5T7FKEah7b4f5/kwQQRIKOIY="></latexit>

action =
1

2

∫
d4x ωµεωωε (ϑµω + hµω)

<latexit sha1_base64="jnV3FV2WTUlu7CD97OPc2Q9nFzY="></latexit>



Amplitudes & Bogoliubov
Exact field eom

<latexit sha1_base64="sCzALsG5oawTXSiEwK/PkXhmVJ4="></latexit>

ω2ε+ ωµ h
µω(x)ωωε = 0

<latexit sha1_base64="Z+kAVRnoFS9ldJqffHz49MU7Wq4="></latexit>

ω(x) =

∫
d!(p)

[
F (x, p)b(p) + h.c.

]

<latexit sha1_base64="88nTxlHQbGvwWGN8Z9VeYXLy7AA="></latexit>

Future solutions F (x, p)

<latexit sha1_base64="YTMU8N2G10hG7ElF+zsgh7QBu4c="></latexit>

F (x, p) →→→↑
t→↑

e↓ix·p

<latexit sha1_base64="LSVE3M+3Hiz/h9qnWziFrxZq2GY=">AAADKXicpVJNj9MwEHXD11I+tgtHLhYVUleUKEHLwgW0wIUbRaK7KzVV5TiT1KrtRLYD6Vr5PRz4LUhw4evKH8FNi0S63Bgp0vObGc2bl4kLzrQJgh8d78LFS5ev7FztXrt+4+Zub+/Wsc5LRWFMc56r05ho4EzC2DDD4bRQQETM4SRevFzlT96B0iyXb82ygKkgmWQpo8Q4atZ7HhVzNqj28VMcMWlwlCTRyDHFPo5ilk3waF AN3YOsmPs4MlAZJezcp37dVExnvX7gB03g8yDcgD7axGi21/kcJTktBUhDOdF6EgaFmVqiDKMc6m5UaigIXZAMJg5KIkBPbbNrje85JsFprtzn9Dbs3x2WCK2XInaVgpi53s6tyH/mMkWcFbTamm/SJ1PLZFEakHQ9Pi05Njle2YkTpoAavnSAUMXcBpjOiSLUONO7kYT3NBeCyMQ6Z2v7x7+kbo2x1Xq7FmfY4uxBCkvp2tsZBVyzs22n/k9pAqk7oUaGJZy/VgmoF7yE2qosrm3gHwwD/9EwbCuJFVmAqd0NhNt//Dw4fuiHh/7hm4P+0bPNNeygO+guGqAQPUZH6BUaoTGi6AP6hL6ib95H74v33fu5LvU6m57bqBXer99gPAd5</latexit>

ω(x) =

∫
d!(p)

[
P (x, p)a(p) + h.c.

]

<latexit sha1_base64="zU66KzRTRRuSJnxljmzdyBw6REc="></latexit>

Past solutions P (x, p)

<latexit sha1_base64="zJbozdaQDhbDJ6F6oUM2BmmcY8A="></latexit>

P (x, p) →→→→↑
t→↑↓

e↑ix·p



Amplitudes & Bogoliubov

<latexit sha1_base64="Z+kAVRnoFS9ldJqffHz49MU7Wq4="></latexit>

ω(x) =

∫
d!(p)

[
F (x, p)b(p) + h.c.

]<latexit sha1_base64="LSVE3M+3Hiz/h9qnWziFrxZq2GY=">AAADKXicpVJNj9MwEHXD11I+tgtHLhYVUleUKEHLwgW0wIUbRaK7KzVV5TiT1KrtRLYD6Vr5PRz4LUhw4evKH8FNi0S63Bgp0vObGc2bl4kLzrQJgh8d78LFS5ev7FztXrt+4+Zub+/Wsc5LRWFMc56r05ho4EzC2DDD4bRQQETM4SRevFzlT96B0iyXb82ygKkgmWQpo8Q4atZ7HhVzNqj28VMcMWlwlCTRyDHFPo5ilk3waF AN3YOsmPs4MlAZJezcp37dVExnvX7gB03g8yDcgD7axGi21/kcJTktBUhDOdF6EgaFmVqiDKMc6m5UaigIXZAMJg5KIkBPbbNrje85JsFprtzn9Dbs3x2WCK2XInaVgpi53s6tyH/mMkWcFbTamm/SJ1PLZFEakHQ9Pi05Njle2YkTpoAavnSAUMXcBpjOiSLUONO7kYT3NBeCyMQ6Z2v7x7+kbo2x1Xq7FmfY4uxBCkvp2tsZBVyzs22n/k9pAqk7oUaGJZy/VgmoF7yE2qosrm3gHwwD/9EwbCuJFVmAqd0NhNt//Dw4fuiHh/7hm4P+0bPNNeygO+guGqAQPUZH6BUaoTGi6AP6hL6ib95H74v33fu5LvU6m57bqBXer99gPAd5</latexit>

ω(x) =

∫
d!(p)

[
P (x, p)a(p) + h.c.

]
<latexit sha1_base64="65OYYUm6NUl9J770yGzt75xvO7U="></latexit>=

<latexit sha1_base64="yREVDObq93IT+NP9T2gsMzusl/o="></latexit>

P → !
(
AF + B̄F̄

)

 is a basisF

<latexit sha1_base64="C52qXurt/a3+BoQ2p33mtGpRYXo="></latexit>

b(k) = S†a(k)S =

∫
d!(p)

(
A(k, p)a(p) +B(k, p)a†(p)

)



Amplitudes & Bogoliubov
<latexit sha1_base64="C52qXurt/a3+BoQ2p33mtGpRYXo="></latexit>

b(k) = S†a(k)S =

∫
d!(p)

(
A(k, p)a(p) +B(k, p)a†(p)

)

Bogoliubov coefficients = (generalised) amplitudes

<latexit sha1_base64="dbihhTOa/IHfWJ30+yy1pXuUpLs="></latexit>

A(k, p) = →!|S†a(k)Sa†(p)|!↑
<latexit sha1_base64="vmc1wsOFo/JZl+vJn3yp0YE2sfk="></latexit>

<latexit sha1_base64="2NxkBZvj5EyzENEhZSqQhn53m6M="></latexit>

B(k, p) = →!|a(p)S†a(k)S|!↑
<latexit sha1_base64="OmA447L+V5PLJe1hkLkUvJjjo84="></latexit>

Vaidya vacuum



Amplitudes & Bogoliubov
Count number of particles in future

<latexit sha1_base64="mxJsz+ODzjHyLmy5foRqfT4C4ys="></latexit>

a , a†

t →↑↓
b , b†

t →+↓
S

Just need Bogoliubov B

<latexit sha1_base64="N0rd6lj5fJH3Gevk+f5slVKv5Fk="></latexit>

→!|b†(p)b(p)|!↑ = →!|S†a†(p)a(p)S|!↑

=

∫
d”(k) B̄(p, k)B(p, k)



<latexit sha1_base64="yREVDObq93IT+NP9T2gsMzusl/o="></latexit>

P → !
(
AF + B̄F̄

)

Amplitudes & Bogoliubov
“Crossing”: follows since  and  are both basesF P

Analytically continue p → − p

<latexit sha1_base64="7miv8S+xxlHczbqrfkCtWc9nhOc="></latexit>

A(k, p) =

∫
d3x

[
F →(x, k) iωte

↑ip·x → e↑ip·x iωtF
→(x, k)

]

<latexit sha1_base64="NrMY4CDqd432ca2sjUkaW05sm1g="></latexit>

B(k, p) =

∫
d3x

[
F →(x, k) iωte

+ip·x → e+ip·x iωtF
→(x, k)

]



Scalar pair production

Amplitudes & Bogoliubov
 “Crossing”

<latexit sha1_base64="7PRhe68Ybm0WSAj/sP4yFKAcCVc="></latexit>

<latexit sha1_base64="ZQcFQUckONevzrTBdb+QL3ZfszY="></latexit>

Scalar scattering: more familiar

“Hawking” scattering
Quantum process



Hawking’s Scattering Process



 

 

Hawking Scattering
Scatter spherical particle through background

<latexit sha1_base64="PP/4nOMTkeF7XDSCcsbG4e+D8aU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklEqheh6MVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo7up33ri2ohYPeI44X5EB0qEglG0UgvPNbkhbq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZuRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqEijYEb/HlZdK8qHjVSvXhsly7zeMowDGcwBl4cAU1uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz+7146J</latexit>

t+ r = 0

<latexit sha1_base64="IvcxgZoRYtUzqydXky/NDlR0dkY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXQvQiBD3oRYhgHpiEMDuZJENmZ5eZXiEs+QsvHhTx6t9482+cPA6aWNBQVHXT3eVHUhh03W8ntbS8srqWXs9sbG5t72R396omjDXjFRbKUNd9argUildQoOT1SHMa+JLX/MH12K89cW1EqB5wGPFWQHtKdAWjaKVHPNHkkpwWbu7a2Zybdycgi8SbkRzMUG5nv5qdkMUBV8gkNabhuRG2EqpRMMlHmWZseETZgPZ4w1JFA25ayeTiETmySod0Q21LIZmovycSGhgzDHzbGVDsm3lvLP7nNWLsXrQSoaIYuWLTRd1YEgzJ+H3SEZozlENLKNPC3kpYn2rK0IaUsSF48y8vkupZ3ivmi/eFXOlqFkcaDuAQjsGDcyjBLZShAgwUPMMrvDnGeXHenY9pa8qZzezDHzifP1s/j2w=</latexit>

t+ r = →4GM

<latexit sha1_base64="RPsgThOp5ZTcSS+cKM6u1JvLShc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoRgl48RjAPSJYwO5lNhszOLjO9gRDyEV48KOLV7/Hm3zhJ9qCJBQ1FVTfdXUEihUHX/XZya+sbm1v57cLO7t7+QfHwqGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN7P/OaIayNi9YTjhPsR7SsRCkbRSk280OSWjLrFklt25yCrxMtICTLUusWvTi9macQVMkmNaXtugv6EahRM8mmhkxqeUDakfd62VNGIG38yP3dKzqzSI2GsbSkkc/X3xIRGxoyjwHZGFAdm2ZuJ/3ntFMMbfyJUkiJXbLEoTCXBmMx+Jz2hOUM5toQyLeythA2opgxtQgUbgrf88ippXJa9SrnyeFWq3mVx5OEETuEcPLiGKjxADerAYAjP8ApvTuK8OO/Ox6I152Qzx/AHzucPJf6Ozw==</latexit>

t+ r = v

Perturbative parameter
<latexit sha1_base64="8mTDXBVu7fd98zSwAJQgd8INqwI="></latexit> v

4GM

<latexit sha1_base64="ZQcFQUckONevzrTBdb+QL3ZfszY="></latexit>



Hawking Scattering
Lippmann-Schwinger approach

<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+
<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+
<latexit sha1_base64="qQIzTbb00GW2+2kRDUrplY9zqrE="></latexit>

+ · · ·

<latexit sha1_base64="MZe1br8WHQztVAg8FWbM0hywRxU="></latexit> <latexit sha1_base64="cFuiRr//SgjE6cmq6V3/DyKWVhM="></latexit> <latexit sha1_base64="nDrG7wr3yvVapL7zNvzaMCgZSy0="></latexit>

<latexit sha1_base64="sCzALsG5oawTXSiEwK/PkXhmVJ4="></latexit>

ω2ε+ ωµ h
µω(x)ωωε = 0



Hawking Scattering
Exact quantum scattering: hard

<latexit sha1_base64="1O9lGHrccJjxKESmYJUjknuOR0o="></latexit>

→ eiS(x)/ω

Analogous to ℏ

Simplify: high energy “geometric optics”

<latexit sha1_base64="MHPXBtXjNDlOZHLwdIpCPdy4oBg="></latexit>

A(→1)
0 → 1

ω

<latexit sha1_base64="ZNLxsg40pOTUmOhv8hWvxChnFv8="></latexit>

A(→2)
1 → 1

ω2

<latexit sha1_base64="JQXQ1eusBkKOABk+mGDW9iV9qmg="></latexit>

A(→3)
2 → 1

ω3

<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+
<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+
<latexit sha1_base64="qQIzTbb00GW2+2kRDUrplY9zqrE="></latexit>

+ · · ·

<latexit sha1_base64="MZe1br8WHQztVAg8FWbM0hywRxU="></latexit> <latexit sha1_base64="cFuiRr//SgjE6cmq6V3/DyKWVhM="></latexit> <latexit sha1_base64="nDrG7wr3yvVapL7zNvzaMCgZSy0="></latexit>



Hawking Scattering
Scatter massless spherical particle through background

<latexit sha1_base64="tPBLfa/45MQHlnjbGVFI4MchjlE="></latexit>

|ω→ =
∫

d!(p)ε(p) |p→
<latexit sha1_base64="LhnEFJl4jnP5ltBbkOtL7heszZM="></latexit>

=

∫
d!(p)

∫
dv ω(v)eiEv |p→

Spherical symmetry
<latexit sha1_base64="vvHCN6oc1X7TcAEPZMOyOxmaR4A="></latexit>

E = |p|

<latexit sha1_base64="ngQdKQHX9qtU4FFyUcHT9+N1b0I="></latexit>

=

∫
d!(p)

∫
dv ω(v)eip·b(v) |p→

Time-like “impact 
parameter”



Hawking Scattering
Tree

<latexit sha1_base64="mJNR3LFp3shuRyXuLdMSq2OAwDI="></latexit>

Sint =
1

2

∫
d4xhµωωµεωωε

Compute using GW methods:

<latexit sha1_base64="MZe1br8WHQztVAg8FWbM0hywRxU="></latexit>

<latexit sha1_base64="1l20D8Ghl+NzXUjgc30ffU4I76g="></latexit>

diagram =

∫
dv ω(v)eip

→·b(v)(→ 4GME→ log(→v/µ)
)

<latexit sha1_base64="QAhdwUt3YnV+wjfUxq9b6g/U9R8="></latexit>

p→



Hawking Scattering
Iterates & exponentiates

<latexit sha1_base64="VKTzp09Bo2wWLpKKyrr2ige2wrQ="></latexit>

<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+
<latexit sha1_base64="XFYXxKRIBIndAFpKN+SvmxNliUo="></latexit>

+

<latexit sha1_base64="MZe1br8WHQztVAg8FWbM0hywRxU="></latexit> <latexit sha1_base64="cFuiRr//SgjE6cmq6V3/DyKWVhM="></latexit>

<latexit sha1_base64="pvet1BJR29VCLagQszThmRn13pc="></latexit>

=

∫
dv ω(v)eip

→·b(v) exp
(
→ 4iGME→ log(→v/µ)

)

<latexit sha1_base64="BlEMHUT3Ey6fWyAJgWW58ethJvo="></latexit>

|ω→ = 1

4ε

∫
d! |E0, E0n→Spherical energy eigenstate

<latexit sha1_base64="XVIfsdoXK1d+9E30TETuw4tcrLI="></latexit>

A = N
∫

dv ei(E
→→E0)ve→4iGM E→ log(→v/µ)



Hawking Scattering
Not fully inclusive

 

Comes
out

Falls
inHawking’s amplitude

Horizon

<latexit sha1_base64="XVIfsdoXK1d+9E30TETuw4tcrLI="></latexit>

A = N
∫

dv ei(E
→→E0)ve→4iGM E→ log(→v/µ)

<latexit sha1_base64="EOFPu28HmGVTqIwdoMvxEJ66nKU="></latexit>

A = N
∫ 0

→↑
dv ei(E

→→E0)ve→4iGM E→ log(→v/µ)



Pair Production
Simply cross in-state to out-state

<latexit sha1_base64="vmc1wsOFo/JZl+vJn3yp0YE2sfk="></latexit>

Crossing

<latexit sha1_base64="OmA447L+V5PLJe1hkLkUvJjjo84="></latexit>

<latexit sha1_base64="j96d3yQoGVmQsv5IxtDRApU3QCk="></latexit>

B = N
∫ 0

→↑
dv ei(E

→+E0)ve→4iGM E→ log(→v/µ)

<latexit sha1_base64="NSt+GSf/KvTiBLj2MeZ9FR3jmqk="></latexit>

→ e→2ωGME→
!(1↑ 4iGME↑)

<latexit sha1_base64="EOFPu28HmGVTqIwdoMvxEJ66nKU="></latexit>

A = N
∫ 0

→↑
dv ei(E

→→E0)ve→4iGM E→ log(→v/µ)



Pair Production
Count outgoing states

<latexit sha1_base64="UakC1TCTo11CwniNlJ7AHlVE8ic="></latexit>

|B|2 = (factor)
1

e8ωGME→ → 1

Thermal distribution
<latexit sha1_base64="b9t5pUyY6c6ehSyTcJLF3UpPFLY="></latexit>

T =
1

8ωGM



Outlook



Higher Orders
<latexit sha1_base64="5skGs4l+1kD/+z8aHMbqjEWSVJ8="></latexit>

exp

(
i
S

ω

)
= exp

(
i
S(0) + S(1) + · · ·

ω

)
Analog of PM expansion

Also computed S(1)

Finite radius of horizon

Finite size effect

 

<latexit sha1_base64="n5tIVMpY40yZoG5FTP2WyJO/5Ck="></latexit>

S(0) + S(1) = →4GME→ log
(
→ v/µ

)
→ 16G2M2E→

v

<latexit sha1_base64="bXK2LqPEjLu+qyT+eP4narIq2bE="></latexit>

→ ↑4GME→ log
(
↑ (v + 4GM)/µ

)



Hawking computation: closely related to PM methods of amplitudes

❖ Remove background?

Infalling radiation:
coherent state

Matter to BH:
form factor?

Single graviton
exchange: enough

Pair production: crossing
One pair enough
(Squeezing)

Outlook



<latexit sha1_base64="Y0mn2sgkBsC0RWDF15jT9aoPAvM="></latexit>

 

Hawking computation: closely related to PM methods of amplitudes

❖ Remove background?

❖ Non-local pair production?

Outlook

<latexit sha1_base64="Y0mn2sgkBsC0RWDF15jT9aoPAvM="></latexit>



Hawking computation: closely related to PM methods of amplitudes

❖ Remove background?

❖ Non-local pair production - tunneling?

❖ Exponentiate with more care: stationary phase

❖ Radiation reaction?

❖ Page curve?

Outlook

Parikh & Wilczek


