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Statement

For any supergravity solution there exists a
deformation, such that the field equations reduce
to the classical Yang-Baxter equation.
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d = 10 type Il supergravity solution

Initial data:
® g, by, & RR fields (F,., Fuouss Fuy...ps Tor 11B)
e isometries [ka, kp] = fap ke
Deformation:
o Choose a bi-vector 8/ = 2rabkl kY
o New NSNS fields: G+ B = (g + b)(1+ B(g + b)) !
o Dilaton transformation e=2®|det G, |'/? = e72¢| det g, |*/?

Deformed background G, B, ®, etc. is a solution if the r-matrix
satisfies the classical Yang-Baxter equation:

frel2rbldlpcle — g,
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Deformation map

G+B=(g+b)(1+p(g+b)" J

@ 8 — 0: g, b invariant: g is the deformation parameter
e b — 0: open/closed string map: G+ B = (g~ + )7}

Open/closed string map
@ G, B: closed string fields
@ g, 3: effective open string description

@ 3 non-commutativity parameter for the dual SYM
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AdS/CFT and deformations

Strings/supergravity

on AdSs x S5 ¢ > N= ‘[ SYM
Deformations of Field theory
AdSs x S° deformations

o field theory deformations: less supersymmetry

o field theory deformations: non-commutativity (Moyal product)

@ |supergravity deformations|: TsT, YB, generalization to d = 11,

@ moving beyond AdSs x S°.
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TsT: a prototype deformation

U(1)xU(1) isometry: adapted coordinates (x!, x?)
[Lunin, Maldacena; Frolov'05]

T-duality shift T-duality
! — 2 521 ! == !
—dt? + dx3 + dz? z2
ds? = 223 g S(dG + dx3) + ds*(S°),
2Ab—y) _ 2
WdX]_/\dXQ e( O)—z4+n2.

Dual to non-commutative deformation of SYM
[Hashimoto, Itzhaki; Maldacena, Russo’99]
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Maldacena-Russo geometry from bi-vector deformation

T-dualit shift T-dualit
1 Y = 2 2 1| = 1 Y
X X© — X+ nx X

Shifts of x12 are generated by the momenta: § = %rabkakb =nP1 AP,

The r-matrix picks out Py from the full isometry algebra of AdSs
ks € {Pu, My, D, K,}

The open/closed string map generates the required deformation terms

(cr8=(c"+8")

—dt? + dx2 + dz?
Z2

Gudxtdx” =

- ) + ds?(SY),

B / dX2 .
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Yang-Baxter deformations: generalizing TsT

Yang-Baxter deformed AdSs x S° o-model in the supercoset formulation:
[Klim¢ik'02; Delduc, Magro, Vicedo'13]

1 o0 2 1
= (7P — o Agdo ——— A
S 4(7 € )/—oodT/O daStr[adol_nRgod 5],
Ao = g_laag7 g€ 50(47 2);
d projects onto the certain graded component of so(4,2)/s0(4,1).

d Lax pair = classical integrability
Kk-symmetry preserved by the deformation J

Re(X) =g 'R(gXg ')g. X €s0(4,2)

R satisfies the homogeneous classical Yang-Baxter equation,
[R(X), R(Y)] = R([R(X), Y] + [X,R(Y)]) =0, X, Y €50(4,2).
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r-matrix parameterisation of the YB deformation

Parameterise R in terms of the r-matrix:

R(X) = Tro[r(1® X)| = > rPk,Tr[kpX],
a,b

1
r=s Z rPky A ky,  {ki} =bas s0(4,2), [ka, kp] = fapke.
a,b

classical Yang-Baxter equation in terms of r2?

fde[arb|d\rc]e = fye a bd ree 4 fre c ad be + febrcdrae —0.
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Two views of Yang-Baxter deformations

Standard narration:

@ r-matrix solving the CYBE is an input;

@ o-model in coset formalism is deformed by an (r-matrix-dependent)
operator;

e deformed background is a solution to (generalised) supergravity;

@ deformed backgrounds can be obtained via TsT or nonabelian
T-duality.

Our narration:

@ Start with a bi-Killing r ~ k A k; not fixing the CYBE;

@ Deformation is the open-closed string map, essentially matrix
inversion;

o CYBE is sufficient for the deformed background to solve supergravity;

@ procedure works for non-coset geometries, no (obvious) relation to
integrability;

@ supergravity solution generation.

llya Bakhmatov (ITMP) Polyvector deformations in supergravity 10/21



Example: non-abelian YB deformation 8 =nD A P,

The associated YB deformed geometry is given by

g — Z2(dt? + dx? + dz?) + n?(dt — tz~1dz)? N t2(—d¢? + cosh? pd6?)

4 +n2(22 + t2) Z2 ’
B_ tdt A dx* + zdz A dx? ¢—1|O z*
T T AR 2 T2 %A (et 7))
Xxp = tsinh ¢, Xp = tcosh ¢ cos b, x3 = tcosh ¢sinf.

This is a solution to generalized type IIB supergravity, with the vector
[# describing the modification:

V¥ =1", | = —nor
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Generalised 1B supergravity

Unimodularity condition r?®[k,, ky] = r?®fo,¢ke = 0

For non-unimodular r-matrices, deformed background is not a solution of
supergravity.

R = fHWH 7N Xy — Vi Xy,
R = EH2 — 4V, XF + 4X, XM,

1

5V Hor = XPHppy + VX = Vi Xy

There are also deformed field equations for the RR sector.
[* is a Killing vector

S = O =k G = By
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Yang-Baxter deformations and DFT

Double Field Theory: manifestly T-duality covariant form of supergravity

Doubled coordinates: X" = (x*, %,)
0(d,d)

Dynamical variable: generalized metric Hyy € 0(@)x0(@)
[ g pg~t } oy [G—i— BG~'B GB}
g8 g t+pgs) MV BG G?

Action (d = ¢ + *log g.):
1 1
S= / dx ds e %? <8HMN8MHKL8NHKL — EHKLaLHMNaNHKM—
—2(9/\/1d6NHMN + 47‘[MN(9/\/Id6Nd> .

The open-closed string map G, + By, = (8" + B”V)_l can be realized
as a frame change in DFT.
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Yang-Baxter deformations and DFT

Yang-Baxter deformation

open/closed map

g,um¢ —>guuaﬁlwa¢ G}U/)B}M/7¢
b-frame B-frame b-frame
solution solution solution

constraints on 3" = CYBE(r)=0, if B = rabkb k!
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Equations of motion in the S-frame [Andriot, Betz'13]

1 2
R — 4(00)% 4 4V20 | — 5R2 = 4™ 0,d+ 1M - R

+ GrnV™(B™ 0, + 17);

1 mn A - r
\R,,q + 2V, 0,0 \ + 4 R Ramn = R(pq) — 2V (5 (Bay VO + Iy);
e?®V™(e 2 Rinp) + 21™ Rinp = 26 2*VI(e*V,8,104) — 4R Brys
—*®V (e V mBrp) + 8G,[,V (8704 P

~

Notation:
> 5 ~ 1
R = Gmann’ rpmn = v(mﬁn)f’ - Evpﬁmn + 6mqrnPCl7
R™ = _quaqﬁ/rann + ﬁmqaqﬁppn + fpmnqup - ququpn’
I™ =V, kM = —f km  RmoP — 35q[qu5npl’
VMyP = —BM9, VP — fnmp v, @mvp _ _ananvp + fpmn V..
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d = 11 supergravity

Is there anything similar?

strings — membranes
(8uv» b)) = (8uvs Cuvp)
Obvious obstacles:

@ no integrability in membrane worldvolume theory setup;

@ no clear “third rank anticommutativity” for the dual gauge theory;

However

o Exceptional field theory (ExFT) provides geometrical setup that
parallels the d = 10 DFT case;

@ We propose a concrete d = 11 solution deformation method based on
a frame change in the SL(5) ExFT.
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SL(5) ExFT setup

Exceptional Field Theory: manifestly U-duality covariant form of d = 11
supergravity

Extended coordinates: (x*, YM), a € {1,...,7}, M € {1,...,10}
SL(5) U-duality group: 11 =7 + 4 split.

The generalized metric in two frames:

G 2G, V, g 2(gu + W, W,) W,

N|e

NI

V,  Gi(1+ V?) W, g

encodes degrees of freedom

L1 1 A
VH = 30 \FEH P2Cup, W, = 3|\/§ew,p,\£2 P
We propose a tri-vector deformation Q** = %pabcka“kb”kc/\ J
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Deformation prescription in d = 11

Initial data:

@ background fields g, 8a8, Cuvp: Capy (4 + 7 split)
@ isometry algebra [k,, kp] = fapSkc

Procedure:
o Specify a tri-vector deformation QA = Jp?P k.t ky" kA, W = %4
o New external metric G5 = (1 + W, WH)1/3g,4;
o New internal metric G, = (1 + WAW?*)=2/3(g,, + W, W, );
o New 3-form ¢\ = (1 + Wpr)_lQWA.

Note:

@ This replaces the open-closed string map of d = 10 theory;
@ Powers of 1/3 and —2/3 agree with uplift of a TsT.
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Examples

Deformation agrees with the sequence:

(reduction to d = 10) — (TsT) — (uplift back to d = 11).
Geometry with a flat 3-torus:

d5(211) = dSZ(M7) + Gzzdz2 + (511 dXide, Q=~0a N0 A 0,3,

2/3
" 1/3 1 o
A5l = (1 +9%)7 [ds*(My) + Gzzd2®] + <1 n 72> 8 dx'dx!,

C_

dxt A dx? A dx3.
1+'y

N = 2 supersymmetry preserving deformation of AdSs x S’
[Lunin, Maldacena’05]

deform along the U(1)3 < U(1)* < SO(8)
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Non-abelian deformation in d = 11

2 4 2
Q== 0262 DAPy AP, = 73 Pax Do NI N — o 2 pa€?P€ Oy NO N D,

R2 2\ —
ds? = — (23 + pax? — p)

win

[— (dx®)? + (dx1)? + (dx?)?

4 4z
1
(1422 a2 = L pddr] + B (2 kg~ ) e
3 27— FpPaaxTaz S\ 2 T (7)
3R3,2 2 2\ 2
F=_— 82 <1+1gz4> <z3+pax"”ZZ) dx® A dxt A dx® A dz.

The field equations of d = 11 supergravity imply an algebraic constraint
for the p-matrix:

PP =—pg+pi+p5 =0
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Conclusions

@ T-duality covariant description
of d = 10 supergravity

@ open-closed string map

@ U-duality covariant description
of d = 11 supergravity

o frame change map for d =11

}:
}:

the role of higher simplex equations;

Supergravity knows about
S-matrix symmetries in the
string o-model

Supergravity might know
about symmetries of the
membrane

worldsheet theory

general form of constraints for Q from ExFT equations of motion;

algebraic picture of tri-vector deformations;

generalized d = 11 supergravity and k-symmetry of the membrane;

study deformations that are not uplifts of YB or TsT from d = 10 |.
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