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The talk is based on joint recent paper with A. Grekov
arXiv:2010.08077 [math-ph]

Plan of the talk:

1. Classification of integrable many-body systems, P-Q duality

2. Determinant representation

3. IRF-Vertex relation and factorized Lax operators

4. Manakov triple

5. Classification of L-matrices

6. Some open problems



Calogero-Moser-Sutherland integrable many-body systems

The Hamiltonian
N

p2 2 &
HM = 2.5 v 2 Ulei—4y),
i=1 P>

where v € C — constant of interaction and
U(q; — q;) — potential of pairwise interaction (on a complex plane):

(2, ( 1/22,

9(z) = ¢ sinh(z), U(z)=—-082log¥(z) =< 1/sinh2(z),

| J(2) | p(2) + const
Theta-function: (quasi-periodic function on the lattice z - z2+41, z - 2z 4+ 1)

. 1 .
9(2) = 9(z|r) = —i 3 (=1)kemi b t2) remi(2h+1)z - Im(r) > 0.
ke Z
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Briefly about elliptic functions (the Kronecker function)

(1/n+1/z, (1/z, (1/22,
b(n. 2) = ¢ coth(n) + coth(z), Bi(z) = | coth(z), o(2) = | 1/sinh?(z),
¥'(0)9(n + z) V' (2) , 19"(0)
T ameG) L 90) SIS TG)
Properties:

1. it has a simple pole at z=20

Resop(n,z) =1.
2z=0

2. The quasi-periodic behavior on the lattice of periods Z®71Z (X =C/Z®T7Z)

o(n,z+ 1) = ¢(n,2), d(n,z 4+ 1) = e 2 p(n, z) .

3. Fay identity — Riemann identities for theta functions (addition formula)

d(n1,212) (M2, 223) = ¢(n2,213)P(N1 — N2, 212) + (N2 — N1, 223)P(N1, 213)



Addition formulae for 1/x function:

(21 —22) + (22 —23) + (23 —21) =0
or, dividing by (Zl — ZQ)(ZQ — Z3)(Z3 — Zl)
1 1 1 1 1 1
+ + -
(23 — 21) (21 — 22)

(21 — 22) (22 —23) (22 — 23) (23 — 21) V

For the function of two variables
1 1
n <
we have the (genus 1) Fay identity (can be viewed as functional equation)

d(n1,212)P(M2, 223) = ¢(n2,213)P(N1 — N2, 212) + (N2 — N1, 223)P(N1, 213) 5

where z;,; = z; — z;. The upper addition formula is reproduced when n — oco.
iJ ]

Numerous applications in classical and quantum integrable systems: Lax equations,

r-matrix structures, quadratic algebras of Sklyanin type, Yang-Baxter equations,
Dunkl operators, Knizhnik-Zamolodchikov equations...



Lax matrices L(z) - N x N matrix (function of z):
L(z) = [L(z),M(z)] — equations of motion Vz

tr L¥(z) — conservation laws.

for the Calogero-Moser model

LM = pidij + v(1 — 5;) (2, aij) -

Mi(];M =vd; §;; +v(1 = 6;;)¢' (2,4i5),  di=Y_ p(ar),

ki
The Ruijsenaars-Schneider model:
N
g = Y ¢dx(2E1(q;) — E1(qi +1) — E1(gp —m)), i=1...N,
ki

where ¢;; = q; — qj, n — the coupling constant.
The Lax matrix has trigonometric (exponential) dependence on momenta:

I(qj—m) .
L3° = ¢(z,q5+m) [] —22 ePilc.
/ / k] ﬁ(ij)



A short summary:

We have families of many-body integrable systems (Calogero-Ruijsenaars) with
rational, trigonometric and elliptic potentials in coordinates.

Their existence (integrability) is based on solutions of the functional equation

d(n1,212)P(N2, 223) = d(N2,213)P(N1 — N2, 212) + ¢(N2 — N1, 223)P(N1,213) ,
Main set of solutions:

r ( 1/n+1/z,

Z

coth(n) + coth(z),

Y(z) =< sinh(z), o(n,z) = 4
P(0)0(n+2)

L) o)

The Lax matrices and other structures are constructed through these functions.
In momenta the dependence is either rational (Calogero) or trigonometric
(Ruijsenaars). What about elliptic case (dependence in momenta)?




P-Q duality (or Ruijsenaars duality or action-angle duality)

It interchanges action variables and coordinates in two models.

From the group-theoretical approach we have the moment map equations of
type

LM (g — q5) = v(1 = ;) LM = pidi; 4+ v(1 = 6;5) /(4 — a5)
or using notation e = (1,...,1)
Q. LM =v(e" ®e—1y), @ =diag(q1,- qn)-
Using the eigenvector problem LMw = WA (or LM = wAw—1)
Ady-1:[Q, LM =v(e@e—1yN) = [LAl = v({®@n - 1y)

A = diag(\1, ..., \ny) — action variables for LM

The matrix L is again Lax matrix of (another) Calogero model with coordinates
A; and action variables g;.



Similarly (but already not so easy):
A—gAg t=v(el ®@e—1y)

can be solved
1. with respect to A with diagonal g — trigonometric Calogero model
2. or with respect to g with diagonal A — rational Ruijsenaars model.

The duality map interchanges the types of dependence. However, in the elliptic
case the group-theoretical approach does not work in this way.

But one can find the Hamiltonians for the systems dual to models elliptic in
coordinates. The answer is given in terms of higher genus theta-functions.

H.W. Braden, A. Marshakov, A. Mironov, A. Morozov, Nuclear Physics B 573 (2000) 553-572;
hep-th/9906240.

V. Fock, A. Gorsky, N. Nekrasov, V. Rubtsov, JHEP 0007 (2000) 028; arXiv:hep-th/9906235.
A. Mironov, A. Morozov, Physics Letters B 475 (2000) 71-76; arXiv:hep-th/9912088.

A. Mironov, A. Morozov, arXiv:hep-th/0001168

A. Mironov, arXiv:hep-th/0011093.
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A. Gorsky, A. Mironov, arXiv:hep-th/0011197.

A. Mironov, Theoret. and Math. Phys., 129:2 (2001) 1581-—1585; arXiv:hep-th/0104253.
A. Mironov, A. Morozov, Physics Letters B 524 (2002) 217—226; arXiv:hep-th/0107114.
A. Mironov, Theoret. and Math. Phys., 135:3 (2003) 814-—827; arXiv:hep-th/0205202.
H.W. Braden, T.J. Hollowood, JHEP 0312 (2003) 023; arXiv:hep-th/0311024.

Lax formulation is unknown.

We are going to deal with an alternative formulation.

P. Koroteev, Sh. Shakirov, Lett. Math. Phys. 110 (2020) 969—-999; arXiv:1906.10354 [hep-th].

In what follows we also use the following (slightly modified) theta-function

Op(z) => p= (—z)", p=e".
nez
It is easily related to the previous:
2miw

Op(x) = z’p_éxél‘}(w| T), T=e¢
In the trigonometric limit p — 0

Op(z) = (1 —x), I(w) — —ips (Va — 1/v/x).



T he Koroteev-Shakirov version of generating function of commuting Hamiltonians.
Consider

N Qp(tni—nj&) N

Z; n;;0; n A
| % =N AnO,.
ep(i_;) dh.dh Z

T1y.eny ’n/NGZ 'L<]

and
The positions of particles g; enter through z; = e%,

t = e'l — is exponent of the coupling constant n,

g = e/' — is exponent of the Planck constant h; 8; = Oz;, SO that 04 = z;0;.

w = e2™7T is the second modular parameter,
A is the (spectral) parameter of generating function.

When N = 1 we have Hw(q“"laﬂﬁl).

Commutativity

IS an experimental result.



We define a modified version of the generating function O depending also on
the spectral parameter z:

A _ ﬁ(z—kn) _
O'(2 ) kz; o0,

V(z — 772@ n;)
Z I(2) 1 z

Ni,...,nNE 7 1<J

Using the elliptic Ruijsenaars-Schneider Lax operator

19(% g + n(ni —n;)) n;ho,
19(% - QJ H .

Li¥®(z,qi — qj,m, h) =

9(=m)V(z + a5 — ) H W 1) o, gy = g~ ;.

¥(2)V(qi; —n) Y(q;k)

we are going to prove

~ . ~Dell .
where

ERN G N | rw) = 3 w 2 (—NFEES (2, q; — g, ki, k)
ke Z



Sketch of the proof: Consider the determinant

-det L = Z( D 2o(1)1L0(2)2 + Lo(vyn

Let us represent it as a sum of determinants. For this purpose collect all the
terms with [ g"i%i%:

cdet £ = Z Z

X Z( 1)lel La(l)l(z,nln,nlh)isé)z(z,ngn,ngh) ...EUR(S’N)N(z,nNn,nNh) ;

- . RS .
— Z Z .1§<1!,?tNL (z,qi — qj,njn,njh) 1,

where the matrix Efjs(z,qi—qj,njn,njh) is constructed by combining rows from
different terms of the sum.

Using its explicit form let us rewrite it through the elliptic Cauchy matrix.



elliptic Cauchy matrix:

B 19(61 — Qk)
LRS<Z 4i — 43, 1y, n]h) o 19( g )LcaUChy(Z7 4= q]) H Y, :

where

V(z + q; — q;) _
= qj = qj +nyn.

V(z)0(q; — q;) s

ij (z,q; — QJ) —

[ herefore,
RS S
1<dz?ENL (z,q¢i — qj,nn,njh) : =

N
I(g — qr) n
— det LcaUChy(z qi — q;) H I(—ngn) H (4 H "ok

Plugging the Cauchy determinant identity

N N
19(,2 -+ Z;(ul — wj)) [T 9(up — ug)9(wyg — wp)

qot PGt ui—w) p<q

1<, <N 9(2)9(u; — wy) 9(2)

N
[T 9Cur —ws)

r,s=1

we finish the proof. &



Recall the definition of the Hamiltonians: H,, = @alén.
Generating function for these Hamiltonians is
ao) =Y Amim, = 05100,
nez
where
neZ
Define the operator O(1) = O(\)|y=1.
et us prove that
HON) =0) 100N = Y Ny, Hn=01)"10,
nez

Is also a generating function of the commuting Hamiltonians.
So that commutativity of #,, follows from commutativity of H,.



Proof: First, let us notice that the operators Ay, = O; 10, = A, ', also
commute with each other due to commutativity of Hj. Therefore, H, . H, ;. =
H,,.H,_ ., or acting on this equality by @k_l from the right

O 10,01 =0.10,01.

Next, summing up over k € Z gives

By taking its inverse we get
O0nO(1) 10, = 0,,0(1)7 10, .
Finally, multiplying both sides by O(1)~1 from the left yields
O(1) 10,0(1)" 10, =01) 10,,0(1) 10,

for any n and m, which is equivalent to [Hn,Hm] = 0. B



Importance of

HON) =01) 00N = Y NHyn, Hn=01)"10,.
nel

is as follows.
On the one hand O(1), compared to O is hard to invert since its Taylor series
expansion in w starts not with 1.
On the other hand the advantage of O(1) is its determinant representation,
while there is no natural way to find a determinant representation for @0.
The generating function of the quantum Hamiltonians takes the form:

{ = (2,1)) .71 det Az ) 0.
H(z, \) (1§?§%Nﬁm(za ) 1§i§§N‘C’LJ(Z7 )

The operator O(1)~1 in really acts on @()\) as a quantum operator, so that
we can not unify the normal orderings.
But in the classical case

H(z,\) = A(fig}cv[ﬁ_l(z, 1)L(z,\)],



That is, the matrix

L(z,)\) = £ 1(2,1)L(2,)\) € Mat(N, C)
with

’I”L2—TL

L(z,N) =3 (- 2 LBz, ¢ t")
nez

arises, which determinant #H(z,\) is the generating function of the classical
Hamiltonians.

We call it spectral L-matrix. It is not Lax matrix since its traces (eigenvalues)
are not the Hamiltonians. Only determinant.



Expression H(z,A) can be considered as an analogue of the expression
det(\ —1(2))

for the spectral curve of an integrable system with the Lax matrix [(z). It can
be seen from the limit w = 0 we have

L£(z,Mlw=0 = L1y = ALT>(z,q,1) ,
where 1, is the identity N x N matrix. Then

Lz, \) =LYz, 1)Lz 0N) = A1y + (1 — A)(lN — LRS(z, q,t))_l .

Therefore, equation H(z,A)|,=0 = 0 is indeed the spectral curve of the elliptic
Ruijsenaars-Schneider model (written in some complicated way).

If we had a true Lax matrix for the Dell model then det L(z, \) should represent
its spectral curve. So, if the Lax representation exists we need to find a matrix
L of a size M x M (possibly M = oco) and a change of variables u = u(z,\),
¢ = ((z, \) satisfying

g £G0) = gt (u= 1)),



L-A-B Manakov triple

%W, A) = [L(z, ), My(2)] + By(z, N L(z,A),

where
tr Bk(z, )\) = 0.
Indeed, by differentiating L(z,\) we get

M (2) = £ (2, \) (%kﬁ(z, /\))

and
1 d 4 d
Bz ) = LN (L0 ) = £70E D (L£6,1))
dt;. dt;.
The property of tr B = 0 follows from

d d det L(z, A
2 detL(z,\) = (2,2)
dtk dtk det ,C(Z, 1)

The l.h.s. of equals zero since det L(z,A\) = H(z,\), while the r.h.s. is proportional
to the trace of Byr(z, \).



IRF-Vertex relation

Consider the intertwining matrix

9(z,q) = =(z,q) (D°)
with

and

Relates dynamical and non-dynamical R-matrices:
92(22,9) 91(21,q + 1?) R, (h, 21 — 22 @) = Ry (h, 21 — 22) g1(21, @) g2(22, ¢ + D) .
where
R, (h, 21, 22| q) = Riy(h, 21 — 22| q) =
= Z Ei; ® Ej; ¢(h, —qij) + Z Eij ® Ej; (21 — 22, qi5) + ¢(h, 21 — 22) Z Eii ® E;; .
i7j i7j i
and
RlBéh(Z) — ZTQ ® T4 Soa(zywoz + h) .



For non-dynamical R-matrices we have ordinary exchange relations:

L1(2)Lo(w)RES" (2 — w) = R73'(z — w) Lo(w) L1 (2) .

Factorization of Lax operator (K. Hasegawa)

The Ruijsenaars Lax operator is represented in the form:

ERS(Z) — g—l(z)g(z - Nﬁ) qdiag(aql,...,an)/c

Classical version
LRS(2) = g7 1(2)g(z — Nn)el’/¢ € Mat(N,C), P =diag(pq,...,pn)
and n =v/c — 0 provides
LMy =P+1/g10.9.

The gauged transformed is the Sklyanin’s Lax operator
N

k=1



For the systems of Calogero-Ruijsenaars type
the Lax matrix can be specified by a choice of two ingredients:

1. the function f,
2.the intertwining matrix =(z): Then the Lax matrix is of the form:

LYR(2) = G71(2) f(—adnya.) G(z),  adgx = [0, =],

where the matrix G(z) is defined in terms of =(z):

G(2) = g(z,7)eNe’ ==(z)D LeNer' | P =diag(p,...,pN)
The function f(w) is either:

1) linear: f(w) = w;

2) exponent: f(w) = e%

The first choice of the function f provides the Lax matrix of the Calogero-
Moser-Sutherland systems. The second choice of f gives rise to the Lax
matrices of the Ruijsenaars-Schneider models.

What is elliptic version for function f7



The choices of g(z) = =(2)(D%) 1

1. Elliptic

2. Trigonometric with spectral parameter

— 52] H(e—2q —2q,C
k#i

Z' ]. 7,<N,
= — ’ __1)N
=i(2) = :cj.\f—1—|—( L i=N

Ly

~

_ N
with z; = e 24122124 Here g = % > qp IS the center of mass coordinate.
k=



2*. Trigonometric without spectral parameter
=ij(z) =exp((2i =1 - N)(2 —gqj)),

(D®);; = 6;; I1 sinh(q; — qi)
k-1

3. Rational with spectral parameter
O mn
(D%)i(q) = 6;5 11 (qi —ax) ,
ki

: N

with
(i) = i—1for1<i<N—1,
A =19 Nfori=N.

3*. Rational without spectral parameter

=) = G-+

is the Vandermonde matrix



Based on the Koroteev-Shakirov Hamiltonians and/or the Manakov L-matrix
structure we come to elliptic version for the function f:

O (Ae¥)

3) ratio of theta-functions: = :
) Fa(w) 0 ()

Let us slightly change the definition of fy(w) as in transition from 6,(e%) to
J(w) together with additional normalization factor 9/(0)/9(log(\)).

Then the function fy(w) turns into the Kronecker elliptic function depending
on the moduli ¥ (defined through w = e2™7):

9(0[7) 909w + ulF)
O R A T S ST

fu(w) = A2 fy(w)

where v = log(\).

In this way we come to the classification for the function f,(w) (responsible for
the momenta type dependence), which is parallel to the well known classification
of the coordinates dependence.



The Ruijsenaars-Schneider Lax matrix takes the form

IRS(2) = 671 (2) Ad, vy G(2)

with
_ _1 &P _z p _
G(z) = =(2)D™ "elNen” = g(z)eNen | P = diag(p1,-.-,PN)
Up to gauge transformation with the diagonal matrix exp (NzcnP):

IRS(2) = G Y(2)G(z — Nn) = e Nail LRS () eNen’
For the double elliptic case we get
_ 1 ok, Kk B kP/c
L(z,A) =g "(2) > (-Nw 2 g(z — kNn)e"/¢,
keZ
or

Lz A) = e @ L(z, Ner. = G 1(2)00(AAD_no. |G(2) .
e n



By introducing also

O(z,\) = 0., ()\Ade_Nnaz)G(z) —

k2 —k z
= 3 (-NFw 2 g(z— kNy) eFPleea”
keZ
we come to the following expression for the Manakov's L-matrix:

L'(z,)) =07 1(z,1)0(:z,\).
In terms of the Kronecker function we may write the Manakov L-matrix as
L(z,\) = ®[G(z,7),ul|T] :=

1

— v (O|7:) I(— adNnaZ|7':) G(z2) i I (u — adNn8z|7:) G(z),

 O(ulF)
where v = log(\).

This gives a universal receipt for construction of the L-matrices in the table of
many-body systems.
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Sklyanin type L-operator
LPM(2) = G IR (2)G1(z) =

= G(z — Nn) G 1(z2) = =(z — Nn) eP/CE_l(z) :
In quantum case

. N
ESKI(2) =1 =(z — Ni) ¢0900n -0/ =71 (2) 1= 3 =y (2 — Np) S} (2) VD%
k=1

Then for the Dell model we have

cPel( ) =G(R)Lz, NG () = (f(—adNngz) G(Z)>G_1(Z) =

m2—m _

= > (-\)"™w 2 =(z—mNn) emP/CE_l(z).
me 7
Hence, we have the answer similar to the one obtained through Ruijsenaars
model:

m2—m
PN = S (N 2 LN {pi} g}, mn,me ).
me 7




Let us quantize the Sklyanin L-operators in the fundamental representation.
These quantizations are described by Belavin's R-matrices.

Then for
~1
LRl 2) = ( 2SK(2,1) ) 2SIz

we get the following answer for LPel(z ))

R15(2,A) = R15(2,1) "1 R1o(z, \) € Mat(N,C).

with
N
Ri2(z,A) = Y Egyp® EqRy, q(2,A)
a,b,c,d=1
and
m2—m
Rl ea(z:A) = 3 (=X)"w" 2 R5 ,(mn,2).
me 7

What is equation for Rqo(z, )7
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Thank you!
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