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Message to take home

There are local field theories where the dynamical degrees of 
freedom are global e.g. given by integrals over the whole 
Cauchy  hypersurface.  

These degrees of freedom can mimic free parameters or 
“fundamental constants”. 

,  and even  can be such global degrees of freedom.    
Now they are subject to quantum fluctuations!  
  
The origin of the values of these global degrees of freedom 
should be in quantum cosmology - they are remnants of the 
BIG BANG  

Ideal “Landscape” for poor people 

Λ GN ℏ



What a Strange Theory!    

S =
1

8πGN ∫ d4x −g (−
R
2

+ Λ)
Λ = 1.7 × 10−66 eV2

GN =
1

M2
pl

= 0.7 × 10−56 eV−2

GNΛ ∼ 10−122



Which mechanism is behind ?Λ

Which mechanism is behind ?GN

The Enigma of Gravity



Calculating vacuum energy we are in trouble…
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Should vacuum really weigh?

εΛ =
1
V ∑

k

ℏωk

2
+ 𝒪 (λi) = ℏ∫ dk k2 k2 + m2 + 𝒪 (λi)

Tvac
μν = εΛgμν

{
mass of the particle  m cutoff scale M

or   M4 or maybe   λ M4

εΛ =
Λ

8πGN
≃ 10−29 g

cm3



First way to lose the trace



Traceless  
Einstein Equations?

Gμν − Tμν = 0

Gμν − Tμν −
1
4

gμν (G − T ) = 0

Bianchi identity + energy-momentum conservation 

∇μGμν = 0 + ∇μTμν = 0 ∂μ (G − T) = 0

Gμν − Tμν − Λgμν = 0

 is merely an integration constant!Λ



Gμν − Tμν −
1
4

gμν (G − T) = 0

Decoupling vacuum energy  
from spacetime curvature

Tμν → Tμν + Λgμν

invariant under vacuum shifts of  
energy-momentum tensor

known under the name “unimodular” gravity



(Gμν − Tμν) ⋅ δgμν = 0
gμν ⋅ δgμν = 0

cf.

D'Alembert's principle & 
Lagrange equation of the first kind  

(mi ai − Fi) ⋅ δri = 0
Ci (rk, vk, t) ⋅ δri = 0

mi ai − Fi = λCi

Gμν − Tμν = Λgμν

we can exclude  by multiplying with   so that  λ Ci

mi ai − Fi =
Ck (mkak − Fk)

CnCn
⋅ Ci

we can exclude  by multiplying with  ! Λ gμν



Gμν − Tμν −
1
4

gμν (G − T ) = 0

Gμν − Tμν =
(GαβGαβ − TαβGαβ)

G
⋅ gμν

Or if we assume that  is not vanishing (along with )  Tμν T

Gμν − Tμν =
(GαβTαβ − TαβTαβ)

T
⋅ gμν

All these equations are diff. inv./general covariant, as so was the diff. constraint!

However, if we assume that  is not vanishing (along with )  
we could equivalently multiply with  and write  

Gμν G
Gμν

Gμν − Tμν = Λgμν

multiplying with gμν



Gμν − Tμν −
1
4

gμν (G − T ) = 0

Gμν − Tμν

(−det (Gαβ − Tαβ))
1/4 =

gμν

(−detgαβ)
1/4

Or we could use det 

 Jiroušek, Shimada, Vikman, Yamaguchi (2020)



Integrating constraint gives a non-covariant  
“unimodular” condition  

−g = f (x)

where  is arbitrary unspecified / external  
non-dynamical function  which is often taken 

f(x)
f(x) = 1

Let’s make   internal / dynamical function,  
which would still be irrelevant, but  

save general covariance!

f(x)



Theory of all (a)dS  

Gauge degeneracy   where                                 Wμ → Wμ + ϵμ ∇μϵμ = 0

Similarly to the Ostrogradsky Hamiltonian, the system is linear in 
canonical momentum , i.e. in energy density of DE,                              π Λ

π =
δL
δ ·Wt

= −g Λ

Tμν = Λgμν

Fake violation of the Lorenz-symmetry,                                          ⟨Wμ⟩ ≠ 0

SdS [g, W, Λ] = ∫ d4x −g Λ [∇μWμ − 1]
Henneaux, Teitelboim(Bunster)(1989)

DE / CC energy density as a Lagrange multiplier to make 
−g = ∂μ ( −gWμ)

However, ∂μΛ = 0

Scale invariance, as there is no fixed scale in the action                                         



Henneaux–Teitelboim “unimodular” gravity (1989)

SdS [g, W, Λ] = ∫ d4x −g Λ [∇μWμ − 1]
global degree of freedom canonically conjugated to the CC

𝒯 (t) = ∫ d3x −g Wt (t, x)

Wμ → Wμ + ϵμ  generates global shift-symmetry 𝒯 → 𝒯 + cgauge  invariance                          

𝒯 (t2) − 𝒯 (t1) = ∫
t2

t1

dt∫ d3x −ginvariant - four volume of space time

shift-symmetry in coordinate 

conservation of momentum,  Λ = conts

·𝒯 = ∫Σ
d3x∂t ( −g Wt (t, x)) = ∫Σ

d3x [ −g − ∂i ( −g Wi (t, x))]

cf.     S = ∫ dt (p ·q − H)



Four-volume of spacetime  is  
canonically conjugated  

to the cosmological constant 

Heisenberg uncertainty relation 

δΛ × δ∫Ω
d4x −g ≥ 4π ℓ2

Pl



 is a rather unusual field,  
is there something more familiar,  

e.g. a gauge potential / connection   

(e.g. for SU(N))?

Wμ

Aμ



Use Chern-Simons Current  instead of  !Cμ Wμ

Axionic Cosmological Constant

Hammer, Jiroušek, Vikman arXiv:2001.03169

S [g, A, Λ] = ∫ d4x −g [−
1
2

R (g) + Λ (Fαβ F̃ αβ − 1)]



∇αCα = Fαβ F̃ αβ

composite vector variable, yet  does not depend on   ! Ct ∂tAμ

Chern-Simons Current

Cα = Tr εαβγδ

−g (Fβγ Aδ −
2
3

igAβAγ Aδ)

gauge transformations Aμ → UAμU−1 +
i
g (∂μU) U−1

Cμ → Cμ + ϵμ ∇μϵμ = 0introduce the shifts 

F̃ αβ =
1
2

⋅
ϵαβμν

−h
⋅ Fμν



Maybe this fundamental scale is a confinement 
scale of a Yang-Mills theory/QCD? 

Axionic Cosmological Constant, 
Comment I

S [g, A, Λ] = ∫ d4x −g [−
1
2

R (g) + Λ (Fαβ F̃ αβ − 1)]
Hammer, Jiroušek, Vikman arXiv:2001.03169



Axionic Cosmological Constant, Comment II

S [g, A, Λ] = ∫ d4x −g [−
1
2

R (g) + Λ (Fαβ F̃ αβ − 1)]
Hammer, Jiroušek, Vikman arXiv:2001.03169



Almost Normal Axion for Λ

S [g, A, θ] = ∫ d4x −g (−
R
2ϰ

+
1
2

(∂θ)2 +
θ
fΛ

FαβF⋆αβ − Vλ (θ)

ϰ = 8πGN

−
1

4g2
FαβFαβ)

formal limit / “confinement” g → ∞

Canonically normalised  instead of θ Λ

New vacuum energy density Vλ (θ)



Another way of thoughts

2012

Comment III



Second way to lose the trace!



1=1 instead of 0=0!
Gμν

G
=

Tμν

T
 Jiroušek, Shimada, Vikman, Yamaguchi (2020)

Bianchi identity   
+energy-momentum conservation 

+non-degeneracy of  (say it contains a small )Tμν Λ

∂μ log G/T = 0 T = M2
pl G

 is merely an integration constant!Mpl



D'Alembert's Principle & Constrained Variations 

Tμν ⋅ δgμν = 0
(Gμν − Tμν) ⋅ δgμν = 0

Tμν ⋅ δgμν = 0
Gμν − Tμν = λ (x) Tμν

we can exclude  by multiplying with  ! λ gμν

Gμν

G
=

Tμν

T
Gμν ⋅ δgμν = 0 does the same job! 



Gμν

G
=

Tμν

T
unitrace

unideterminant
Gμν

(detGμν)
1/4 =

Tμν

(detTμν)
1/4



Henneaux–Teitelboim analogy for GN

SGN [g, C, α] =
1
2 ∫ d4x −g (∇μCμ − R) α

ℛ (t) =
1
2 ∫Σ

d3x −g Ct (t, x)

global shift-symmetric degree of freedom  
canonically conjugated to α = M2

pl

ℛ (t2) − ℛ (t1) =
1
2 ∫𝒱

d4x −g R integrated Ricci scalar

·ℛ =
1
2 ∫Σ

d3x∂t ( −g Ct (t, x)) =
1
2 ∫Σ

d3x [ −gR − ∂i ( −g Ci (t, x))]

cf. Kaloper, Padilla, Stefanyszyn, Zahariade (2016)

Einstein Transverse Way 



δℓPl

ℓPl
×

δ ∫
𝒱

d4x −g R

ℓ2
Pl

≥ 4π

Heisenberg uncertainty relation 



Another Almost Normal Axion for GN

S [g, 𝒜, ν] = ∫ d4x −g [−
1
2

ν2R +
1
2

(∂ν)2 +
ν
fα

ℱγσℱ⋆γσ − Vα (ν) −
1

4g2
ℱγσℱγσ]

Again formal limit / “confinement” g → ∞

Canonically normalised  instead of ν α



S [g, β, L, Φm] = ∫ d4x −g β (ℒm − ∇λLλ)

Matter Transverse Way 

π = βπ(m) = β −g
∂ℒm

∂ ·ϕ
Momentum rescaling [ϕ (x), π(m) (y)] =

iℏ
β

δ (x − y)

ℏ̄ =
ℏ
β



Heisenberg uncertainty relation 

δℏ̄ × δ∫𝒱
d4x −g ℒm ≥

1
2

ℏ̄2



Last Almost Normal Axion for  and ℏ GN

S [g, η, A, Φm] = ∫ d4x −g [−
R
2ϰ

+
1
2 (∂η)2 − Vβ (η) +

η2

M2
m

ℒm −
η
fβ

FμνF⋆μν −
1

4g2
FαβFαβ]

formal limit / “confinement” 
ϰ = 8πGN

Canonically normalised  instead of η β



Unimodular, Unicurvature and Unimatter 

S [g, Λ] = ∫ d4x Λ [1 − −g ]
Wμ = δμ

t
t
−g

Henneaux-Teitelboim construction with fixed

S [g, β, Φm] = ∫ d4x β ( −gℒm − 1)Unimatter

S [g, α] =
1
2 ∫ d4x (1 − −gR) αUnicurvature

Unimodular

Thanks a lot for attention! 

similarly one can write for the globally dynamical GN

for the globally dynamical Λ


