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THERE IS PLEASURE IN
RECOGNISING OLD THINGS
FROM A NEW VIEWPOINT.
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Motivation

@ Hawking's calculation. If a black hole starts in a pure
quantum state, why the final state is thermal (mixed state)?

@ Information paradox.

@ Hawking's derivation involves field modes that, near the black
hole horizon, have arbitrarily high frequencies.

@ Trans-Planckian problem.

@ Over the years there have been several “solutions” and more
problems and paradoxes.
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Hawking's calculation
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Gibbons and Hawking “Action Integrals and Partition Functions in Quan-
tum Gravity.”
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Hawking's calculation

INFORMATION PARADOX
TRANS-PLANCKIAN PROBLEM

Gibbons and Hawking “Action Integrals and Partition Functions in Quan-
tum Gravity.”

Hawking, “Breakdown of Predictability in Gravitational Collapse.”
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Nice slice

@ The nice slices are a set of Cauchy surfaces which foliate
spacetime.

@ The surfaces should avoid regions of strong spacetime
curvature but, cut through the infalling matter and the
outgoing Hawking radiation.

@ Infalling matter and the outgoing Hawking radiation both
should have low energy in the local coordinates on each slice.

@ The slices must be everywhere smooth, with small extrinsic
curvature compared to any microscopic scale.

@ We ensure that the effectice QFT description does not break
down, and we can follow the evaporation of a black hole until
a very late time using QFT.
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Nice slice
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Nice slice and the complex extension
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Nice slice

@ The constant R is assumed to be large by comparison with
any microscopic scale, but small enough to keep the slices far
from the singularity.

@ X only grows as we evolve forward in Schwarzschild (REAL)
time but it is fixed at a constant r < 2M.

@ Can we define ground state at t =0, on X_ U X7
@ Can we define ground state at t = tp, on L UXoUX,7?

Lowe, Polchinski, Susskind, Uglum, “BH complementarity versus locality.”

Hartle and Hawking, “Wave function of the Universe.”
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Metric and complex extension
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Metric and complex extension

32M3
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Metric and complex extension

X%—T%:(ﬁ—l)eﬁ
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Metric and complex extension
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Nice slice
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Nice slice and the complex extension
0000000

Metric and complex extension

@ In order to keep track of a particular slice parameterized by a
fixed t after a complex extension we find it convenient to shift
t in such a way that the “new” t = 0 slice is at some “old”
t=tp.

et—>t+ 1ty

ot— —it, T1 =T, X1 =X

to —iT

T = psinh(
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Nice slice and the complex extension
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Metric and complex extension

T2 = (m — 1)e4 Sln(4M)
r r T
X1 = — (N —1)em cos(m)

@ There is a clear difference between these sections. The state
defined on the slice t = tg, is not the HH state.
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Metric and complex extension

e i (— dT? +dX?) + r’dQ?

ds? = N2d72 + hop(dx? + iV2d7)(dx? + iVPdr)

X2—T2:(ﬁ—1)eﬁ eR
X2_T2
r = 2M(1 + Wo( )
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Topology of the complex sections

o, :
B . tg—iT to —iT
T = psinh( I, ) + R cosh( IV )
_ to—iT B . to—iT )
X = —p cosh( I, ) — R sinh( IV ) ; T~T+8rM
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Nice slice and the complex extension
©0000000000000000

Topology of the complex sections

o, :
B . tg—iT to —iT
T = psinh( I, ) + R cosh( IV )
_ to—iT B . to—iT )
X = —p cosh( M ) — R sinh( IV ), T~7T+8rM
e ANNULUS

@ Two boundaries, d, and d_,
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Topology of the complex sections

5;:{T:T1+1T2,X:x1+ix2}/

T1 = +Ru(p) COS( )

To = —Ra(p) sin (

X1 = —Ra(p) COS( )
(n)

Xo = +Ry(p sm(
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Topology of the complex sections

Clifford torus construcction for the complex extension of > _:

@ In R* we can define the torus
T2 = Sl X Sl : (Tl,Xg,Tz,Xl) =

(Rl(po) cos(%), R1(po) sin(f—l\l/l), —R2(po) Sin(f—l\QA), —Ra(po) CoS(%))

@ Now we pick the curve ¢, , on the torus, parameterized by T,
0p=0=71
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Topology of the complex sections
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Topology of the complex sections

SO FAR:
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Topology of the complex sections

SO FAR:

fo*0

% 65
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Topology of the complex sections
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Nice slice and the complex extension
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Topology of the complex sections
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Topology of the complex sections

ZO, ZO+
T, = +R cosh(i) T1 = +R cosh(i)
4M 4M
B NS _ NNPS
X1 = —-R smh(4M) X1 = +R S|nh(4M)
0< (<1
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Topology of the complex sections

t — —IT
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Topology of the complex sections

t — —IT

WARNING
2 does not depend on t
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Topology of the complex sections

t — —IT

WARNING
2 does not depend on t

How can we extend 27
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Topology of the complex sections
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Topology of the complex sections

M -
Yo=Y UYp, : ds?=""e mR2d(? + r2dQ?
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Topology of the complex sections

2o0_: ZO-‘r
T = +R(7,() cosh(C4_MiT) T = +R(7,() cosh(C4_MiT)
X = —R(r,() sinh(C4_MiT) X = +R(r,() sinh(<4_,v|i7)
0< ¢ <t
0< 7 <8mM

J. A. Rosabal

Schwarzschild BH entropies on a nice slice

29/ 46



Nice slice and the complex extension
0000000000000 e000

Topology of the complex sections

O R(7,{) =R(7+87M,() € R
Q@ R(0,¢) =R

@ R(7,t) =R

Q 9:R(0,¢) =0

Q@ O0.R(7,t) =0

J. A. Rosabal Schwarzschild BH entropies on a nice slice 30/ 46



Nice slice and the complex extension
0000000000000 e000

Topology of the complex sections

O R(7,{) =R(7+87M,() € R
Q@ R(0,¢) =R

@ R(7,t) =R

Q 9:R(0,¢) =0

(5] arR(T, to) =0
0 0.0.R(7, t) = 0
Qo 8<R(T, to) <0
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Topology of the complex sections

O R(r.()=R(r+87M,¢0) eR @ O,R(r, 1) =0
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Topology of the complex sections
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Topology of the complex sections

FINALLY:

| = (87)~! / [K]V=hdc + (87) " / [K]v/—hd*c

boo 5%
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Topology of the complex sections

FINALLY:
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Topology of the complex sections

FINALLY:

| =2 x (87r)_1/ [K]V—hd?c = 2 x 47iM?

5%
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Topology of the complex sections

FINALLY:
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Topology of the complex sections
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Density matrix interpretation

Pure state

wlh'ij,¢%l plhy s g ihi. og] =k, o W[, 65 ]

Plhij, ¢o] = W [hy, do] W[, o]
wih™;j,¢70]

(O) = Tr[Op]

Hawking, “The Density Matrix of the Universe.”

Page, “Density Matrix of the Universe.”
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Density matrix interpretation

W\\_—,
7 Mixed state
plhy +9q ihis @3] =D ConWm [y &5 1¥alhy, 67 ]

(O) = Tr[Op]

Hawking, “The Density Matrix of the Universe.”

Page, “Density Matrix of the Universe.”
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Density matrix interpretation

Mixed state

\\\ plhy o5 ihf.of] =

10,1 - =1 1 11,4 4
[ oBDoso— 7 o5 1 03] (8] 0bi iy o7

(0) = Tr[0p)

Hawking, “The Density Matrix of the Universe.”
Page, “Density Matrix of the Universe.”
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Comments on the entanglement entropy
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Replica Wormholes and the island rule

@ Entanglement Wedge Reconstruction and the Information
Paradox, 1905.08255.

@ The entropy of bulk quantum fields and the entanglement
wedge of an evaporating black hole, 1905.08762.

@ The Page curve of Hawking radiation from semiclassical
geometry, 1908.10996.

@ Simple holographic models of black hole evaporation,
1910.00972.

@ Replica wormholes and the black hole interior, 1911.11977.

@ Replica Wormholes and the Entropy of Hawking Radiation,
1911.12333.
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Entanglement entropy

by BE] = ConVim[h; Vo [hi]

Tr[p] :/Dh,-j plhij, hij] = X7
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Entanglement entropy

-MZI:-

T[] :/Dh,-j p[hu,h ]=
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Entanglement e
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Entanglement entropy

"] =
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Entanglement entropy

po= A

p? = A% 4 connected

leads to the concept of Replica wormholes.
connected is needed to reproduce the Page curve.
connected leads to the INfamous factorization problem.

ensemble average.
(B = A+(Q@) ; (9=0
P = A+ ()

@ the universe does not need an ensemble average.

Replica wormholes and the black hole interior, 1911.11977.
Replica Wormholes and the Entropy of Hawking Radiation, 1911.12333.
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Entanglement entropy

Y]
>

p(2) = A2+ connected(2)
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Entanglement entropy

Y]
>

p(2) = %+ connected(2)

J. A. Rosabal Schwarzschild BH entropies on a nice slice 41/ 46



Comments on the entanglement entropy
0000000@00000

Entanglement entropy

p(n) = p" + connected(n)
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Entanglement entropy

Fo= A
~n — An
p(n) = p"+ connected(n)
S=- rI1T>ql OnTr [ﬁ(n)} = — rlygl Tr [8,, (ﬁ" + connected(n))}
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Entanglement entropy

p = A
~n — An
p(n) = p"+ connected(n)
S = —Tr{ﬁlogﬁ} — lim Tr[anconnected(n)}
n—1

J. A. Rosabal Schwarzschild BH entropies on a nice slice 41/ 46



Comments on the entanglement entropy
0000000080000

Entanglement entropy

S = —Tr [p/ log p/}
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Summary

We have computed the gravitational thermodynamic entropy
of a 4D BH on a nice slice.

@ This is a calculation we can trust within the framework of
QFT because of the nice slice.

@ We have found a new state, a mixed state, and the density
matrix interpretation of it.

@ When extending to the entanglement entropy we, naturally,
arrive at the concepts of Replica Wormholes and Islands.

@ We have to include matter.
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Discussion

T

t=tp

t=0
a X1
T1=0
Mixed state Pure state HH
plhy b i d5] =D Con¥mlhy s bg 1Walhi. 3] plhy g ihi, dd] =Wy o 1W[hi, 4]

m,n
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T

t=tp

V2 X1

(=) T+isin(——)X=T
cos| — 1 sin{ — =
Y M 0
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Discussion
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Discussion

Hawking, “The Density Matrix of the Universe.”
Page, "Density Matrix of the Universe.”
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THANKS
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