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@ Introduction: the Elastic Eikonal
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Gravitational Wave Astronomy

Masses in the Stellar Graveyard




Waveform Templates

[LIGO Scientific Collaboration '16]

—1.0 I Wavelet
—-1.5+ T BBH Template

Whitened L1 Strain / 107!
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Analytical Approximation Methods

@ Post-Newtonian (PN): expansion “for small G and small v"

Gm v2

—~ =K 1.
rc? c2

@ Post-Minkowskian (PM): expansion “for small G”

Gm v
— <1, generic — .
rc? c?

@ Self-Force: expansion in the near-probe limit my < my or

mimoy
V= o L 1.
(my + my)?
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General Relativity from Scattering Amplitudes

Extract the PM gravitational dynamics from scattering amplitudes.

@ Weak-coupling expansion <+ PM expansion

Weak-coupling:  Ag = O(G) A = O(G?) A, =0O(G3) Az =0(G*

PM: 1PM 2PM 3PM 4PM
This talk State of the art

@ Lorentz invariance <+ generic velocities
@ Study scattering events, then export to bound trajectories

(Vesr, analytic continuation...)
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Post-Minkowskian (PM) Scattering
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The Elastic Eikonal

[Di Vecchia, C.H., Russo, Veneziano 2104.03256] [and refs. therein]

P4

P3

@ From g to b: Fourier transform

—(p1+ p2)* = E?

2
=m+2mimy o+ m5,

—(p1+pa)’ = —4°.

/ (27) 5(2p1 - q)5(2p2 - ) €P9IA(s, —7)

1 + IA(b) — e2i6(b) — ef(250+251+252+'“)

@ From b to @: stationary-phase approximation

/dobe—ib-Qefza(b) — .- ORe2 | _

obt
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Example: the 1PM Eikonal

@ Tree-level amplitude in D = 4 — 2¢ dimensions

pL —————— P4 327Gmim3(0? — 52
PR G
K q
2 1
P2 —————=P3  fy(s,b) = 46mima(0” — 372) T(=¢)

2V -1 (mh2)™

o MatChlng to the e|kona| eXponentiatiOn [Kabat, Ortiz '92; Bjerrum-Bohr et al."18]

e2i6° — 1+ I'.jo — 20p = ﬂo .

“small G”

@ From Q = 9,26, we obtain the leading-order deflection

p1 = — Pa 4Gmymy (02 — 3)
Qipm = 5
T Qipm bvo® -1
o B 4GE (02 — %)
p2 — — P3 1PM = b(o? — 1)
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Two-Loop N = 8 Supergravity

@ Tackle the problem in a theory with a simpler amplitude integrand.

e Topologies entering the two-loop O(G?) calculation
(+ Crossed tOpO|OgIeS) [Caron-Huot, Zahraee '18; Parra-Martinez, Ruf, Zeng '20]

P1 Pa

p2 p3

@ Same families of integrals as in the GR case.
@ We can calculate them via
Method of Regions + Master Integrals + Differential Equations

[Parra-Martinez, Ruf, Zeng '20]
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Method of Regions: the Soft Region

@ We are only interested in the large-b/small-q result.
Only the non-analytic terms in g° matter for long-range effects.

@ One-loop example:

d4726£
N / (=2p1 - £+ 2)(2p2 - L+ £2)2(L — q)?

@ Hard Region: ¢ ~ p1> > q = analytic
Soft Region: ¢ ~ g < p12 = non-analytic
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Differential Equations and Boundary Conditions

[Parra-Martinez, Ruf, Zeng '20] [Di Vecchia, C.H., Russo, Veneziano 2008.12743, 2104.03256]

@ Reduce all soft integrals in a given family to a basis [ = (h, k. ..)
(master integrals) via integration by parts. (LiteRed, FIRE6)

@ In a “pure” basis (Epsilon), they satisfy simple differential equations.
M; constant, e-independent matrices and x ~ o — vo2 —1,

di{e;x) =€ Z M; I{€; x) d log(x — )
j=0,+1

e Solve perturbatively /{¢; x) = IO (x) + e /M (x) 4 --- as € — 0.

Boundary conditions fixed in the x — 1~ (small velocity) limit
= use method of regions again!
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The 3PM Eikonal in N’ = 8 Supergravity

[Full result: Di Vecchia, C.H., Russo, Veneziano, 2008.12743, 2101.05772, 2104.03256]

[Potential region: Parra-Martinez, Ruf, Zeng '20]

o Eikonal phase:

16G3 2, 2 4
Re 26, = b,:l il [— UZJ_ 1 arccosh o
6 o5 (02— 2
g 5> + ( 5) arccosh g}.
(-1 (2-1)}

@ Radiation-Reaction part: time-reversal odd contributions to O,

16G3m%m§ o0 o° (02 — 2)

Re 205K =
R PR T PN

arccosho | .

@ Infrared divergent exponential suppression:

1 1
|m252:; —g—i-log(az—l) Re26KR ...
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3PM Radiation-Reaction from Soft Theorems

[Di Vecchia, C.H., Russo, Veneziano 2101.05772]
o Analyticity: ilog(1 — o2 —i0) = ilog(c? — 1) +

o Unitarity: Im 25, = [Im Aj]3,.c. and

[|m2A]3p,c_=/d(L|P5) (

(] SOft theorem: [Weinberg '64,'65]

pn'k

n

For Im 20, this gives 1Re 205R times

1

Wmaxb
max® 2 dw 1
/ ~ s + 2 log(wmaxb) ~ — + log(0® — 1).
0

w1+25
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3PM Radiation-Reaction from Soft Theorems

[Di Vecchia, C.H., Russo, Veneziano 2101.05772]

The IR divergence in Im 25, determines Re 265R

Re 205 = Iinz)[—we Im 205] .
€E—
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The 3PM Eikonal in General Relativity

[Di Vecchia, C.H., Russo, Veneziano 2008.12743, 2101.05772, 2104.03256]
[Related work at 3PM: Bern al.’19; Damour '20; Herrmann et al. '21, Bjerrum-Bohr et al.’21; Brandhuber et al.’21]

o Eikonal phase:
4G3m?m3 | s (120" — 1002 + 1)

Re 26, =
b2 2m1m2 (02 — 1)%
o (140 +25) 40* —120% -3
— — arccosho
3Veo2 -1 02 -1
+ Re 26KR
with

8 — 502 +a (202 — 3)
3(c2 1) (02 — 1)3/2

@ Infrared divergent exponential suppression:

arccosho .

Re20® = * QfouZ(0). I(0) =

1] 1
Im 20, = — —;—l—log(a2—1) Re205R 4+ ...
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Smoothness and Universality of Re 26, at High Energy

[Di Vecchia, C.H., Russo, Veneziano 2008.12743, 2101.05772, 2104.03256]

At high energy, as ¢ — oo and s ~ 2mymy0, i.e. in the massless limit:

@ the complete eikonal phase is smooth, although the conservative and
radiation-reaction parts separately diverge like log o,

@ its expression is the same in N = 8 supergravity and in GR,

2
Re2d, ~ Gs %, Os ~ 4Gbﬁ

in agreement W|th [Amati, Ciafaloni, Veneziano '90].
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Elastic Final State

e Final state (schematically):

lout) = €29(®)]in)

@ Impulse:
0 ORe2s
e
Q.= (— ifout| |out))/<out|out) =
Problems:
@ How do we restore (nonperturbative) unitarity:
(outjout) = e~ "M (in[in) — 0 as D — 4

© How do we calculate observables associated to the gravitational field?

© How do we check energy and angular momentum balance?

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30
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@ Introduction: the Elastic Eikonal

@ Eikonal Operator

© Tidal Effects

«O> < Fr «=)r «=)» DA



Including Graviton Emissions

[2 — 3 amplitude: Goldberger, Ridgway '17; Luna, Nicholson, O’Connell, White '17]
[Equivalent worldline approaches: Jakobsen, Mogull, Plefka, Steinhoff '21; Mougiakakos, Riva, Vernizzi '21, '22]

o Classical limit of the 2 — 3 amplitude

Auy(qlvq%k) = : =

@ Impact-parameter space 2 — 3 amplitude (g1 + g2 + k = 0)

~ dD iby - iby- v
A (k) = / (270% 5(2p1 - q1)6(2p2 - qo)e™r NP2 R AR (gy . k).
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Including Graviton Emissions

[Mougiakakos, Riva, Vernizzi '21]

A= !
(p1-K)2 (p2.k)? 12 g5?

<> (8 (p1-k)* (p2.k)? P2 P2’ +4 (p1-P2)” (P2.K)? (d2.K) p1* p1aa® -
4 (p1.k) (p1-p2) (p2-k)? (=2 (p2-k) p2" p1"+ (P1-P2) le%v)) a1’ -
8 (p1.k)> (p2.k) ((p1-p2) (P2-k) p2*¥ar” -
(p1-P2) P2" 2" @ + (p2-K)? (p1¥p2”) + (p1-P2) n*)) +
2 (p1.k)? (4 (P2-k)*p1" 1Y -4 (p1.p2) (P2.k)?p1'ay”) +
2 (p1-p2) % (A1.K) p2" 2" @° ~2 (p1.P2)” (p2-k) p2Mar”) @® - (p1-P2) (P2-k)?
(-2 (p1-P2) (a1 a1 +a2" @p") + (C|12+C{22> (2 p1“p2” + (p1-p2) ")) +
(-2 (p1-K) % (q1.k) p2" p2” @” + 2 (p1-K) % (p2-k) p2“a1” g% +
(p2-K)? (-2 (g2.k) p2* p1”a1®+ (p1-k) (2p1¥a2”) a1® -
2 (p1.k) (a1* a1+ @ @2”) + (p1.k) (a1® +a2?) n*))) mim3)

1M
Here kK = V87 G.
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Inelastic Final State

[Di Vecchia, C.H., Russo, Veneziano 2210.12118] [cf. Damgaard, Planté, Vanhove '21, Cristofoli et al.’21]

Aj(k) = &ju (k)" A (k) (polarization j), [, = [ % 270 (k2)0(kP).

Eikonal Exponentiation of Graviton Exchanges + Coherent Radiation

28(brba) _ iRe28(b) o Ji [Ai (K3 (R)+-A5 (K3, ()]

e Final state (again, schematically):

lout) = ezig(bl’bQ)\in)

o Unitarity:
(outjout) = (in|in) =1

o Consistency with the elastic exponentiation: by the BCH formula,

<in\out> — eiRe26(b)e—Im26(b) _ ezi(s(b)
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L.O. Gravitational Waveform

[Di Vecchia, C.H., Russo, Veneziano 2210.12118]

[cf. worldline approaches: Jakobsen, Mogull, Plefka, Steinhoff '21; Mougiakakos, Riva, Vernizzi '21, '22]
@ Metric fluctuation:
&uv(x) — N = 2W,(x) = 2V8m G (out|H,w(x)|out) .

o L.O. waveform: For a detector at a large distance r, fixed retarded
time v and angles X, i.e. near future null infinity ZT,

W \/ST/+OOd°" *'w“A/W< =w(1, x))

Amr

o A (k) is a function of pf',, bf',, k", and their invariant products.
It can be expressed in terms of Bessel functions.
Gauge invariance: k, A" (k) = 0.
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Radiated Energy-Momentum

[Di Vecchia, C.H., Russo, Veneziano 2210.12118] [Herrmann, Parra-Martinez, Ruf, Zeng '21]

o (out|P*|out) = P

@ In terms of the waveform
1 1 e 1 A%
P® — / ke AH (k) (nupnw — 277W7700> A7 (k) = / k*AA* .
k k

@ Recast as the FT of a cut in momentum-space (reverse unitarity)

pl (—/ — — | — vi — 'l

T2 T B A
P* = FT/d(LIPS)k"‘ | =l !
\\\ l /’ \\\ i /,

P2 — =

Same integrals that we computed for the 2 — 2 amplitude!
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Radiated Angular Momentum

o (out|J*P|out) = Jo 4 Fo8
o JOéﬁ - J(O) + J( ) Whel’e [Manohar, Ridgway, Shen '21] [Di Vecchia, C.H., Russo 2203.11915]

af
) _ 0A L.
iJ, /kk[”akﬁlA J 2//.4 B]u
o ReVerse Unitarity: qHz = — U2 - @ [Di Vecchia, C.H., Russo, Veneziano 2210.12118]
P1 = \4) T \4)
P [/Ch : '/ g+
P2 — _///4) : _///4)
pl T N = \4)
8 '//ql \\ '// q A\_ (e}
U2[a FT W”Z d(LIPS)kB] '\\ ll K ‘\\ ll
P2 - — = - S
ITMP 2022/11/30 26/49
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Static Modes as a Soft Dressing i vecis 11 o 2205 11015,

[Soft dressing: Bloch, Nordsieck '37; Thirring, Touschek '51; Weinberg '65; Mirbabayi, Porrati '16; Choi, Akhoury '17;
Arkani-Hamed et al.’20. Operator exponentiation: Damgaard, Planté, Vanhove '21; Cristofoli et al."12. Classical soft theorems:

Laddha, Sen '18; Sahoo, Sen '18; Saha, Sahoo, Sen '19; Sahoo, Sen '21.]

Operator dressing of the elastic eikonal in b space

5. = hlFWaW-F W]

e

3 V87 G phply

P =2 =0

and [, = [ 3o 2m0(k2)B(K°)(A — K°), with A a cutoff.

o Effectively
o2i0(bb2) |y §s.r.62i8(b1’b2)-
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Angular Momentum of the Static Gravitational Field 7,3

[Di Vecchia, C.H., Russo 2203.11915]

Angular momentum /mass dipole loss due to static modes

Onm arccosh opm 1

G 02,—1
7%= 53 (o = §) L — 2ot | ol
n,m nm nm

@ Shorthand notation —n,)mpPn * Pm = MpMmopm With 9, = +1
(nn = —1) if n is outgoing (incoming).

@ Matches [pamour 20; Manohar, Ridgway, shen 22 Up to O(G3) upon expanding

Q" = Qipy + Qo + -+
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Initial State

[Kosower, Maybee, O’Connell 18]

@ Incoming state with no radiation

lin) = / / O1(—p1)do(—p2)e™ PP | — by —py 0),
P1 P2

where f =

d®p;

o S’D 270(p?)S(p? + m?).

@ The wavepackets ®;(—p;) are peaked around the classical incoming
momenta.

@ by = by — by is the impact parameter.
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Eikonal Final State

[Di Vecchia, C.H., Russo, Veneziano 2210.12118] [cf. Cristofoli et al.’21]

Eikonal Exponentiation of Graviton Exchanges 4+ Coherent Radiation

. . dD dD
|0Ut> ~ L L4 eflbl'P4*Ib2'P3 / (ZW)Qé / (27T)Q; ¢1(p4 — Ql) ¢2(P3 — QQ)

« /d /d o el (b1—=x1)-Qiti(b2—x2)- Q2 e215 X1,X2)|p4 p3,0)

with

2i80ax2) _ g Re25(6) g [ A k)af (k)45 (a0 K)aj(k)]

Here
@ b is the projection of x; — xp orthogonal to ps — Q1/2, p3 — Q2/2,

° Aj = €juv AM is the impact-parameter space 2 — 3 amplitude.
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Mechanical Energy-Momentum

[cf. Cristofoli et al. '21]
o (out|P!|out) — (in|P¥[in) = Q" + AP

@ In terms of the waveform

i OA - L OA*
APy = — | |2 A — A2
' 2/k 8bf‘A Aabg

o ReVerse Unitarity: [Di Vecchia, C.H., Russo, Veneziano 2210.12118]

pr=——t o= ot o

1 L N LT
AP{ =FT [ d(LIPS) { ¢f — =q“ : :H = J
2 . k| |
SEEEEe

P2 (—\\‘//*) = \\»//—>

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 31/49



Energy-Momentum Balance

[Di Vecchia, C.H., Russo, Veneziano 2210.12118] [Herrmann, Parra-Martinez, Ruf, Zeng '21]

o Convenient variables: velocities uf', = —p{*,/mi 2 and
uff = ot + ol uy = iy + oif

@ Radiated energy-momentum:

3
G3m?m3

P = 20T (g 4 5) €,

@ Radiative changes in energy-momentum:

G322 G322
APy = —ZHTuge, AP = 2T GE.

P® + AP} + AP =
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Mechanical Angu|ar Momentum [Di Vecchia, C.H., Russo, Veneziano 2210.12118]

o (out|L5%out) — (in][57%[in) = ALS® + ALSP
o ALY =1mJSP 4 b AP where

OA -,
J2o¢,8:/p2[o¢5]-’4 .
k op,

+ALs?

2cons

@ Reverse unitarity:

5 farp S et a

Joos = FT/u2 —=_ |d(LIPS) = | !
« [Oéaué—}] \\ // k \\ /,
P2 == e

P1 s e e

5 ap g q
FT —— [ d(LIPS k B el o
+ W[a 9 ”2/ ( )(Q1 + )g] \\ /, K ' ,
P2 =~ | =
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Angular Momentum Balance

e Convenient functions: CvVo2 —1=—-&, +0f_, F=+EL F %5.

o Radiated angular momentum [manohar, Ridgway, Shen '21]

a G3mim3 axB axB
P = 20 2 F (bl — bl

o Rad|at|Ve Changes in angular momentum [Di Vecchia, C.H., Russo, Veneziano 2210.12118]

3,72 0,2 [o,,B]
AL = b3 !+ c—1
a, B
ALaB _ G3m%m% _ngb[ U2]
2 b3 oc—1

1

S € b[au§]] ,

1
+5€ blaﬁf]] .

% L ALY 4 ALY =0
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Radiative Functions (Point Particles)

+1 o arccosh o C +1 o arccosh o

f o hhlogl g =g+ log”
F—1 2g2 3202_17 ﬂ_—gl g2g2 g3202_1

_ 2100° — 5520° + 3390* — 9120 + 314802 — 333605 + 1151

i 48(02 — 1)3/2
f— 350" +600° — 1500 + 760 — 5
8vo2 -1
~ (20% —3) (350" — 3007 + 11)
T 8 (2 —1)%/?

10507 — 4110° + 2400° + 5370* — 68303 + 11102 + 3860 — 237
&L= 24(02 — 1)2

350° — 900* — 7003 + 1602 + 1550 — 62
£~ 4(02 — 1)

(202 —3) (350° — 600 — 700> + 7202 + 190 — 12)
8= 5
4(0%2-1)
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@ Introduction: the Elastic Eikonal

© Eikonal Operator

© Tidal Effects
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Including Tidal Effects

[Mougiakakos, Riva, Vernizzi '21, '22]

@ Classical limit of the 2 — 3 amplitude

I’/ qlT \
A#U(q17q27k) — :\ =
\\ qu /’

/

P2

@ Impact-parameter space 2 — 3 amplitude (g1 + g2 + kK = 0)

~ dD iby - iby- v
AT :/(270?’125(2/31'q1)5(2pz-q2)e”’1 Db @ A gy, go, k).

@ Point-particle + tidal effects:

_ pv pv
ANV —Agg‘i_AEf +AB%+

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 37 /49



Including Tidal Effects

[Mougiakakos, Riva, Vernizzi '21, '22]
L1 }
g2 ) m el 3 (8 (prok)* pa” pa” + (p1-k)> (-8 (p2.k) p1“p2” + 8 (p1.p2) P2“a2") -
2%) my
4 (p1-K) (P1-p2) (-2 (p2-k) pa* p1” + (p1-p2) p1 " a2”) (42%) +2 (p1-p2) > 2 pa” (a®) 2+
(p1-k)? (8 (p2-K) 2 p1” p1” -8 (P1-P2) (P2-K) p1“a2”) -4 (p1.p2) p1*¥p2” (ar?) +
8 (p1-P2) 2 @2 a2”) + (4 (p1-k)> (p1“ar” + pa“ay” + (p1-k) ") -
(-2 (p1-k) pr“a2” (@1?) + p2* p1” (@®)?+4 (p1.k)? a2 @p”) mi) m3)
uv 1 1 v Uy v v)
Rg,2" :WCBIZ K> (8 (pa-k)* o p2¥+ (p1-K)> (-8 (p2.k) p1'“pa”) + 8 (p1.p2) p2“a2”) -
2%) my
4 (p1-K) (p1-p2) (-2 (p2-k) p2* p1”+ (p1-p2) P1¥@”) (a1%) +2 (p1.p2)? pr” p1” (@?) %+
(p1-K)% (8 (p2-K) 2 p1” p1” -8 (P1-P2) (P2-k) p1¥“a2” -4 (p1.p2) p1¥p2”) (ar?) +
8 (p1.p2)* a2* Q") +4 (p1-k)> (pa%ar” +p1“a2” + (p1.k) n*Y) m3 +
m ((p1.p2) (41®) (-2 (p2.k) p1“a2” +p1™p2” (a1?)) +
4 (p1.K)? ((p2-K) p2“a2”) - p2* p2" (@1?)) + (p1.K) (-4 (p2-k)? p1“gr”) +
2 (p2-k) p1“p2”) (@1?) -2 (p1-P2) P2@2” (d2®) +8 (p1-p2) (P2-K) 42" a2”) -
(p1-k) (2 (p1-k) (412" +2a2" @) + (a2®) (p1*¥ar” +p1“a” +2 (p1.k) ")) m3))

u

@ It obeys k, A"” =0 up to analytic terms in g-space / contact terms in b-space.

@ The relation to the Love numbers k), j* is cpo = 1kPVRS/G and ¢z = 5P RS/G

with R; the radius of object i, roughly of order Gm;.

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 38/49



Radiated Energy-Momentum Due to Tidal Effects

[Mougiakakos, Riva, Vernizzi '22] [C.H. 2210.15689)]

@ Recall that
po — / ke LA
k

pl (—/ = — | — vi i —

far o e
P = FT/d(LIPS)kO‘ | =l !
\\\ l /I \\\ l /,

P2 — e

@ And keep (‘“cross”)-terms linear in the tidal effects.
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Radiated Energy-Momentum Due to Tidal Effects

[Mougiakakos, Riva, Vernizzi '22] [C.H. 2210.15689)]

Cx2
Pla=RY (eXug + F¥us)
X

Here:
o Rf =157G3mim3/(64 b")
@ X can be either E (electric/mass-type) or B (magnetic/current-type)
o &£X stands for

o+1 . fxaarccosha

EX =+
1 2 18— 3 /o2 -1

with £X = — (02 — %) £5X /(6® — 1) (no independent “H" topology)
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Radiative Functions (E and B)

N

2 _ 1)~
FE = (2"(+i)3 [9370°+ 155108246357 56450°
g

+ 204150°4659650*- 3495415+ 535057 0°— 3603560 + 92160]

fy =30V 02 — 1(210* — 1402 +9)

2 1 3
E— M[4208+21007+31506—10505
(o0 +1)°
—9445*-15280° +220110% 332010 +16272]
/52
gB_ Vo-—1 8 7 6 5

1282880+ 15529203~ 54344202 + 5352120 — 180775]
£B =210(c2 — 1)2(302 + 1)
_ —3(1050°+16300*+18400°+ 369002 177690 +15984)
- (0 +1)8(02 ~1)"3
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Radiated Angular Momentum Due to Tidal Effects

[C.H. 2210.15689]

@ Recall that: J,5 = JSXOB) + J(as[;,
. (o) . 8./2( ok
IJQB _/kk[aé?kB]A ,

o We apply again (reverse unitarity)

pl = \ e \
(0) 9 qut S g @
. (o ! L ! |
i) = FT/k[aakﬁ] d(UPS) 1 |
p2 \ . \ »//l
pl / r \ //‘ \
) e | e e
~ U FTWlp / d(LIPS)k, Swrawl
p2 \ _ \ ,

@ And keep (“cross”)-terms linear in the tidal effects.
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Radiated Angular Momentum Due to Tidal Effects

[C.H. 2210.15689]

In a frame where b =

Jt|d Rf Z m2

: (be[a 8l pXy, [abB]>

X
where

X 4 oX| 1 4 oXO arccosh o
_ o ’

gl g2 g 83 2m

ho

DX hX + hXI + hXO_ arccos ’

2 2v02 — 1

with g5=— (02 — 3) g5/(0% — 1) and h¥=— (02 — 3) K /(0? — 1).
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Radiative Functions (E) [C.H. 2210.15689]

2 _3

g _(0°—1)72 9 8 7 6

B Y A ) 1 1314 184

81 10(0—1—1)3[ 5730°+98190°+131430 '+ 18450
—8976030°+32212390% 504619503+ 420375102
—18623180 + 351826]

gf =—6(350* — 5002 —1)/\/02 — 1

402 —1)3
hE = H [49207+ 564056090 7225
g
—46360°+1347802 — 141430 +5096]

hs =480(70% +1)/\/ 02 — 1

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 44 /49



Radiative Functions (B) [C.H. 2210.15689]

p_20(0%—1)7:
N CES Y

—17486360*+ 468793202 53979900°+ 30264280 — 681459
g2 =-30V02 - 1(76% - 3)

2(0? —1)"2

he = " [8790%+17970°% 4920 20085

I 5o 1) [8790°+17970>-4920™ 29080

—104910%4188150 —9280]

h8 =3360+/02 — 1

[44955%+221800 "+ 466305°+500200°
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PN Limit and Cross—Check [C.H. 2210.15689]

Nonrelativistic limit, o = y/1 + pZ, and po — 0,

CE = 1. — 3243, + O(5%)

DF = 1F0ps — 3§4p§o +0(p)
CP = 40p2 + BBp3, + O0(pL)
DB — 168 3 + 1[]%1 pgo + O(PZO) )

Quantitative cross-check of the results:

Expand' A" (k) for small ps and k® ~ O(pso).

o Perform the Fourier transform to obtain A*(k) in the frame b§ = 0.
e Substitute into the expression for J? and integrate over k.

°

Perfect agreement with the above expansion of the PM result.

![Leading PN waveform for E contributions O(pso ),

first subleading correction for point-particle O(p2!) + O(pgc) and B contributions O(pzoo) + O(pgo)]
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UR Limit and KT Bound [C.H. 2210.15689]

We consider the high-energy limit o > 1, in which

Jiia _ CE} 5 CE2 T R 4 4
=— — 1 1315071 @) .
Rl m? o T o*logo+0O(c™)

o For small deflection angle ©; ~ Gmy/o/b, since cgz ~ G*m,

Jtid/J ~ @g(ﬁ95)3

@ This is a well-known issue

Pop/p~ dpp/d ~ ei(\/EGS)

@ The perturbative PM expansion is limited to /0O, < 1 (KT bound)

[Di Vecchia, C.H., Russo, Veneziano 2204.02378] [and refs. therein]

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 47 /49



Angular Momentum of the Static Gravitational Field 7,3

[C.H. 2203.11915]

Angular momentum /mass dipole loss due to static modes

Onm arccosh opm 1

G 02,1
T¥=2 |0 = 3) 2 1 20”";/afff°ih 90 | (1 —1)m) P o -
nm nm

@ Shorthand notation —npNmpPn * Pm = MpMmopm With 9, = +1
(nn = —1) if n is outgoing (incoming).

@ Includes tidal effects via [Bem et al. 20; Cheung, Solon '20]
o No tidal corrections to the 2PM result, only to the 3PM result.
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Summary and Outlook

@ We calculated the 3PM eikonal 29> and checked that Re 25 is
smooth and universal at high energy.

o Eikonal operator gives a unitary description including radiation:
e L.O. emitted waveform
e 3PM variations of energy-momentum
o 3PM variations of angular momentum

o Tidal effects can be easily included by incorporating them in the
2 — 3 amplitude.

For the future:
@ Learning more about RR effects at 4PM?

[cf. Manohar, Ridgway, Shen '22, Dlapa et al. '22]
@ N.L.O. waveform?
@ Inclusion of spin effects?
e “Energy crisis"? E.q/E ~ ©3\/c
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ADDITIONAL MATERIAL
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Two Leftover Problems

Problem 1

1_{_“2(: e2i§ _ eiRe2de—|m25 _>0’

as € — 0 the elastic 2 — 2 process is infinitely suppressed.

The ZFL of the energy emission spectrum is given by

E
W = lim 9Erd

w—0 dw

Problem 2

The energy radiated in the window Aw = 1/b divided by the CM energy is

= lim [—4¢Im205] .
e—0

AE.g WAw
E s

The system can emit more energy that it initially has!

~@%logs, aso — .
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Eikonal Operator in the ZFL [Di Vecchia, C.H., Russo 2203.11915]

[Soft dressing: Bloch, Nordsieck '37; Thirring, Touschek '51; Weinberg '65; Mirbabayi, Porrati '16; Choi, Akhoury '17;
Arkani-Hamed et al.’20. Operator exponentiation: Damgaard, Planté, Vanhove '21; Cristofoli et al."12. Classical soft theorems:

Laddha, Sen '18; Sahoo, Sen '18; Saha, Sahoo, Sen '19; Sahoo, Sen '21.]

Operator dressing of the elastic eikonal in b space

S, — el Walu )£ (02 ()] ire2s

o f/“/(k) = F#;(k) [Weinberg '64,"65]

3 V8rG php;,

P = 2 =0
n

n

and [, = [ {5y 2m0(k?)8(K°)(A — k), with A a cutoff.

o Key identification: p; + ps = Q = —po — p3 with

Q _e—iRe26< . 0 >e,Re25 0R625
=

" ob ot
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USing the SOft Eikonal Operator [Di Vecchia, C.H., Russo, Veneziano 2204.02378]

o Infrared divergences: (0/S;.,.|0) = €2,

1 , -
Im25 = /k Fr (mmnua = mwnpo) FP7 + O(°).

Problem 1 Solved v

o Energy and momentum in the ZFL:

dE.,
(0|S!, P, |0) = P W= lim Z5rd

rad 0 Jim — = !@0 [—4¢€ Im20].
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ZFL of the Spectrum for a 2 — 2 Process

[Di Vecchia, C.H., Russo, Veneziano 2204.02378]

ZFL of the spectrum, with exact dependence on o, Q and m;

4G arccosh o arccosh o
=2 o (o7~ ) 2 o (5 - ) 22002

2 _ / 2
arccosh <1+2sz?>
J
> 2 \? ]}
<1+2ng> -1
J

N[

= lim [—4¢e Im 24]
e—0

2

horth ——
(Shorthand og = o T
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PM Expansion at Low and High Energy

[Di Vecchia, C.H., Russo, Veneziano 2204.02378]

e Standard PM regime: When Q? < mi2, we recover the previous

results. Bonus: W, Im 2§ up to O(G®) for any background hard
process, including the spinning case [Alessio, Di Vecchia '22].

@ Sharp convergence radius | Q < 2my 2 | [Kovacs, Thorne '77,78; D'Eath '78].

@ UR regime: Expanding for mi2 < Q% < s, because Q ~ ? ©; and
@S ~ 4Gb\/g << 1, [Sahoo, Sen "21]

AErad
E

4G (05\° 2\?
W~—|—= I — 1

n ( 2 ) [og (95> "
Energy emission is finite ... but not analytic in G!
Problem 2 Solved v
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Warm-Up: Memory Effect

[Di Vecchia, C.H., Russo 2203.11915; Di Vecchia, C.H. Russo, Veneziano 2204.02378]

[Kovacs, Thorne '77,'78; Strominger, Zhiboedov '14; Jakobsen et al.’21; Mougiakakos, Riva, Vernizzi '21; Cristofoli et al.’21]

e Waveform: V871G <0|55T,,,HW( )Ss.r.|0) = W, (x) with

Ho () = /k (3 (K)e™ + af (K)e ]

@ Send r — oo for fixed u, X, letting p, = nn(En, E,,)
(nn = +1if nis outgoing, n, = —1 if nis incoming)

i (ph Z)
2977" E,—k, -

o The _IO f|Xes the BMS ambIgUIty [cf. Damour '20; Veneziano, Vilkovisky '22]

+oo dw e—iwu +oo dw eiwn,,u
oo 12T —npw — 0 oo 12mw —i0
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S% for a Massless Scalar [Di Vecchia, C.H., Russo 2203.11915]

° Loss of angular momentum/mass dipole due to soft scalars,
= (0]SL+.J555:..10) gives

o 1 . of of* B
Tap = 2/k (f Kokl ~ Mo gl ) Z

@ The —i0 prescription is important and the result localizes to w = 0,

/" wdw T o)
A (=naw +i0) (—=nmw — i0) g \/In " 1Im

/A wdw — imy
“A (=1mw — i0)? m

C. Heissenberg (Uppsala U. and Nordita) Eikonal Gravity, Radiation and Tidal Effects ITMP 2022/11/30 49 /49



jaﬁ for the Graviton [Di Vecchia, C.H., Russo 2203.11915]

Loss of angular momentum/mass dipole due to soft gravitons,
‘7045 = <O|SSTrJo¢ﬁSSr’0> giVES

Ad

s = [ Fiul (1077 = 5o kg + 205,95 Fo

in agreement Wlth [Manohar, Ridgway, Shen '22].

Angular momentum/mass dipole loss due to soft gravitons

Onm arccosh opm 1

G 02,1
B8 _ Z 2 1 vV 20m honm [a A
T = 2 (U"m - 5) o2 —1 - \;;C?,(:ilo (110 —11m) i P -

(Shorthand notation —1p,mpPn * Pm = MaMmOpm)
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The formula captures the loss
of mechanical angular mo-

Angu|ar Momentum Loss [Di Vecchia, C.H., Russo 2203.11915] Q@
@ —P1
\

oy

mentum J completely up to

O(G2) [Damour '20; Jakobsen et al.'’21; .
3 —

Mougiakakos, Riva, Vernizzi '21; Gralla, Lobo '21; o p3 \7

Manohar, Ridgway, Shen '22] p2 X

Analyticity vs Linear Response:

4p . 4
yz P .
1.7 ; €|“I0[ ”6"“25]"—0((‘; )

ensures that/explains Why [Di Vecchia, C.H., Russo, Veneziano 2101.05772]

1 ORe25BR 2
ORe20, ——Iir%[—ﬂelm%g]

@3PM__E ob pb

agrees with the linear-response link (sini, Damour '12; Damour 20]
1 091pm Q
ORR vz vz
SPM = “2p 9b J 2p2bj
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Angu|ar Momentum Loss [Di Vecchia, C.H., Russo 2203.11915]

@ The formula captures the loss of mechanical angular momentum to
O(G?) also for spinning particles, for generic spin alignments [aissio, 0i

Vecchia '22].

@ It also captures the O(G") loss due to zero-frequency gravitons
attached to the elastic process. Cross-checked to O(G3) against

[Manohar, Ridgway, Shen '22].

and for small ©
z 4 Jr* 5 1
jy NGS@SIog@ — ENGS |Og§5
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Mass-Di p0|e Loss [Di Vecchia, C.H., Russo 2203.11915]

e We find an O(G?) loss for the ty component

jty ~ jyz
b(El — E2) 2bp

in agreement With [Manchar, Ridgway, Shen 221. Solving
A(bEy — bE) = —Tsy, A(bi+ b)) p=—-Ty

yields
Abip = Abp=—J,./2.
@ There is an O(G3) loss for the tz component

jtz N%jyz
b(El—EQ) 8 bp '

o Our formula and [Manohar, Ridgway, Shen '22] C|O nOt f|nd some O(G) and
O(G?) terms in the mass-dipole loss in (crai, Lobo 21).
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