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Calogero-Moser-Sutherland models

Rational model
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The models were discovered in 1970’s.
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e soliton theory
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e solvable models of stat. mechanics
e black hole physics
E]hptlc model e condensed matter
® quantum chaos
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® harmonic analysis

e random matrix theory

e complex geometry



Ruijsenaars-Schneider models

Rational model
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Expanding in the limit ¢ — oo the corresponding Hamiltonians of the CMS models are recovered

Inclusion of spin degrees of freedom



Outline

e Spin RS models: equations of motion

* Heisenberg double

e Oscillator manifold

* Poisson-Lie group action on a product manifold
* Reduction
* Superintegrability

e Conclusions and future directions
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Equations of motion of the spin RS model
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Krichever & Zabrodin, 1995
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\ collective spin variables



Hamiltonian structure in the rational case
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G.A. & Frolov, 1997
Hamiltonian reduction
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More on Hamiltonian structure in the rational case

M=T"Gxg"-=Gxg"'xghxGxgxg if g'~g — (9,405

Poisson structure
N
1
{A, A2} = 5[0, Ay — Ay C= .Z_IE’” ® Ej;
{AL e = 90, {91,921 =0

(5,8} = —%[O, S — Sy
Hamiltonian group action
A— hAh™Y, g— hgh™', S — hSh7!
p=gAg ' —A+S & moment map

Two simple Hamiltonians

Ho=TrA? and Hp=Trg



Superintegrability

The Poisson bracket of S;; can be realized by means of 2N {-dimensional vectors a;,b; which form
N/-pairs of canonically conjugated variables:

{Gia,bgj} = —0ij0a8

,7=1,--- , Nand a,8=1,---,¢

‘
Sij = E Qiabaj
a=1

Transformations under the group action

iy — hijaja ; boi — bﬁj(h_l)ji ; heG

Many GG — invariants commuting with Ho or Hi exist!



Superintegrability

Many G — invariants commuting with Ho or Hg exist!

For H¢ the family 1P = Tr AnSP (S%)ij = aiabs;

Generating function T%(\) of I¢P:

1
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Yangian algebra

{T1(N), Ta(p)} = [r(A — ), Ty (M) T2(p)]

Tr T(A\)"™ « center ‘/ split Casimir of GL,(C)

AP —

; < rational solution of CYBE
— M

Spin Calogero — Moser model has Yangian as symmetry



Superintegrability

Many G — invariants commuting with Ho or Hg exist!

For Hp the family J*° = Tr g"S*/ (S*7)ij = aiabg;

Generating function J%(\) of J&¥:

JEN) = Y Tt
Current algebra
: A .
(), ()} = [C° ()] 6 (;) -1 5 Gr

Tr J()\)n <— center

Spin RS model has the current algebra as symmetry



Superintegrability

For the RS model there exist an algebra of polynomial invariants
JT(\) = f: J A~
n=0
with algebra
{J (N, I3 ()} = [r(A = ), 7 (N) + 57 ()]

J+()\):TrJ+()\)” +— center

n

Quadratic algebra of the Calogero model is the deformation of this linear one



Hamiltonian structure in the hyperbolic case

(Quasi — Hamiltonian reduction Chalykh & Fairon, 2018

/ quasi-Poisson (Van der Bergh’s bracket)

Jordan quiver/G

On the other hand, there is a deformation hierarchy of initial phase spaces

T°G — Di(G)

N Heisenberg double

Fock & Rosly, 1993, 1998
Gorsky & Nekrasov, 1994
G.A. & Frolov, 1996

Feher & Klimcik, 2009

M =D, (G) x 777

What should be there in the spin case?



Heisenberg double

(g,g") - factorisable Lie bialgebra, g* ~ g

09 «— double

oo o P ai o e Y

(X, X)Cc9, VXeg

(X+,X_):(%+X,%_X)C@, VXEg*:g
i =% %]1 are two linear operators, ¢4 : g - g+ C g

\_ ¢ € g/\g split solution of mCYBE

= G X G < uble Lie group

g o

G* ~ (’U,_|_,U_) C D

diffeomorphism o : G* ~ G oc(u,u_)=uju_ =u



Heisenberg double

A, B € G=GLyN(C)
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Poisson action of a Poisson-Lie group GG

A—hAh™Y, B—hBR!, hed
The Poisson-Lie structure of GG is given in terms of the Sklyanin bracket
{hy, ha} = —s¢[va, hahs], heG.

The non-abelian moment map for this action (11,,771_)

m=m,m-‘eG — M=BA'B'A

1
;{mh m2} = —v MM s — T Moe + Mye_ 1My + Mo, 14

Semenov-Tian-Shansky bracket

Involutive family {H,, H,,} = 0

H, =Tr(BA HYr=Tr(A™'B)*, keZ



Oscillator manifold
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. N/ pairs of canonically
p=5(p++p-) conjugate variables



Oscillator manifold

w =1 + sab

Define the following action of the Poisson-Lie group GG on oscillators

5Xa,m — (Ad:;X a)m 5)([)0,&' — —(bAdZX )ai, X € g
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o

Ad X for g = (9+,9-) € G* is the dressing transformation

Y This action is Poisson

* If w= c,u_|_w:1 then (w__l_l,w:l) € (G* is the moment map

1 = wfrlw_ c G
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Semenov-Tian-Shansky bracket



Poisson-Lie action on a product manifold

Let .1 and .#5 be two Poisson manifolds with brackets {-,-} 4, and {-,-} 4,

M = M1 X Mo

m:m1m2 — G: H —  H

Exf= (X, {M, ft,m™ "y, feFun(#)

X —&x Lie algebra homomorphism

“~ /

M =D (G) X



Moment map equation

mned

Product in G*

N

MxNnN=ql

Moment map for Moment map for
the action of G the action of G
on the double on the oscillator manifold

M=quwiw_" =quw

BA™'B™'A = ¢(1 + »ab)



& = {Solutions of BA™'B 1A = g(1 + »ab)}/G

5Xaz-a — (Adz*m_1X a)m 5xba7; — _(bAdZ*m—lX)az’a X & g,

wxM—1 = w+m;1m_w:1 =q 11

Gia — (ha)ia  bai — (bR Vai, h=e* G

Construction of G-invariants becomes elementary !



A=TQT 1. B=UpiT-1

\ / G.A. & Frolov, 1996

diagonal
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Lax matrix
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Poisson algebra

Z=Q 'LQ
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Poisson algebra

1
;{LL Lo}y = (rio FY)L1Lo — L1Lo(r 15 YY) + L1(7o1 £ Y) Lo — Lo(T12 F Y )[4

(3; Ei; — %Ew) ® (Ejj —

The L-algebra is not the same as in the spin case!
1
;{Lla Lo} = r1oL1 Ly — LiLor 15 + L1721 Ly — LoT12L4

G.A., Klabbers & Olivucci, 2018



Poisson algebra

H,, =Tr(BA Y™ <— commutative family

JF=Te[S(BA™Y],  J; =Tr[S(A71B)"]

n n

JrePh = Te[S(BA™Y"], J, P =Tr[S*(A7'B)"]
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(S*)ij = aiabg;

(8%%)ij = aiacp;

I = gy = Trsed



Poisson algebra
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Poisson algebra of the spin group
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W <+— moment map for the Poisson action of the spin Poisson-Lie group S = GLe((C)

Semenov-Tian-Shansky bracket
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Poisson algebra

JA) =D Jia!
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{Ji(N), Ja(p) j+ = E[Ci% J1(A) + J2 ()]
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Solving equation of motion

Hy — A=-B, B=-BA'B, a=0=10

BA~! =T is an integral of motion and also a = const, b = const

A(T) = e~ ITA(0), B(t) = Te~ I A(0)

Initial data  A(0) = Q,  aia(0) = aia, Y i =1 Vi

T = L(0)

e M7 = T(1)Q(T)T(1)™"
\ Frobenius, T(t) =1




Conclusions

The Hamiltonian structure of the hyperbolic spin RS model is found
from the Poisson reduction of D, (G) X Z%j ;

% Elliptic version?

%  Quantum model?



