Spinning and spinless two-particle dynamies
from
gravitational scattering amplitudes

radu Roltban
PSU

Based on work with
ZVi Bern, Andres Luna, Jullo Parra-Martinez,
Michael Ruf, Chia-ttsien Shen, Mikhatl Solown, Mao Zeng

. U.S. DEPARTMENT OF Office Of
Supported by

Science




Gravitational interactions — still understanding them, despite long history

Different approaches -- field theory, string theory, world line, twistors, numerical, etc —
bring different perspectives, emphasize different aspects

Apart from direct applications, explicit calculations can expose structures and patterns

explicit calculations ——) structures and patterns
\ new technical tools '/
&

new guestions

For classical gravitational interactions --



Not structure (xPM spinless Hamiltonian) --
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Not structure (“too explicit” expressions for observables) --
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Examples of structure: (1) scattering observables of spinning particles directly from amplitudes

AO = e XP[O, e P]

. ij of Jdg
f.g=i{f.g}  xPg=xg+iDsr(x,9)  Dsr(fg)=— ) "Si-o -
a=1,2 a

X=X1+tXx2+" - eikonal phase

— points to remarkable simplicity and structure in the solution to spinning Hamilton’s eqgs.

— tested with complete new state of the art calculations to second order in spin at O(G%)

(2) Analytic structure at fixed order in Newton’s constant; closer connections
between amplitudes and observables, etc



A plan

- Classical limits of quantum field theories
- From classical amplitudes to observables

- Spinless observables at 3 and 4th Post-Minkowskian order (i.e. O(G%) and O(GY,))

- A classical higher-spin formalism

- The spinning eikonal conjecture and its checks

- Conclusions and outlook



Goal: interaction of classical heavy particles while integrating out off-shell gravitons

g =17 4+ hoff shell + hradiation
. . py — Hpv uv % o
GR + (spinning) matter > S.ss = Sess(matter, hzaydlatlon)




Goal: interaction of classical heavy particles while integrating out off-shell gravitons

g =17 4+ hoff shell + hradiation
. . py — Hpv uv % o
GR + (spinning) matter > S.ss = Sess(matter, hzaydlatlon)

Why quantum — classical?

- Quantum mechanical framework is more constraining (manifest unitarity, Lorentz invariance)

Intuitive analogy: Integrable models --

diagonalize simultaneously all commuting Hamiltonians rather than
only the one giving the desired time evolution

- Lots of advanced efficient technology developed that can be repurposed

Generalized unitarity, double copy, integration methods for Feynman integrals



Goal: interaction of classical heavy particles while integrating out off-shell gravitons

g =17 4+ hoff shell + hradiation
. . py — Hpv uv % o
GR + (spinning) matter > S.ss = Sess(matter, hzaydlatlon)

Why quantum — classical?

- Quantum mechanical framework is more constraining (manifest unitarity, Lorentz invariance)

Intuitive analogy: Integrable models --

diagonalize simultaneously all commuting Hamiltonians rather than
only the one giving the desired time evolution

- Lots of advanced efficient technology developed that can be repurposed

Generalized unitarity, double copy, integration methods for Feynman integrals

(Semi) classical limit: “all conserved charges are large”

. C . . . . ) ) ) Gubser, Klebanov, Polyakov;
Analogous in spirit with the semiclassical limit for strings in anti-de-Sitter space Tseytlin et al



Goal: interaction of classical heavy particles with spin while integrating out short distance gravitons

fT shell radiation
.. gul/:nm/“‘ho + h .
GR + (spinning) matter = W o S.rr = S.p(matter, hradiation)
. eff eff » uy
Subtlety: radiation can also be off shell

(Semi) classical limit: “all conserved charges are large”

-In A =1 units:

“classical”: de Broglie wavelength A of particles is much smaller than their

1 1
- separation: A ~ ol < |b| ~ al — |L|=|bxp|>1; |p|>|q|

< T — \S\:mrg\w|>>1

- size: A\~
imrow|

Classical limit/expansion: O(1/|L|) ~ O(1/]S|) ~ O(|q|/m) ~ O(q/m)

= A field theory approach to classical dynamics requires higher-spin particles

.. . . J
Structure of two-body potential: 7, [V(p,r,S),q] ~ Cz‘(;—’(gp) (Gmlq| )(%) (R|q|)"



Two related approaches to interactions of matter and gravity

First quantized/worldline
e g— / drViE + L2 (S (u))

- Matter particles are treated as sources
- always on shell
- no antiparticles

- The effective action obtained by integrating
out short distance gravitons

o off shell iS™! _ 4I[S
Z = /DhW e — e'T'lS]

is the desired action

hard: (w, €) ~

“Interesting” off shell gravitons:

(Vs,/5)

Second quantized

S = /d4xgbs(|j +m?) s + Lin(Ps)

- Formally geared towards quantum physics
- includes antiparticles
- may separate them Cheung, Rothstein,
1. matching onto EFT with no antiparticles  Solon
2. Foldy-Wouthuysen transformation(s)
3. other means?
- The desired effective action obtained by integrating
out short distance gravitons is the action of that EFT

- Amplitudes contain superclassical/iteration terms while
the action doesn’t:

| 1
eZF:1+iF+§(iF)2—i—...

potential ((w, ) ~ (v|ql, q)

soft: (w,f) ~ (lql,q) < Beneke, Smirnov

radiation (w,?) ~ (v|q|,vq)



Classical physics from quantum scattering amplitudes

Construct the effective interaction Lagrangian; two main requirements
1. Enforces that there are no anti-matter particles (restriction to classical phys.)

2. Loop-by-loop order, it yields the same physics/amplitudes as the full theory

Goldberger, Rothstein

- Same approach as in NRQCD/NRGR Neill, Rothstein; Cheung, Rothstein, Solon

- Matter EFT: L = Ly, + Lint

Lyin = AT(—=p)(i0; + \/P? + m%)A(p) + B (—p)(id; + \/P? + m%)B(p)

Lins = -V (Gn, k,X)AT(—p") Bt (p')A(—p) B(p)

V(GN7 P, p/) — Z G?\[Vn(pa p/)
n>1
-Fix V(G yn, p, p’) to match the classical limit of amplitudes of the full theory



Classical physics from quantum scattering amplitudes

Construct the effective interaction Lagrangian; two main requirements
1. Enforces that there are no anti-matter particles (restriction to classical phys.)

2. Loop-by-loop order, it yields the same physics/amplitudes as the full theory

Goldberger, Rothstein

- Same approach as in NRQCD/NRGR Neill, Rothstein; Cheung, Rothstein, Solon

- Matter EFT: L = Ly, + Lint
Lygn = AT (—p)(i0; + \/P? +m4)A(P) + BY(—p)(id; + \/P? +m%)B(p)
Liny = =V (Gn, k, X)AT(-p")BT(p") A(~p) B(p)
V(GN,p,P) =D G Valp,P)

-Fix V(Gn,p,p’)to mat:hztlhe classical limit of amplitudes of the full theory

- Relation to classical mechanics Hamiltonian:

H =,/p®>+m} +4/p? +mj +V(GN,p,P)

- EFT also covering nonconservative processes, has also graviton-dependent terms; focus on conservative



Amplitudes of the effective field theory

Appr = Y GRAGY
; . V(Gn,p,P) =) _ GiVu(p,p)

n>1

V(Gn)
- >< - propagators have only matter poles

V(Gy (Gn) - each vertex has (in principle) all
i powers of G

V(G L—Y (Gx (Gn) - by construction, integration gives the
same IR divergences as the amplitude

T of the full theory

- No need for fancy technology to
construct the integrands

- Equate them with amplitudes of the

V(Gy Y(Gn) full theory and extract V,,(p, p’)
CX -V = ASI;T is the tree-level amplitude

of the full theory

_I_



Starting point: the tree-level potential

Gn (2(p1 - p2)? — m?m? Gn , ,
Miree X 2(( )2 S 1 2): 2(202_1) 2 3
q mims; q
G:pl'p2 l 1 4
mimsa

H(p,r) =/p>*+mi+\/p>+m5+V(p,7), V(pr)= ici(p2) (%)Z

=1

c1(p?) x (1 —207) ><V<GN>

However, matching can be tedious at higher orders because of the structure of EFT integrals

N

Is there a better way?



Conservative amplitudes are (by definition) ellastic

Potential region —— no on-shell gravitons

S =1+iT St =1 =

Theory of a single scalar —— better solution: S =¢

S - matrix elements:

<p1f,p2f’S|P1i,p27;> =

2 1
<p1f,p2f’p17;,p2i> + <p1f,p2f|2@\p1i,p2i> + B

/ only 2-particle cuts

OImT = TT7

i® «— phase shift operator

-particle phase space

(p1£,D27) (Z‘i))(l‘i)) |D1iy P2i) + -

iteration terms

Both the complete theory and the EFT should have this property; testable in EFT

Classical limit: (p+q, E|S|p, E) = ¢/"@) (1
- . Il
Mi(q) =Tale)  Malg) = Ialg) + / Ln1
¢ 21
T r, Ir2
Ms(q) = I3 +/ / 1
(4) ¢ Z Z1
~ 12 I I 1f 3
M :I +/ / _I_/ T &)
4( £ ZQZ?) £ le2 Yi A

)

- Y M

2
I’r,2

Z1

= Z jr,n(q)

Zj = —AE|p|((€1 + €2+ -+ £;) - Z + ie)

# of integrals = # of 2-particle cuts



Conservative amplitudes are (by definition) elastic

S - matrix elements: 2-particle phase space

. 1 LY
(p1£,D2¢|S|P1i, P2i) = (P1fsP2f P13, P2i) + (D1f, D2 iP@|P14, P2i) + 5<p1fap2f‘(Z®)(Z®>‘p1iap2i> + ...

iteration terms
Classical limit: (p+q E|S|p.E) =@ (1+0n) I(a)=) ILula)
What is I,.(q):

- With fixed time and coordinate:

(5, 2|S|ts, 2;) = 5 @OPO) (1 4 O(h)) Sa(z(t),p(t)) = / (pdx — H(p, x))
trajectory

- Legendre-transform to fixed energy:

ty

I, =S,+ Et

t;

_ / pdz dl, = —dJ + AtdE + . ..
trajectory

Now that we know what we want to compute...



Amplitudes from generalized unitarity and double copy

Amplitudes’ integrands = rational functions with prescribed poles and residues

Poles = graph structure with given number of external lines and loops

Residues = generalized cuts = products of tree amplitudes

/ sum over physical states
l3 p3 ps3

P2 [,

P1 I Z2 Il4 P4

Bern, Dixon, Kosower
Britto, Cachazo, Feng
Bern, Carrasco, Johansson, Kosower;...

Generalized unitarity = systematic reconstruction of integrands from this data
= effectively, a reorganization of Feynman graphs
which makes explicit use if gauge invariance



Amplitudes from generalized unitarity and double copy

Gravity trees from gauge theory trees through KLT relations: Kawai, Lewellen, Tye
M*(1,2,3,4) = —is10AY(1,2,3,4)AY (1,2, 4, 3)
ME(1,2,3,4,5) = is12834AY(1,2,3,4,5) A (2,1,4,3,5) + (2 < 3)
ME" = 12 terms of the type s°AgAg
- Hold state-by-state for external lines, following addition of helicities
e.g. scalar «+— scalar x si\alg“ Wit — AT x AT ot AT x A~

- Hold in any dimension; implements all simplifications required by gauge invariance

Color/kinematics, double-copy and generalized double-copy Bern, Carrasco, Johansson;
Bern, Carrasco, Chen, Johansson, RR

- Full power in relating loop level gauge and gravity amplitudes
- May be used cut-by-cut; important for obtaining a graph-based organization

Simplify physical state projector with generalized Ward identities:
010 s s 010 s s
gy P MITEIRWL2ER AN 20y MO (1 27,30 4
D p451/\/17”2’5152(18, 2873h’4h) —0 p452/\/17”2’5152(18, 2%, 3h,4h>

0
Puv(p) = M — 0

Algorithm to put amplitudes in this form Kosmopoulos



Cheung, Rothestein, Solon

Cuts should weed out graphs with: Bern, Cheung, RR, Shen, Solon, Zeng

- intersection of matter lines (looking for long distance interactions) y
- pure graviton loops (intuitively guantum mechanical) g
- gravitons starting and ending on the same matter line (intuitively not potential) % %
Integral evaluation:
Sudakov
1. Expand truncated integrand in the soft region; use special choice of momenta Beneke, Smirnov;
_ HQET
_ _ _ _ _ P1-P2
Pi=p+a¢/2 P2=p2—q/2 P;=mm; pi-q=0  y=—""==0+0(¢%)
mimeo
0= 07 (Li+py)® —mi = 2p; - Li+O(q%) I(p1,p2,q Z My ma I, (y)
Slngle -scale to all orders in G/
2. Con.struct dlffereptlal equations for i Ay Henn;
the independent integrals dy Parra-Martinez, Ruf, Zeng

3. Solve them using boundary conditions in the potential region (i.e. evaluate integrals to leading order in v)



The classical limit of the 4-scalar amplitude through 2 loops:

. 167G O
I1(q) = 7; m4y2(202 - 1) I Westphal
q — O
~ 6m2G? i ’
I.2(q) = | m°v?(50% — 1) ; / Damour
q| —
- 2(20% —1)3h*  3h%*(50% — 1)(20% — 1)
I,3(q) = 2rG*m°r° In ¢ [ 30712 o —180° +1
2]/ . ) 2 3 2 3 2 3
+ ==(20° + 5402 4 1030 — 3)
3 1 4 1 4 1 D, 4

\% 1 (organized in this form by Kalin, Porto)

m=mi+mg, V=

A 2
L 16’/( 4o :‘ 1207 + 3) arcsinh / 021] Bern, Cheung, RR, Solon, Shen, Zeng
0’ R—

e Uzpl'm h:\/l—l—ZV(a—l)

’

m2 mims
Cheung, Solon

. e . 3 . . .
Independent verification of O(G4;) amplitude/Hamiltonian Kalin, Liu, Porto




The classical limit of the 4-scalar amplitude in the potential region at 3 loops:
Bern, Parra-Martinez, RR, Ruf, Solon, Shen, Zeng

1151 — 33360 + 314802 — 9120° + 3390 — 5520° + 2100°¢

hy =
1 4 1 4 1 4 u 12002~ 1)
1 .
5 (5760 + 15002 — 600° — 350")
-3+ 207 . )
hy = o‘% (11— 300 + 350%)
(02 —
/ 1 . .
1 4 1 4 hy = ———————(—45+2070° — 14710"* + 133495°

144 ((73 —1)207

2 3 — 3756607 + 1047530° — 1231207 — 10275950 — 1054985
+ 1347450 4 838440 — 1019795 + 136445'° + 108000'°)
1 4 176 2 2 21 @43 4
1 4 1 4 hs = m(qumwmwm — 13160 + 9570

— 6720° + 3416° + 1005")

2 —3e he = BT e (1237 + 79590 — 251830 + 129150° + 181020
L«74(q) = G v |q| ( 1, ) 72 Mi v ( + Mf )] — 121050° — 95720° + 297307 + 58160° — 20465)
431 e _ 9 (7852 = 28307 — 1400 + T50°)
e 302 — 1)
b 35 (1 — 1802 + 3304) ¢ o1 arccosh(o) hg = ﬁ (=304 — 990 + 6720 + 4020° — 1920 — 7195°
M = — . MY = hy + holog (2 + hy———2 P
8 (o‘ — 1) o2 —1 — 4160° + 54007 + 2400° — 14007)

/:,75( 52 — 5320 + 35102 — 4200° + 300 — 250°)

2?2 arccosh . o 1 " hao = 2 (27 + 900° + 350%)
+ hiy log(o) — hQ? + hs 21() + hg [LIZ (IT) + 5 1032 (21)] h1y =20 + 11102 + 300" — 250°

834 + 20950 + 120002

arccosh (o)

Vo2 —1
2 A=)

2 20(2
W] + h1 [ng <1+0> Lis (o—l—l) + 7; ] h2(0((7)3/32) [ng < U—_T_}) — Liy <— Z—H)] 118320200 + 26600° +12000°
- B 202 — 1)

6
2/ e 7 (169 + 38007)
+ 2721 [Lig <1—a— Vo ) Liy (1 o+vVo?— ) -+ 5Liy (\/ ) 5L12( "—:) + 2log ( ;“1) arccosh(o )] " o - 1)
m1ms2 b1 - P2
g =

0' —
2 2
+ 1K (25) + oK (252) B (252 + hu? (253) m=mytmy, v=-272
m mimeso

MY = hy + hslog (Z2) + he

ti2 =

+ o L2 (55%) -

Simple dependence on symmetric mass ratio consistent with arguments of Damour & Bini, Damour, Geralico



Bern, Cheung, RR, Solon, Shen, Zeng
Open-orbit observables: Bern, Parra-Martinez, RR, Ruf, Solon, Shen, Zeng

/ X transverse Fourier

B <8IT(J,E)> B i (817,)
X 07 )y I\ ),

)

All available PN data is reproduced through O(G%) Bliimlein, Maier, Marquard, Schafer
Other approaches Kosower, Maybee, O’Connell

Direct valuation of the impulse (Ap*) = ([i[P*, T|Y) + (Y|TT[P*, T|)

Used to radiated momentum at 2PM Herrmann, Parra-Martinez, Ruf, Zeng

Closed-orbit observables:

- Quasi-circular orbits: analytic continuation from open-orbit observables Kalin, Porto

X «— A period <— time delay

- Construct Hamiltonian from angle or directly by matching and solve equations of motion



Prospects for LIGO applications at O(G%,) Antonelli, Buonanno, Steinhoff, van de Meent, Vines, 1901.07102

Comparison with numerical GR and other approximation schemes and phenomenological models
for a quasi-circular inspiraling binary

orbits to merger

2515 10 54 3 2 1
=1 [ e gmones |
-0.03¢ —— Hypwiapn === Hypn - Radiation not included —— not completely conclusive
FEOBPS —_ _ [rFOBPS

_0.04F 3PM+4PN 4PN
” -0.051

~0.06} based But sufficiently promising to call for a more

on .
R - comprehensive stud
—o07} =~~_{._ 3PM P y
&

0.15¢ 1 NGR
— 0.10} based : : :
= on “This rather encouraging result motivates a
A

}<—3pMm more comprehensive study of EOB resummations
of PM results.”

i<— NGR

002 003 004 005 006 007 0.08
GMSQ
Binding energy vs. orbital frequency



Prospects for LIGO applications at O(GY)

Less straightforward because of IR divergence and scale dependence

~ 2 —3€ t
I 4(q) = G4m7u2|q\ ( ?~ ) w2 [MZ + v (% + /\/li)]
4§M2 €

- Originate in the separation of potential and radiation modes

(w; £) ~ (vlql,q) (w; £) ~ (vlql,vq)

- Inclusion of radiation modes will remove both and also add finite terms

it — physical scale

- New contributions to the amplitude! e.g.
2 3

(another) EFT




What about interactions of spinning objects?

- QFT approach requires large/infinite spin

- General parity-invariant effective one-graviton spin-dependent interaction known Khriplovich, Pomeransky

1
Tuw = 705(p2) [pupe Fi(%, (S 0)%) + p(uMopad Fa(a?, (S 0)%) + (quav — ¢* 0w ) F3(¢, (S - )?)
+(9u90a° — 250,40y S - a + 1 (S - 0)°) Fa(a®, (S - 0)%)] ds(ps)

- Three-point interaction of Kerr black hole and one graviton constructed with GR methods Vines
- World-line action for the covariantization of generic one-graviton interactions Levi, Steinhoff
1 earlier work by Perrodin; Porto; Porto and Rothstein
Spp = /dT[—mvu? — §SNVQMV+LSI[U”,Suuang]] / 1
E. = Ryapu*u’ B, = §eaﬁwRo‘ﬁéyu7u5
Lar = i (_1)"+m CE52” D ... D Ep’lf’@ QH1 GQH2 ... QH2n—1 GH2n A
SI (Qn)' m2n—1 H2n K3 m QB — oH de
n=1 A dr
> (—1)n CBS2n+1 B’ulu2
D oo D, TRLIB2 gua QR L GH2n—1 GH2n GH2n+1
" nz::l @t 1)l mn e T s
- Conjectured 3-point HS-HS-graviton amplitude Arkani-Hamed, Huang, Huang

M3 x <]_2>2S — e—Q'S/mM:;)calar



Higher-spin field theories have a long history Fierz; Pauli (1939)

Interacting theories of finitely-many higher-spin fields are said not to exist

w/ infinitely-many fields, list is short; w/ propagating DOF is shorter: chiral theories

Metsaev; Ponomarev, Skvortsov; Skvortsov, Tran, Tsulaia;...

However:

- World-line Lagrangian defines a field theory; no consistency problems observed in the classical limit

- Tree amplitudes built on those postulated by Arkani-Hamed, Huang, Huang don’t exhibit unusual problems



Higher-spin field theories have a long history Fierz; Pauli (1939)
Currently, no fully consistent quantum theory with finitely many higher-spin fields is available

* Recent no-go arguments based on causality

Camanho, Edelstein,

- Higher-curvature terms require infinitely many massive higher-spin fields _
Maldacena, Zhiboedov

(necessary interactionsare h — h — .S)

- Nonminimal interactions of massive higher-spin particles with gravity

. . . . Afkhami-Jeddi, Kundu, Tajdini
break causality  (interactions considered are h — S — 9) :

The argument: time delay due to propagation & scattering « eikonal phase (s, b,¢), M  e?(s:0)

—  §(s,b,e) >0 0(s,be) =) i
k>0
Positivity order by order in b and for all polarization tensors € — all nonminimal couplings vanish

s, nonmin, )

— D >4

* (Possible) way around: 1. one polarization tensor dominates in the classical limit
in the classical limit 2. amplitude(s) are valid only above some value of the impact parameter

— one single loose constraint involving all nonminimal coupling coefficients



An action which covariantizes the most general higher-spin Tuv:  modeled on Levi, Steinhoff’s worldline action

1 ,
L = —R(Q,W) + §gNVV(CU),u¢S ( ) ¢s — 2¢S¢s + Enon—mln V(w)ugbs = 0,5 + ;WuefMef¢s
r _ S (_1)n Cps2n \V4 \V4 R V(). S slf2n)vy(w)b 0 _ ~U abed
non-min Z (Qn)! m2n (W) fan = V(W) s Bprafab V(W) Ds (w)”¢s S = 2 € MeaV (W)
n=1
1 ! Cpszn 1 ab c (f1 fon+1) d
Z 2n + 1 | 2n+l ( ) 2n+1 V(W)f3 geab(c|flR |d) fgv(w) (bsS S V(w) ¢s
Stress tensor — expected general structure; linearized spin operator is Si(p) = %eadeMcdpb

With an appropriate definition of asymptotic states:

- three-point amplitudes are the same as those from the world line action

- higher-point amplitudes may differ by the contribution of n > 2 -graviton gauge-invariant op’s



Asymptotic states: from fields to spin vectors

Standard description of integer higher-spin fields: symmetric traceless transverse rank-stensors

a1a2...ai...aj...a,m a1a2...aj...ai...a,m

19 = £ , na1a2€ = O, pa1€a1a2 ..... Am — 0

They are needed to project onto spin-s representation of SO(3) C SO(3,1) Singh, Hagen

More important however: prevent use of representation-specific relations between Lorentz generators



Asymptotic states: from fields to spin vectors

Standard description of integer higher-spin fields: symmetric traceless transverse rank-stensors

galaz...a’i...a’j...a’m — Eala‘2...a’j...a‘i...am

They are needed to project onto spin-s representation of SO(3) C SO(3,1) Singh, Hagen

More important however: prevent use of representation-specific relations between Lorentz generators
l Relax them and keep representation generic

Fle|dSI Blﬁs — ¢Sa1...as (O-a,l)(ozl (Bl . (O—GS)QS)BS)

Sxp...Qg

Polarization tensors: 5(p)§gll.'.':g‘:)) =D(P)E0)" ®---®E0)* ® 5(0)51 ® - ®&(0),

S

£(0)“: localize the spin in some direction while minimizing its standard deviation

£(0) = exp(2S4 — 2*S_)£(0)4 Klauder, Skagerstam

Spin coherent state: £ :
i i i « ; or general Lie groups see Perelomov
n' = £(0)0°E(0) = U'5(2, 2)5(0) 1 07€(0) 4 7" © srone

Rest-frame spin vector: S=sn=|5n



Asymptotic states: from fields to spin vectors

Standard description of integer higher-spin fields: symmetric traceless transverse rank-stensors

a1a2...ai...aj...a,m a1a2...aj...ai...a,m

19 = £ , na1a2€ = O, pa1€a1a2 ..... Am — 0

They are needed to project onto spin-s representation of SO(3) C SO(3,1) Singh, Hagen

More important however: prevent use of representation-specific relations between Lorentz generators

l Relax them and keep representation generic

Fle|dSZ Sgllgss — Sal"'as (O-Ull)(al (Bl L. (O—GS)QS)BS)
Polarization tensors: 5(p)ggll."':§s)) = D(p)E(0)™ @ ---@£(0)* ®E(0)5, @ --- @ E(0)4,
Rest-frame spin vector: S =1|5|U£(0)o€(0) = |S|n
. _ .S .S . 1,
« Playing with boosts: S(p, S)* = (%, S + mp) S (p) = ——¢ F10p_S5(p)

Erskpgpgsk
(m + E(p1))

e(s,p1) - e(8,p2) = exp (—im ) +0(q)  e(s,p1)M%®e(s,p3) = S(p1,8) e(s,p1) - (s, p2) + O(¢°)



Revisit higher-spin field theories in the classical limit:

* Recent no-go arguments based on causality

The argument: time delay due to propagation & scattering « eikonal phase (s, b,¢), M o e?(5:0)

= 4(s,b,6) >0 5(s,be) = Y %(&I{l}(;imn, £)
k>0

Positivity order by order in band for all polarization tensors € = all nonminimal couplings vanish

D >4

* Inourclassical limit: 1. one polarization tensor dominates in the classical limit

2. amplitude(s) are valid only above some value of the impact parameter

— one single loose constraint involving all nonminimal coupling coefficients
= Long distance/low energy scattering should be consistent

* Alternative approach using massive spinor helicity, with the same conclusion Guevara

M3z x <12>2S — e—Q'S/mMgcalar



An action which covariantizes the most general 7}, : modeled on Levi, Steinhoff’s worldline action

1 ., :
L= —R(e,w) + §gﬂ v(w)u¢s ( ) ¢s - m ¢S¢S + ['non min V(w)uos = 0uds + ;wuefMef¢s
L R i (_1)n Cpsen V(w)g, - V(w)gR V(w)% g(f1 szn)v(w)b¢ a_ b abed
non-min — (27%)' an fon fsdlfiafab s “e s S* = %6 Mch(w)b
n=1
]_ " CBSQn 1

Z n s Dime V@) fanis V(@) s 5 abel AR 1, V(W) esSYT L STt v (W),

Stress tensor — expected general structure; linearized spin operator is Si(p) = %eadeMcdpb
The 3-point amplitude for Cgg2n =1 = Cpg2n
1. Little-group eigenstates —— 3-point “minimal” amplitude Guevara, Ochirov, Vines
Massive spinor helicity (different, but essentially equivalent strategy) Chung, Huang, Kim, Lee

2. Spin coherent states —— “covariant stress tensor of a Kerr black hole” defined by Vines

2n 2n
5 plpl CES% q-S(p1) 1 (1 Cpsznt1r ((q-S(p1)
T ( v)p
(p1,9) E < - - doP1 S(p1) g 2n+1)! - Bern, Luna, RR, Shen, Zeng



From Lagrangian to amplitudes
- Tree-level amplitudes from Feynman rules and/or double copy

Bern, Luna, RR, Shen, Zeng
see also Bautista, Guevara for Kerr

—ie(s,p2)Vapae(s,p) = —i5(8L7P2)Vg>,(fﬁ°€(SL,p1)} [—735(8371)2)‘/},1/7%)5(837191)}

The most general on-shell arbitrary-spin stress tensor is a double-copy

-s;, =0, sg = s allowed

- With suitable higher-graviton couplings, higher-point amplitudes may have similar properties

e.g. double-copy structure.at 4 pts iM(lS,QS,BhAh) i P1 - P3 P1 'p4A(10, 20,3,4,4,4) A(15,2373A,4A)
w/o nonminimal couplings D3 - P4

. unitarity . )
- Tree amplitudes ————— Integral representation of loop amplitudes

Lorentz algebra is essential to identify all classical contributions:
1 1 .
MM MNP — %{MW7MPU} + §[MHV’MPU] — 5{]\4#“/’]\400} + Z’fﬁw,pancMUC
Symmetric product of Lorentz generator «—— product of spin vectors/tensors



The S152 — 5152 one-loop amplitude: Bern, Luna, RR, Shen, Zeng

i/\/l}1 loop _ o I + dg Ig + ca In + ¢y I + non-classical

dp :64G2m1m27r2{4mi’m§(202 — 1)261 “E4E9 - €3 Mij (CL, b) — 8(pi)MW€(pj)aMby

+ 8im%m§a(202 o 1)(51 : 54]\/—[23(1)17 Q) - A—/[14(p27 Q)62 : 53) MZ] (6”7 a) = giMuygjaV
+4myma(20% — 1) My4(p2, ) Mas(p1, q)
+4m?m%a(202 - 1)77MVA{14(6H7 q)Ma3(e”, q) — 2q2m%m30(202 - 1)77W77pa]\/4714(€“}6’))]W23(€V>GU)

2q2m1m2(4 4_ 9,2 1) Mya(e®, po) Mas(e”, pr) 5
o2 1 v 0 70 T Al 2 asie, L All 0 = 1 poles come from
2 . .
- _Uq2 ?7_121 (40 — 202 — 1)y + 0(40° — 3)m) 1 Mia(e”, q) Mas(e”, pr) reduction of tensor integrals
q2m1 4 2 9 . , 5 3 o — P1 P2
- —1—02 T (40" — 207 — 1)mao + o (40? — 3)mq) N Mia(e”, pa) Mas(e ,q)} + O(q?) T My
2 502 — 3
cn = — 3212 G miey - e4e0 -53{6m%m§(502 -1+ mlmjg —01 Jo (32'32(]91, q) — 4i51(p2, q))
2
+ {3 502 —-1)8 ,q)S. .q) + (502 — 3)o [mm Si(et, q)Sa(e”,
o2 — 1 ( ) 1(p2 Q) 2(]71 q) ( ) e 1 2( 1( q) 2( Q) S(Cl,b) _ Suya'uby
2
- anV,le(epaey)‘Sé(ea’eﬂ)) + O_2q_ 1 (20’51(6'“,[)2)52(60‘,]71) S(e'u7 b) — SNVbV

mi + moo mo + myio

Sl (euap2)‘92(ea7 Q) -

mo my

Sa(e”, p1)S1 (e, q))] }} +0(¢°S7)

Recent extension to spin-squared; sensitive to nonminimal couplings Kosmopoulos, Luna



Comparison with low-spin calculations at one loop:

g €5 — 1, e1M" ey =S (p1), eo MM eg = SH (o)

Reproduces spin-1/2 amplitude from “Heavy BH Effective theory” Damgaard, Haddad, Helset

- Capture only leading order in the large spin expansion

- Makes it subtle to extract complete classical physics

. -4 41 loop . . . Holstein, Ross
Expansion of 1M — cA IA + ¢o I in COM momentum agrees with earlier results
P A+v ASA VoV & Chung, Huang, Kim, Lee
Spin-squared: - this formalism _ Luna, Kosmopoulos
. . in agreement .
- worldline formalism Liu, Porto, Yang

» The formalism captures the desired conservative classical physics and
does not exhibit obvious pathologies



From amplitudes to conservative classical observables

Open orbits Closed orbits
Conservative - Two scattering angles / impulse E(w)
classical “observables” - Two (related) spin rotations periastron advance

* The effective two-body Hamiltonian captures both; difference is in initial conditions for EOM

* More direct connections between classical observables and scattering data

- Analytic continuations Kalin, Porto
- Eikonal
- Dressed amplitudes, e.g. (ApH) = (Y|i[P*, T]) 4 (| TT[PH*, T]a) Kosower, Maybee,

other observables: spin kick, energy flux, etc O’Connell; + Vines

* “When in doubt, go back to the Hamiltonian”:
- It provides a general, all-order connection between amplitudes and all observables
- Is at the basis of understanding thoroughly more direct relations

Little doubt that the time will come when the Hamiltonian will look like a clumsy device



Spinning Hamiltonians from amplitudes — extension of EFT framework of Cheung, Rothstein, Solon

- Existence of EFT description is a reflection of universality of long-distance physics

- All terms allowed by long-distance symmetries may appear

- Not unique; may be changed by canonical transformations.

An algorithm: 0. Settle on a description of the spin
e.g. rest frame spin operator vs. covariant spin operator
- we chose the rest-frame spin [S;,, S]] = 10,7k SF Vaidya; Chung, Huang, Kim, Lee

- classical limit in terms of the rest frame coherent states of full theory Bern, Luna, RR, Shen, Zeng

1. Choose a basis of spin-dependent ops. through the desired order in spin and G

e.g. monomialsin L - Si = (g x p) - Si, q - SZ-, p - Si consistent with parity, classical limit,
modulo possible relations between monomials

H=\/p}+m}+\/[p+md+> H*po*
A

2. Determine free coefficients from Mar = Mgpr

commutators of spin operators are essential to capture all classical contributions



All EFT operators to quadratic order in spin

1 . 1
0) _ 1,1) _ 1,2
0 =1, 0 )_ﬁL S, oY — L5,
2,1) 1 A A 22 1 & 4 2,3) 1
@,L.j —ﬁr—Sir-Sj, @ij —ESZ S;, ) 5P S;p-S
We determined the 2PM contributions to the 2-spin Hamiltonian: Bern, Luna, RR, Shen, Zeng
1 N

H=H(r?p*) I+ H"(r?, p*) 5L 8

1 1 L &8
JrH(zn( ,p)_r Sir- 52+H(22>(r p) S-S, +H(23)( 2 p?) 2p.slp.s2

G G?
HA(r?,p?) = mcf(P) e 2 (p%) +
Extended to include spin-squared operators Luna, Kosmopoulos

A number of other terms at higher orders in spin are known in a PN expansion

Barker & R. O’Connell; Porto, Rothstein; Steinhoff, Schafer, Hergt, Hartung, Levi, Steinhoff; Holstein, Ross, Vaidya;
Levi, McLeod, von Hippel; Levi, Teng, Guevara, Ochirov, Vines, Chung, Huang, Kim, Lee;...



_ /2 2 2 2 A A G G?
H \/p1—|—m1+ \/p2+m2+ZH (p)O HA(r?, p®) = mcf(P)2+WC§4(p2)+---
A

2Ff<“”
A(O) 0, _ 02y _ ('.) 1 aaion o £
1 b‘llx Ap= ‘7b‘ (A{2.1.0,67%) - 2E¢&,") b - (Zb e ) p S ;"zb.' AU 7 8, + ‘)I}_lr. [_T“ — 3 ZKE’EI;"[T _omeE%a (p‘l"‘pll‘”) B
(1) Ef {1,6) (1,§) m (D) (Li "
Arp= Z‘ (px S) b4 2 Z’ (L-Si)b e ;,,, cy Z( Az 12,67 - Ezr‘&*’ ) (2p x S, + 3L(b- S,)) AS.. "‘:_u? 3=(1-3¢) + m,.s‘EL +6RE2E ‘a] (VM) (=81.82y & + S1aS2y 2)
4 SE¢¢ 'l["( .(l)un ZE{ (14} oyl 2 gL — | -262E? ALY (g S, Ko ) DY MY - AR - S
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i (b:82) 11— Bpe ———(b-81) Sz 3[,’;; . JL‘ [26E7] (cP6Y) (=514520 2+ (51,52 = 5105209+ S12, 2)
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b Pes @n AE%¢ AS‘-M:‘JIN["EF]( )S; xS,
A p= ‘,j"rrf‘-mf‘s i (S1 % (px 82) + 82 % (px 1)) o . -
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Looking for structure: Bern, Luna, RR, Shen, Zeng

Fourier
transform

Leading order in G: Amplitude Interaction potential

400 ) o0 -
AO :/ dtO :/ dt{O,Hy + V'} V(r,p) « /d?’qelq-r/\/ltree(q,p)

— 0o — 00

- Leading order trajectory is a straight line: » = b + pt

AO {07/d3(15(q - p)e’HIMT(q, p)} o {O, x1 (b, p)}
leading order eikonal phase

MNGiX—lle—l—...

- What are the operators O corresponding to desired observables?

- How to go beyond leading order?



Looking for structure: Bern, Luna, RR, Shen, Zeng

Fourier =
transform

Leading orderin Gpx: Amplitude Interaction potential

A0 {0, / d*q6(q - p)e’®- IM™(q,p)} x {0, x1(bL,p)} leading order eikonal phase
M(by,p) ~ eXbLP) 1 — iy (b, p)+

- Operators for observables

+00 Ap, :O=P) xVyp, APH D) (APL)
AO / O, H) - 2[p|
—00 ASZ : 0 x Sz
- Restoring Jacobians and other factors:
Api = [Pi,ix1] + O(GR) = Vb, x1 + O(GY) d**°q. b gt
—qu_ L Aftree q..p
AS; = [S,ix1] + O(G%) e 4m1m2\/ / 2m)?~ ze” L2

Agrees with Hamiltonian EOM agrees for aligned spin result of Guevara, Ochirov, Vines



Looking for structure: Bern, Luna, RR, Shen, Zeng
Higher orders in G ?

Observations: - For spinless scattering, the impulse is related to the eikonal phase beyond O(Gx)

- X1 acts as a Hamiltonian, so one might think higher orders behave similarly

- nonabelian nature of the spin must become important
- possible nonlinearities

- lower orders in X may appear at higher orders in Gn



Looking for structure: Bern, Luna, RR, Shen, Zeng

Higher orders in Gn ?

Observations: - For spinless scattering, the impulse is related to the eikonal phase beyond O(Gx)
- X1 acts as a Hamiltonian, so one might think higher orders behave similarly
- nonabelian nature of the spin must become important
- possible nonlinearities

- lower orders in X may appear at higher orders in Gn
Through second order in spin at O(G%):

AQO — [07 ZXZ] + 5[_@(17 [Oa le]] + ZDSL(_ZXM [Ovle}) + [Oa %DSL(ZXthl)]

d2 2qu_
—qu_ ‘b tree
= 4m1m2‘\/ / 27T 2 26 M (qJ_’p) zyk k af ag
29— 2¢ DSL (f?g)E_ Z Sa 887’ (9L9
d QL o iqL-b A a=1,2
9151 A +V( ) )

suitably-defined finite-part of the 1-loop amplitude



Looking for structure: Bern, Luna, RR, Shen, Zeng

An all-order conjecture for open-orbit observables:

AO = e XP[0,eXP]

ke OX Oy
Dqg = D , D , = — wkSk —
XDg = xg + Dsr(x, 9) st (X, 9) G;Q € Pa g5t 9L

X = conservative eikonal phase of the S1.52 — 5152 amplitude

- General proof at O(Gy)
- Explicit check at O(G3) through orders (5152, 52, S%)

- One might expect that a direct relation between X and observables exists to all orders



An all-order conjecture: Bern, Luna, RR, Shen, Zeng

AO = e XP[O, XP]

- Checks can be carried out within effective field theory framework

(knpwn? EFT action
Hamiltonian

Impulse, ) ? Eikonal of

Spin kick ) EFT amplitude

- (More) covariant versions of the conjecture?
- Relation to the formalism of Kosower, Maybee, O’Connell/ Maybee, O’Connell, Vines?

- Connection to bound-orbit observables and the formalism of Kalin, Porto?

- Other aspects of gravitational interactions captured by the eikonal phase?



Summary and outlook

Amplitudes — new powerful ways to look at gravitational problems with and without spin
— pushed state of the art for spinless interaction potential calculations to 3PM and 4PM
— tested and illustrated these ideas by deriving a 2PM spin-dependent Hamiltonian

— agreement in the overlap with available state of the art results

— provide inspiration to find hidden structure and hidden simplicity
— close relation between amplitude and radial action
— analytic dependence of observables on velocity

— spinning eikonal conjecture; explicit tests through quadratic order in spin

— interactions of spinning and spinless particles and tidal deformations (not discussed here)



Summary and outlook

Many immediate and longer term questions

— PM Hamiltonians at higher orders in G and spin
— PM for conservative radiation effects; fix the scale dependence of potential

— Test & understand the origin and construct a proof of the spinning eikonal conjecture

— Interface with other formalisms relating directly amplitudes and observables

— Complete classification of R*~2S"

— Resummation of G expansion; interface with effective one-body theory

— Closer connection between QFT and worldline parametrizations

— Closer connection between self-force and amplitudes-based PM expansion w/ & w/o spin

— Connection with other aspects of physics of black holes and other extended bodies

Expect renewed progress in the future



