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@ A brief introduction to massive gravity
o New theory of free massive gravitons in an arbitrary spacetime.
o Anisotropy screening in Horndeski cosmologies

o Palatini versions of the Horndeski theory



Motivations for massive gravity

Cosmic acceleration = dark energy problem.
o either A-term, very natural phenomenologically,
Guw=rtTw — Guw +Nguw = kT

but unnatural from the QFT viewpoint

e or modification of gravity (many options). Massive gravity:

1 1
Newton = —  Yukawa =—e "
r r

m ~ 1/(Hubble radius) ~ 10733 eV. If r < Hubble, then
Yukawa=Newton, usual physics. Screening for r > Hubble =
gravity is weaker at large distance = cosmic acceleration.

o From QFT viewpoint small m is more natural (multiplicative
renormalization) than small A (additive renormalization).



Fierz-Pauli massive gravity



Linear massless gravitons — linearized GR

L= i R\/—g& + Lmatter /k = 871G, signature (—+ ++) /

If g = M + hyu then /check this/

1
- 2{ Ohy — 0,0%hay — 0,0%hay + nu,,(aaaﬂhaﬁ — Oh) + 0Wh}

1
= —E(Dhlﬂ, +...)=kT,

so that

(Dhu + ... = —2xTy,

Gauge invariance hy, — hy, + 0,6, + 0§, does not change the
l.h.s. = Bianchi identities

0=0"(0hy +...) = 0"Tu =0



Gauge invariance hy,, — hy, + 0,6, + 0,&, implies that one can
impose gauge conditions. With h,,, = h,,, — gmw one requires

0"h,, =0 4 gauge conditions
and the equations reduce to
Oh,, = —2kT,,

Suppose T,, = 0. Then h,, are harmonic, and there is still
residual gauge freedom generated by harmonic 0O, = 0 = one can
impose 4 more conditions = 2 =10 —4 — 4 DoF. If T, =0

hZO, hokZO = hooZO, a,'h;k:()

the solution is

hm/(t, Z) - eik(t—z)

cooo
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+
o)
X
oo oo



Linear massive gravitons — Fierz and Pauli /1939/

O¢ =0 = 0O¢ = m?p.  Similarly for gravitons /h = n*h,,,/
Ohyy + ... = m2(hW —ahnu) — 26T,

=> no gauge invariance anymore. Taking the divergence gives 4
constraints
m*(0" by, — adyh) =0

Taking the trace and using the 4 constraints gives
2(a —1)Oh=m*(1 —4a)h—2xT

= for & = 1 one gets the fifth constraint

= 10 — 5 = 5 DoF=graviton polarizations.



Ohu  —  0u0%hay — y0%hay + 1 (070° hap — Oh)
+ Ouwh=m*(huw — hnw) — 26T,

are equivalent to

Ohyy — Owh = m*(hu — hnw) — 26T
Mhy = Oyh
2K
h = — =~
3m?

They describe free massive gravitons in flat space. Each graviton
has 5 degrees of freedom = 5 spin polarizations.

Theory is NOT invariant under hy,, — hy, + 0,60 + 9,€,



Veltman-van Dam-Zakharov (VdVZ)
discontinuity



Massless case

8uw = N + V45 hy, with gauge condition 0% (k. — 31,,) =0

T
DhNV = —\/E (T’UJ/ — 2”/”’)

in Fourier representation O — —k? hence

VE T a
(k) = K2 T — EUW = \/EDWaBT g

where
1
D,ullaﬁ(k) = ﬁ (nuanuﬁ + Mvaus — naﬁmw)

assuming k* = (0, E) the scattering amplitude

M(K) = (VEY T (k) D (K) T3 (~ k)



Massless case

TH(R) = Mabboyo(X — %) = THY(K) = Mad4 6y exp(ikXs)
where a = 1,2. The interaction potential

1 GM1 M,

_ 3 £y _
V= (27T)3/d kM(K) .




Massive case

FP equations

Ohyy — Owh = m*(hy — hnw) — 26T
2/@

2

o*h,, = 0,h, h=—
" 3m

after rescaling h,, — V/4xh,,, reduce to

T
(D—m2)huy——\/ﬁ<7—uy—37]uy 3m 288 T)

hence
K T 1
i (k) = k2\+rm2 (T#V = 3w~ 3,5 Kuky T) = V& Duvas T
and computing the potential yields
4 GMiMy .. 4 GMy M,
3 r 3 r

= extra force due to the scalar graviton.



VdVZ solution

ds? = —e"dt? 4 2O R2(r)dr?+r2e (D dQ? = (17,04 by ) dxt dx”

where R(r) = re#(r)/2 Expanding for small v, \, u yields h,,, and
the FP equations admit exact solution

2C C

v = —e ™ A=—=Q4+mr)e "™
r r
L+mr+(mr)® _,..
e
m2r3

p = C

In the near zone, for r < 1/m, this reduces to the VdVZ solution

e \ = C _ C
YT oy w= r(mr)?

hence v + A # 0 (in GR A = —v = ry/r) = either Newton law is

wrong or the light bending is wrong, depending on choice of C.

The mass m in the denominator suggests that non-linear

corrections are important (Vainshtein).



Non-linear Fierz-Pauli —
the bimetric theory



Non-linear FP
S = i/Jjg <; R(g) — m* U(g, f)) d*x + Smat

where U is a scalar function of g;,,. One cannot construct a scalar

using only g,,,. However, if there is a second fixed non-dynamical

reference metric f,, = 1), then one defines

S=1-g7'f =  S=0—g"f,

and then one can choose any function (infinitely many options)
U= U([S][57], [87], det S).

In the weak field limit g, = f,,, + hy and S, = hyy + ... The
correct FP limit for small S is achieved if

_ 1 /e 812 3
U_g([S]—[S] )+ 0
One can allow for diffeomorphisms by setting
fw = 140,970, 8

where ®A are Stueckelberg scalars.



Guw=m"Ty = VF'T, =0

here
“ r =229 _ g
pv 8g;,w |22



VdVZ and Vainshtein mechanism



Vainshtein /1972/

Let us consider a non-linear FP

1 m?
— - N S~ a \2 — 4
S H/<2R 8( 5585, — (S%) ))x/ g d*x + Spat
with 8§ = 65 — g*ay

ds? = "N g2 — AMIR2¢2 _ R24Q2

with R = r e#/2 and compute non-linear corrections to the VdVZ.
At large r, one looks for solutions of G, = m? T, in the form

v(r) =Y _w&"a(r),  Ar)=D_k"\a(r),  p(r) = K pa(r).

n>1 n>1 n>1

the n =1 terms being the VdVZ solution



Large r solution

2rg r
S Y CP S
v . ( +C1m4r5+
_ e Ig
A = 7(1+C2m4r5+...>
_ Ig I'g
o= g (lrafs )

Leading terms are the VdVZ solution. For m ~ 1/(Hubble radius)
the non-linear terms become small at

> ry = (rg/m*)"® ~ 400 000 light years

The VdVZ problem therefore arises only for r > ry .
What happens for r < ry ?



Small r solution — expansion over

v(r) = m*va(r), Mr)=) m*"An(r), nul(r) = m* ua(r),

n>0 n>0 n>0

it is assumed that g, Ag are small, their equations are linearized,
while g is not small and its equation is fully non-linear. For
ry > r > rg one finds

v = —r'rg’r<1—|—al(mr)2 r/rg+...>
A = r‘rg<1+az(mr)2 r/rg+...>

pno= \/%<1+ag;(mr)2 r/rg+...>

so v, A show the GR behavior. Corrections are small for r < ry =
one recovers GR in the non-linear regime.



o Free massive gravitons are described by the linear Fierz-Pauli
theory.

@ This theory gives different from GR predictions in the m — 0
limit due to the additional attraction mediated by the scalar
graviton (VdVZ problem).

@ In non-linear generalizations of the FP theory the scalar
graviton is strongly coupled by non-linear effects within the

Vainshtein radius
( rg )1/5
rv =(—=
v vy

This pushes the VdVZ effect to the region r > ry and
restores GR for r < ry.

@ This suggests that theories with massive gravitons can agree
with observations.



Boulware-Deser problem:
non-linear effects bring back the
ghost = sixth DoF.



Fierz and Pauli with 6 DoF

Ohyy + ... = m*(hy — ahnu) — 26T,
Taking the divergence gives 4 constraints
m?(0" hy,, — adyh) =0
Taking the trace gives
20 —1)0Oh=m’(1 —4a)h—2xT
= for & = 1 one gets the fifth constraint

2Kk
h=———
3m?
= 10 — 5 = 5 DoF=graviton polarizations. However, if o # 1 then
there are 6 DoF. The additional mode is a ghost: its kinetic energy
is negative.



Boulware-Deser problem /1972/

The ghost can be removed in the linear FP theory by choosing
« = 1. However, it comes back in the non-linear FP. Therefore the
latter make no sense.

This stopped all developments of massive gravity for almost 40
years.



Hamiltonian formulation

Ihe Lagrangian
1 2
L=(zR-—-m"U)v—g

after the ADM decomposition

ds? = —N?dt? + yu(dx' + N'dt)(dx* + N*dt)
ds? = —dt? 4 dpdx’dxk
becomes

1 .
L= 5\va (KikK’k — K%+ R(3))—m2V(N“,7,-k)+totaI derivative

where V = /4 NU and the second fundamental form

1

Ky = —
kK~ oN

("Yik - VE3)Nk - Vf) Ni>

Variables are v, and N* = (N, N¥).



Hamiltonian

Canonical momenta

V(K& — Ky, PN, = oc _ 0| constraints

k_ oL 1
oN"

T 2

= N" are non-dynamical = phase space is spanned by 12
variables (7%, ;) = 6 DoF. Hamiltonian

H = n*qu — L = NFH, (7%, yi) + m*V(N*, vik)

with

1 - 1 ,
Ho= 7= (@mar™® — (nf)?) = 5 VIRY,  Hi = 29V

Secondary constrints

oH ik

. OV(NH*,~;
“PN. = BNe T Hp(m"™, vik) + m27( k)

ONH



Degrees of freedom, =0

OH 2 OV(N*, vix)

N o 0 )

= H, (7™, yi) +
o If m =0 this gives 4 constraints
Hu(ﬂikﬁik) =0
They are first class
{HuHo} ~Ha

and generate gauge symmetries, one can impose 4 gauge
conditions, there remain 4 independent phase space variables

12—4—-4=4=2x(2DoF) = 2 graviton polarizations

Energy vanishes on the constraint surface (up to a surface

term)
H=N'H, =0



Degrees of freedom, #0

B oA
OH 2V )

_ ik ..
W - Hu(ﬂ- )’71/() + ONH

o If m # 0 this gives 4 equations for laps and shifts whose
solution is N#(7' ~vi). No constraints arise = there are

12 = 2 x (6 degrees of freedom)
Inserting N* = N*(7' ~;) back to the Hamiltonian
H = NFH, + m*V(N*, vix)

yields H(m™*, ~;) whose kinetic energy part is not
positive-definite = the energy is unbounded from below. This
is related to the sixth DoF=ghost. Its contribution vanishes
on flat background if & = 1, but it comes back on arbitrary
background.

Non-linear Fierz-Pauli theory cures the VdVZ but brings the
ghost back /Boulware-Deser 1972/



Ghost-free massive gravity



Ghost-free massive gravity /2010/

One has
OH ; OV(N#,;
INE zHu(ﬂk7’Yik)+m2(aNuk) =0 (%)

If V =+,/—gU is linear in N then

62]}(/\/“, 'Yik)
rank (aww) =3

= the 4 equations (x) determine only 3 shifts Nk = Nk(7k ~;),
the lapse N remains undetermined, the 4-th equation reduces to a
constraint

C(r™*,vu)=0 = C={C,H}=S=0.

The two constraints C, S remove one DoF, there remain 5.
How to make V to be linear in N/ ?



ds2 = —N2dt? + yu(dx’ + Ndt)(dx* + NKdt) = napedel
ds? = —dt —|—(5,'kdX dX :T]abf/ffyb

N is contained only in € = Ndt. One chooses

/Z/l\/—gd“x:/eabcd (be Ael AeS A e

4

by d by c d
+ 3|e ANeP neSAF 2I2Ie NeP NFENF

b
g ENFAFATT b'fa/\fb/\fc/\fd>}

Due to asymmetry, e enters each term not more then once — the
expression is linear in .



dRGT theory

Explicitely

S= MI%I/ (; R — m? U) V—gd*x

U_b0+blz)\ +bZZ)\ \p + b3 Z Aadp e + badoA1 Ao s

a<b a<b<c

where by are parameters and ), are eigenvalues of the matrix

v, = ebt) = /g o

/de Rham, Gabadadze, Tolley 2010/



Field equations

2
Gy = m Ty

with
T,uu = _bOguV+b1 {V#V_[’Y]g#l/}
f _ _ _
+ b {7 = IO}
f
— b3—(v Y,
3e(’Y )u

'Y'ua'}/ay = gh*fy, and Yuv = g;w'YUy-



Bigravity



S = L R(g)\/—gd4x+l/R(f)\/—fd4x
2K1 2K

m2

K1+ K2

/u\/ _gd4X + Smﬂt[g? \Ug] + Smat[fa wf]
with the same potential as before

U—bo-i—blZ)\ +b22)\ Ap + b3 Z AaApAc + baAgA1 Ao \3

a<b a<b<c

There is interchange symmetry
8uv f/“, R1 <> K2 bk — b4_k T;Ill,at(g) e Tﬁll,at(f)
7 DoF = one massive + one massless graviton

/Hassan and Rosen 2012/



Field equations

G/u/(g) = m2 C052 n T/LV(g7 f) + K1 T;ryljat(g)
Gu(f) = m*sin® n T (g, ) + k2 T (F)

with tan?n = ko /K1 and

TH = ghTo, =, — U

TH = fro,, = V8

with

™ = {bilUy + boUy + b3ls + baUs} 7,
{bolUo + b3y + balr} (7?)",
+ {bslUo + bslhr} (v3)",
— {balUo} (v*)",

In the limit where k> — 0 and f,, — 7, the theory reduces to the
dRGT massive gravity = dRGT is contained in the bigravity.



Flat space

Flat space
v = f;uz = N
is a solution if
bp = 4c3+c4—6, bi=3-3c3—¢c, bp=2c3+cs—1
bs = —(a3+a), bi=c

Small fluctuations g, = N + 08u and f, = Ny + 0

hgll/ = C05775g;w + Sinnéf;u/ hgl/ = COST](Sf‘UJV — sinn(SgW

fulfill

(O+.. )% = m’ (Ko — ™)
(O+..0)m, =0

= theory contains a massive graviton and a massless one (7 DoF)



Cosmologies and black holes



Proportional solutions

Setting

f;u/ = C2gw/
= constants C must fulfil fourth order algebraic equation with
coefficients depending on by, 7. Equations reduce to

G/'“/(g) + /\guy =0 with A= m2 COSZ’I’] F(C)

C =1 is always a solution of (x) in which case A =0 = one
recovers vacuum GR for f,, = g, = all vacuum solutions: black
holes etc. However, Schwarzschild becomes unstable.

C#0= A#0. For A > 0 one obtains de Sitter — accelerating
universe with A ~ m? — acceleration driven by graviton mass.



Hairy cosmologies /M.S.V. 2012/

d2
ds? = —dt2+em<1_rkr2+r2d92> Jk=0,+1/
ds?2 — _ A2de? 2W dr? 2 102
st = t“+e 1—kr2+r dQ

Amplitudes A, W can be expressed in terms of a = e®

a’+U(a) = —k

; T T T T T T T
(=] a llla
05 ] 150 Iib e 1
oL k0 1 o D,

k=1

Various solutions



Bianchi types /K.i. Maeda, M.S.V. 2013/

ds; = —dt® + dI ds? = —A?(t)dt? + di?

d,g _ (2ﬂ++2f6( 1y2 | g28+= 2\/5( 2Y2 4 o=4Bs(y ))

d/f2 — e2W( 2B, +2V2B_ ( ) + e2B+—2fB (w )2 4B+( ) )

(w?, ep) = 07 [ea, ep) = CSpec = Bianchi LILVIVILVIILIX

Initial data at t = tp: an anisotropic deformation of a finite size
FLRW. f-sector is empty, g-sector contains radiation + dust. All
solutions rapidly approach proportional backgrounds with constant
H = Q and constant non-zero anisotropies= late time attractor.



VI

Vi

LvI,

B,

Bianchi IX

Q for all Bianchi types (left) and anisotropy parameters for Bianchi
IX (right). At late time anisotropies oscillate around constant

values 5+ = [ (00) + const. x e

—3Ht

Bt e el

cos(wt). The shear energy

behaves as a non-relativistic (dark ?) matter, while in GR it is

~ 1/ab.



In the past solutions show singularity where e and "V vanish,
anisotropies oscillate near singularity.

10

. ) —

-10

In(0y)
In(o)

empty Bianchi IX

B 8 8 & & » 8

Sequence of Kasner-type periods during which eigenvalues of the
three-metric

ap ~ tP with p1+po+ps=p]+p3+p;

1/a® <« shear energy 5_21_+53 — 1/a°



Hairy black holes

M.S.V., Phys.Rev. D85 (2012) 124043
Brito, Cardoso, Pani, Phys.Rev. D88 (2013) 064006



Static bidiagonal metrics

Rl2

dsg = —QUdt’ + 5 dr’ + R%dQ
U/2

dsf = —q'dt’+ 5 drt+ U%dQ?

6 functions Q, N, R, q, Y, U depend on r, one can impose 1 gauge
condition (R = r). For black holes @2, g%, N2, Y2 should have a
simple zero at one place, r = ry.



Event horizon at r = ry,

Equations reduce to a dynamical system for N, Y, U, one has

N2 = Zan(r—rh)"’ Y2 — Z bn(r_rh)n’ U= Uh+z c,,(r—rh)”

n>1 n>1 n>1

@ Regular horizon is common for both metrics

@ Black hole solutions comprise a two-parameter set labeled by
rp and up = horizon radii measured by the two metric.

@ Horizon surface gravities and temperatures are the same for
both metrics.



Black holes with massive graviton hair

2 3
In(r/r,)

o For generic values of ry, up solutions either show a curvature
singularity at a finite distance away from rj or approach
asymptotically the AdS space /M.S.V. 2012/

o For specially fine-tuned ry, up, there are asymptotically flat
black holes with ry, ~ 1/m = they are cosmologically large
/Brito, Cardoso, Pani 2013/

This conclusion was questioned by /Torsello et al 2018/



Wormbholes

/S.V.Sushkov and M.S.V. 2015/



Wormholes — bridges between universes

ds®> = —Q?(r)dt? + dr* + R?(r)(dv¥? + sin® 9dp?),

° Gy, =81GT,, = p+p <0, p<0 = violation of the null
energy conditions = vacuum polarization, or exotic matter
(phantoms), or gravity modifications (Gauss-Bonnet,
braneworld).

@ The structure of T, and 7,, in the bigravity theory
generically violates the N.E.C. /Visser et al, 2012/



Wormholes — local solution

ds; = —Q%dt* +dr’ + R*dQ?
U/2
dsf = —q'dt’+ 5 drt+ UPdQ?
Y = Yir+YsrP+... Q=Q+ Qr'+... R=h+Rr*+...
g = q+aqr+... U=uh+ Usr® + ...

Expanding the field equations gives in the leading order algebraic
equations for Qg and qg, whose solution exists if only h > 1/\@
(in units of 1/m) = wormholes are cosmologically large — in
principle we may live inside a wormhole.




o Characteristic surfaces of the dRGT massive gravity theory
can be locally timelike = superluminal signals.

@ This has also been detected in the Galileon models.

@ It is unclear if this implies aucausality. It is also unclear if
timelike characteristics can be global.



Massive spin-2 in curved space

C.Mazuet, M.S.V. JCAP 1807 (2018) 012



Massive fields in curved space

How to generalize wave equations to curved space ?
Spin-0: Klein-Gordon equation

(" 9,0, — m*)d =0
generalizes to curved space via simply

Nuv = uv» 0=V,

which yields
(8" VYV, — m?)d =0

Similarly for spins 1/2,1 (spin 3/2 7).

The procedure fails for massive spin-2



Fierz-Pauli equations /1939/

En = 0°0.hoy +8°0,hsy — 0% Ophy, — 8,0,h
+ T (8"80h - aaaﬂhaﬁ) + m2(Auy — hi) = 0,
imply 5 constraints
Cy = OEy = m*(0"hy — 0,h) = 0,

2

hence
(@—m?)hy =0, 9", =0, h=0.

Replacing 1, = gu, abd 9, = V, one finds that
m2
<V“V” + > g“”) E.

is not a constraint anymore (contains second derivatives) = there
are 6 DoF, unless if R,, = Ag,, . A long standing problem.



The dRGT massive gravity /2010/

G;w(g) + fo guw + /31([7] Buv — 'Y,uzz)
+ B |’7| ([’7] Vv — '7;3) + 33 |7| Yuv = 0 (1)

contains g, and a reference metric f,, with ", = /ghof;,.
The idea is to represent

b
Euw = nabeaue v
then linearize (1) with respect to tetrad perturbations
a a a
e, — e, +de’,

and use (1) to determine f,,,. This gives a linear theory for a
non-symmetric tensor

a b
Xuw = nape’, o€,

which propagates 5 DoF for any g,



Equations: A, + M, =0

with the kinetic term
A, = %V“VM(XW + Xoo) + %V”VV(XU# + Xuo)

_ %D(Xw, + Xop) = VX — RI X — RO Xors
+ g (DX — VOV Xy + Raﬂxag)

and the mass term

M = B (7 ' Xov — u V™’ Xaﬁ)
+ B {74 Xas = (V)% Xaw + Y Yap X7
011 7% Xow + (1)ag X7 = 1] 708 X*) g}

+ B3l (Xuo(v )% = X1 D)

~Yuv 1s algebraically related to the background g, via

Gu(g) + BLoguw + B[V guw —Yw)
+ Byl (M Yuw — V) + B3 19 Y =0



There are 16 equations
Epw =D + My =0
for 16 components of X,,,. The imply 11 conditions:
Apyy=0 = My, =0 = 6 algebraic constraints

C, =V"E,, =0 = 4 vector constraints

¢ = Vu(re) + 2

Ea +52’Y'M/E;w
h/| ol — - -4«
o] (G e G Rl G A Gl
1 o 1 00 i
X Eop — §g0tﬁ(Ea' ~g® E™)) | =0 = scalar constraint

The number of DoF is 16 —6 —4 —1 =5.



A simple case

The mass term is a non-linear function of the background R, .
Muu = BO 8uv + Bl R;w + B2 (R2),u1/ + B3 (R3),u1/

where B,, are functions of scalar invariants of R", and of (4.

M, is linear in Ricci if f> = f3 =0 =

My = 'ﬁaaXOz[/_guu'Ya,BXaﬁ

R
with v, = R, + (m2 — 6) 8uv



Massive spin-2 in Einstein spaces

R = NAgu then X, = X,,,, everything reduces to
Ay + MIZ{(XW — Xguw) =0
with Mﬁ = N/3 + m? from where VHEXu =V, X and

OXu — VuViuX 4 2R X — AXgu, = M3( X — Xeuw)

Taking the trace yields | (2A — 3M2)X =0

o M3 >2A/3 = X =0= 5 DoF.
o M3 = 2A/3 Partially massless limit: = X # 0 BUT local

X = X +(V,Vu+AN/3g,)0 = 10—-4—-2=4 DOF

o M3 <2A/3 = X =0 = 5 DoF BUT the scalar polarization
becomes ghost.

Higuchi bound: System is stable for M2 > 2A/3.



Massive spin-2 in the expanding universe

The background geometry
gudxidx” = —dt? + a*(t)dx?

where a(t) fulfills the background Einstein equations

a2 p i & p

32 _ P ., 3,7 __ P __
a2 MP2’1 a a? M}%I

where p, p are the energy density and pressure of the background
matter. We wish to solve the equations

A/"/V + Muy - 0

for the two special models.



Fourier decomposition

X (£,%) = (1) Y X (t, k)™
k

where the Fourier amplitude splits into the sum of the tensor,
vector, and scalar harmonics,

X (t,k) = X + XD + x(©

One obtains the effective action in each sector

2 o 3
/(2): K D—pD a dt

where D = T, for tensors, D = V. for vectors, only one scalar
mode D = S = altogether 5 DoF ! The kinetic term K and sound
speed c? are functions of the background scale factor a and
momentum k and m.



The kinetic term and the sound speed squared should be positive
K >0, >0

(no ghosts and tachyons). These conditions are fulfilled

o at all times after the inflation if M > 1013 GeV
o at present if M > 10733 eV

@ Assuming that X}, couples only to gravity and hence massive
spin-2 particles do not have other decay channels, it follows
that they could be a part of Dark Matter (DM) at present



@ A consistent theory of a free massive spin-2 field propagating
5 DoF in arbitrary spacetimes is constructed.

o This allows for the first time to consistently consider a model
of Dark Matter made of massive spin-2 particles.



Horndeski theory



Galileons in the decoupling limit: Mp; — o0, = — 0,

A3 = (Mp, )Y3=const.

1 1 1
v =Nw+-—hu 0,0% = 6%+ OuA” + 0,0
Buar = T Jr/\//Pl a a nt mMp; m> M2, " i

with h,, = h,, + a1 ¢n,, + a2 0,¢0, ¢ one obtains (if A, = 0)

5
Lns = Lo(h Z L[+ 5 x3(0)
3

:2

where the Galileon terms (shift inv. ¢ — ¢ + ¢o) /My = 0o/

£® = (94),

£® = (99)?[N],

LW = (99)2(IN] - [N?]),

£ = (9¢)2(INP® - 3[M)[M?] + 3[1))

contain second derivatives, but equations are second order.



Gregory Walter Horndeski (Canada), 1974

Sulguw, ®] = / Ly /—gd*x

Ly

Go(X, ®) + G3(X, d)Od
+ Ga(X, D) R+ OxGa(X, 0) 6L, VIOV D
_|_

v 1 vV o
Gs(X, ) G, V"D — c Ox Gs(X, ®) okl VIOViovIe

with X = 1V, 0Vrd, 68 = 21567

[v

0707 = 3160,8407

I’ [v7em8l

The most general theory with second order field equations.

The GW170817 event shows that GW propagate with the speed of
light = one has to have dx G4 = G5 =0

DHOST generalizatons with higher order equations but still with 3
propagating modes — free from Ostrogradsky ghost.



Anisotropy screening in Horndeski
cosmologies

A.A. Starobinsky, S.V. Sushkov, M.S.V.
Phys.Rev. D101 (2020) 064039



The model

5= % / (1R — (@ Gy + £ g ) V* V¥ — 2) /=g d*x

ds? = —dt? + a3 dx} + a3 dx3 + a3 dx3

with a; = aeﬁ++\/§51 ar = ae5+_‘/§ﬁ*, az = ae 20+, Equations

3uH? = 3u < 6+ ﬁ%) = %(6—9&7{2)q52+A,
(2u + ad?)a®fy = By = const.,  a®(3aH? —¢) ¢ = C = const.

Isotropic case, B+ =0, then ¢/(9a) + a?/a® — A/(3p)

= kinetic inflation. Anisotropic case: if C = ¢ = 0 then

-2 2 2
a2 B2 4B
Ma = A

= anisotropy contribution is large at small a but small at large a.



If C # 0 then

- C
0= a3(3aH? —¢)

in which case the anisotropy contribution is suppressed as 1/an6 at
large a and as a® at small a. As a result, the anisotropy is screened
near singularity by the scalar charge — an unusual feature.

However, in the Bianchi IX case

1
ds® = —dt2+1 (afwi ®wi +a3wr ®wo + a3 ws @ ws)

where w, are the invariant forms on S3, dw, + €,pc wp A we = 0,
one finds strong anisotropies and chaos near singularity.



Bianchi IX

1
Al n(aj) |
sl 1n(as) charge C
-8 | | | | | |
5 4 -3 2 1 0 1
1n(a)

Figure: Solution in the Bianchi IX case shows a typical sequence of
Kasner epochs during which In(a,) o In(a).



Varying the Horndeski Lagrangian in
the Palatini approach

T. Helpin and M.S.V., JCAP 2001 (2020) 044



Metric-affine version of Horndeski action

5ol @) = [ Lo v/

e = GaX,0)+ G3(X, ) [9]
M A -
T Ga(X,9) R — 0xGa(X. ) (I8 — [67]),
b G(X,0)[68] + ¢ axGs(X,0) (18] - 3[BIB7] + 2[87))

+ ALp(Q*)  /infinitely many possibilities/

(N (N (N

Ruw = aargu - aurza + rgarfw - rfforza ) R =g" R
N (M 1(D) A (N D)
G = gMURaV_ER(SMw ¢:ga0v0v,3¢7 Q“ZE vagl“/.

Result depends on whether the red terms are included or not.



The Kinetic Gravity Brading (KGB) theory

Varying gives second order equations if only

(Gi=Gy(®), G=0

same condition insures that GW speed is one !

This leads to

Se(ls: 8 @] = / <G4(¢)(fr?) + G3(¢,X)@<D + K(cD,X)) V=g d*x

G4(q>) = ew’ G3(Xa d)) = 'Yewv K(Xv (D) = re”



Varying with respect to ¢

0%

determines the non-metricity

) 2
QMo = Vag" =g 0w + 37 (g"”aacb + 5&“3”)"’)

which can be resolved to obtain

1
Mo =)+

+ 7 (070,9 +670,9)

(538,,w + 0, 0w — gﬂ,,a%)

=N

w

= not a metric connection. One can absorb the non-metricty to
the effective energy-momentum tensor and express everything in
terms of ordinary covariant derivatives; for example

0 .
RMV = Rppy — vuvuw - 'Yvuqu) + 5 8Mw81,w + ...



Varying with respect to ®, g, yields equations

Gu(g) + T =0, V=% where

= —W8,0,0 — 79, P, X

T
<X+7D¢+2w Xy — 20" + W 727778)((7 X))X

1 1
8¢8X’y—§f€+wﬂ¢+(2w"+2w +9+= 72)X>gm,

N \

2
= {8xK+(w/3’)/)(2X8)(+1)G38¢G3}8#¢
OxG3 {00 94 — 94X,
(N (15)
Y = 0pK+00GsR + 0pG3UD.

Does this define a new theory ?



Equivalent metric theory

The metric-affine theory

(N r
Sp[rgﬂvg/.wa(b] = / (G4R =+ G3(\:|)d) + K> \/jgd4x
is equivalent to the metric theory

Slgiud1 = [ (64R+ G200+ R) V=g '

where

~ 2 X
K=K+ (2G30,Gs +3(95G1)* — SG5 | —.
3 Gy
Varying the KGB action in the metric-affine approach does not
produce a new theory but gives a metric theory from the same
KGB class. The GW speed is still equal to one.

Why ?



Non-dynamical connection

Solving algebraic equations for the connection yields

rz'y = rg'y (goc,B7 ¢)

injecting which to the action one obtains the metric action

SP[rg'y (gocﬁv ¢)7 v, ¢] = §H [g;u/a ¢]

Let us vary the scalar field, ¢ — ¢ + ¢,

6Sp Oy, (8ap, ®) 6Sp ~ 05y
0Sp = > oy 0p+ —0¢p=05g = —90¢.
ore, ¢ o) 0¢
Since the connection is on-shell value, one has
5SP (5513 5§H

=0, = =

5 6o

are,

equations obtained by varying the Palatini action Sp are the same
as those obtained from the metric Horndeski action Syy.



Conclusion

o Palatini versions of Horndeski theory with Gs = 0 are always
equivalent to metric theories.

o If G4 = G4(®) the Palatini approach yields the Horndeski
theory with second derivatives. If G4 = G4(®, X) then the
Palatini approach yields theories with higher derivatives, which
can sometimes be equivalent to DHOST. It is unclear if they
are always equivalent to DHOST.

@ Gg # 0 then connection becomes dynamical and starts
propagating. This case remains totally unknown.



Ghost-free example

Theory with third derivatives

(N
lp = <0—R +§Gu,,8“d>8”d>> V=g,

(N

= R h"vV—h
with
hy = 0% — §2X? <gW — +€§X 0,$0, d))

and this is simply vacuum GR for the effective metric h,,, — higher
derivatives are removed by disformal transformation.



Summary of part

@ There are infinitely many metric-affine versions of the
Horndeski Lagrangian which differ from each other by
non-metricity terms

ALp(Q™,)

@ Theories with Gs = 0 are equivalent to some metric theories
which are either ghost-free or contain ghost.

o Theories with Gs # 0 contain a dynamical connecrion
It seems that Palatini version of Horndeski Lagrangian cannot give

new ghost-free theories. However, it can give a new
parametrisation of such theories.



A non-Horndeski example

@ Other metric-affine theories, not of Horndeski type, can also
be ghost-free, for example,

Lp = K(X,9)+ G3(X,0)[P]

(D) A A
+ Gi(X,0) R — 0xGa(X,0) ([8F - 7))

76X G4(X> ¢)

s (VuX = [0]V,0) V"X



