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Motivation

• Theories with extra dimensions: 

String theory, 

Arkani-Hamed — Dimopoulos — Dvali model, 

Randall — Sundrum model, 

Dvali — Gabadadze — Porrati model. 

• Gravitational-wave and multi-messenger astronomy. 

• Holographic approach to the description of quark-gluon plasma. 

• Field-theoretical models in condensed matter physics.



Huygens principle violation in odd dimensions
Retarded Green’s function  of the massless wave equation in -dimensional space-time is 
given by the following equation 

 

where Minkowski metric is  and  is D’Alembert operator. Solutions of 
this equation are given by two recurrent formulae1, depending on the dimensionality of space-time, 

 

where . Thus, in odd dimensions, retarded fields: 
• propagate in space with all velocities lower than the speed of light; 
• depend on the source’s history of motion; 
• diverge on the light cone .

Gn+1
ret (x) (n + 1)

□ Gn+1
ret (x) = δn+1(x)

Gn+1
ret (x) = 0 ⟺ x0 < 0,

ημν = diag(1, − 1,…, − 1) □ = ∂μ∂μ

G2ν+2
ret (x) =

(−1)ν−1

2(2π)ν

dν−1

(rdr)ν−1

δ(t − r)
r

, ν = 1,2,…

G2ν+1
ret (x) =

(−1)ν−1

(2π)ν

dν−1

(rdr)ν−1
θ(t)

θ(t2 − r2)

t2 − r2
, ν = 1,2,…

t = x0, r = |x |

t2 − r2 = 0
1aJ. Hadamard “Lectures on Cauchy’s Problem in Linear Partial Differential Equations”. Dover Publications, 2014 
1bR. Courant, D. Hilbert “Methods of Mathematical Physics: Partial Differential Equations”. Wiley Classics Library. Wiley, 2008 
1cD. Ivanenko and A. Sokolov, Sov. Phys. Doklady, 36, 37, (1940); “Classical field theory” (in Russian), Moscow, 1948



Covariant retarded quantities
Consider a pointlike particle moving along a world line  with velocity 

, and denote the coordinates of the observation point as . The 
retarded proper time2  is determined by equation 

 
All hatted quantities will correspond to the retarded proper time . We 
introduce the following vectors: 
• lightlike vector , 
• spacelike unit vector  orthogonal to the particle’s velocity , 
• lightlike vector , 
with the following properties 

 

Note that Lorentz invariant quantity  is proportional to the spatial distance 
 far from the charge.

zμ(τ)
vμ = dzμ/dτ xμ

̂τ

(xμ − zμ( ̂τ))2 = 0, x0 ≥ z0( ̂τ) .
̂τ

R̂μ = xμ − ̂zμ

̂uμ ̂vμ

̂cμ = ̂vμ + ̂uμ

̂v2 = − ̂u2 = 1; ̂c2 = 0; ̂c ̂v = − ̂c ̂u = 1; ̂v ̂u = 0,
R̂μ = ̂ρ ̂cμ; ̂ρ = ̂vR̂; R̂2 = 0.

̂ρ
̂ρ ∼ r
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идет о классической модели, отношение которой к хромодинамической реB
альности не вполне ясно. Термин "конфайнмент" употребляется для обознаB
чения ситуации, характеризуемой наличием линейно растущего члена в векB
торBпотенциале и, как будет показано, осуществлением режима поглощения
глюонного поля, что, очевидно, препятствует обнаружению ускоренного цветB
ного заряда. Напротив, "деконфайнмент" соответствует ситуации, в которой
отсутствует линейно растущий член в векторBпотенциале, и все явления проB
исходят в полной аналогии с электродинамическими. В целом модель вполне
содержательна и не противоречит какимBлибо фундаментальным физическим
принципам. Цветные степени свободы, равномерно распределенные во всем
пространстве, не сказываются на соблюдении закона Гаусса, не дают вклада
в интегральные величины типа 4Bимпульса и, следовательно, не излучаются
и не поглощаются.

2. Электродинамика

Рассмотрим поле электрического заряда е, движущегося по произвольной
мировой линии параметризованной собственным временем ОбознаB
чим 4Bскорость 4Bускорение Метрический тензор
выберем в виде diag(+ – – –). Примем гауссову систему единиц, скоB
рость света положим равной 1. Определим проектор на гиперплоскость,
ортогональную неизотропному вектору

где кинематические величины отноB
сятся к запаздывающему моменту

определяемому из условий

Напомним некоторые элементы
техники ковариантных запаздываюB
щих величин [4]. Обозначим

В плоскости, натяB
нутой на векторы построим
мнимоединичный вектор ортогоB
нальный и изотропный вектор

(см. рисунок). АналитиB
чески это выразится в виде

Fig. 1.  Covariant retarded quantities3.

2aF. Rohrlich, Il Nuovo Cimento 21 (5), 811 (1961), 2bC. Teitelboim, Phys. Rev. D 1, 1572 (1970) 
3B.P. Kosyakov, Phys. Usp. 35 (2), 135 (1992)



Four-dimensional electrodynamics
Teitelboim considered the four-dimensional electrodynamics with pointlike source 

 

and demonstrated that the retarded solution of Maxwell’s equations could be represented as 

 

The on-shell energy-momentum tensor of the electromagnetic field could be arranged as 

 

where the last term  has the properties, corresponding to the radiated part of energy-momentum: 

• it is separately conserved ; 

• it is proportional to the direct product of two lightlike vectors ; 

• It gives positive definite energy-momentum flux through the distant sphere.

∂μFμν = 4π jν(x), jμ(x) = e∫ dτ vμ(τ)δ4(x − z(τ)), Fμν = ∂μAν − ∂νAμ,

Fμν = Fμν
I + Fμν

II , Fμν
I = −

2e
̂ρ3

̂v[μR̂ν] ∼ 1/ ̂ρ2, Fμν
II =

2e
̂ρ2 ( ̂a[μR̂ν] +

̂aαR̂α

̂ρ
̂v[μR̂ν]) ∼ 1/ ̂ρ, aμ =

d2zμ

dτ2
.

Tμν = Tμν
Coul + Tμν

mix + Tμν
rad

Tμν
Coul ∼ 1/ ̂ρ4, Tμν

mix ∼ 1/ ̂ρ3, Tμν
rad ∼ 1/ ̂ρ2

Tμν
rad

∂νT
μν
rad = 0

Tμν
rad ∼ ̂cμ ̂cν, ̂cμTμν

rad = 0



Rohrlich-Teitelboim definition of radiation
In  dimensions, the on-shell energy-momentum tensor could be expanded in powers of  in 
analogous manner4 

 

where the mixed part  is absent in case of  and consists of more than one term for . 
The most long-range part  has properties, which allow us to associate it with the radiated energy-
momentum: 
• it is separately conserved  

• it is proportional to the direct product of two lightlike vectors  

• It gives positive definite energy-momentum flux through the distant sphere . 
The same structure of the on-shell energy-momentum tensor holds also in the scalar theory.

D 1/ ̂ρ

Tμν = Tμν
Coul + Tμν

mix + Tμν
rad

Tμν
Coul ∼

Aμν(z)
̂ρ2D−4

, Tμν
mix ∼

Bμν(z)
̂ρ2D−5

+ … +
Cμν(z)

̂ρD−1
, Tμν

rad ∼
Dμν(z)

̂ρD−2
,

Tμν
mix D = 3 D > 4

Tμν
rad

∂μTμν
rad = 0;

Tμν
rad ∼ ̂cμ ̂cν, ̂cμTμν

rad = 0;
Ssph ∼ rD−2

4aB.P. Kosyakov, Theor. Math. Phys. 119 (1), 493 (1999) 
4bD.V. Gal’tsov and P.A. Spirin, Grav. Cosmol. 12, 1 (2006) 
4cD.V. Gal’tsov and P.A. Spirin, Grav. Cosmol. 13, 241 (2007) 
4dP.A. Spirin, Grav. Cosmol. 15 (1), 82 (2009)



Radiation power in odd dimensions
The flux of the radiated energy passing per unit time through the distant 

-dimensional sphere of radius  in -dimensional space-
time is determined by the integral 

    

where  is an angular element and  is a unit spacelike vector 
directed to the observation point. 
The odd-dimensional flux of radiated energy has the following 
properties: 
• it propagates in space with the speed o light (due to the structure 

), despite the fact that the retarded field 
propagate in space with all velocities lower than the speed of light; 

• it depends on the whole source’s history of motion preceding the 
retarded moment of proper time .

(2ν − 1) r (2ν + 1)

W2ν+1 = ∫ T0i
rad ni r2ν−1 dΩ2ν−1,

dΩ2ν−1 n

Tμν
rad ∼ ̂cμ ̂cμ, ̂cμTμν

rad = 0

̂τ

Review

7

m
D2zµ

dτ 2 = qF̃µ
ext νuν . (15)

Equation (15) provides an alternative description of the 
self-force, one that is not tied to dissipation or radiation-reac-
tion, and one much closer to the Newtonian picture: whatever 
its !eld does, a particle is always governed by the Lorentz 
force exerted by what it perceives to be the ‘external’ !eld. 
However, we stress that this is only an effective external !eld. 
Away from the particle, Aµ

R is not physical. It depends not 
only on the retarded point zµ(τret) on the particle’s worldline, 
but also on the advanced point zµ(τadv) (see !gure 1). Hence, 
it is not causal. Only in the limit to the particle, where the 
retarded and advanced points merge, does it become physi-
cally meaningful.

After the inception of the EMRI modelling programme in 
1996, this idea of a particle (or small object) behaving as a test 
particle in an effective external !eld was most famously advo-
cated by Detweiler. It occupies a central place in self-force 
theory, and we will return to it at every stage of this review.

2.3. Electromagnetic self-force in curved spacetime

The move to curved spacetime brings a major change to the 
physics of the problem. In #at spacetime, waves propagate at 
the speed of light, along null rays: but in curved spacetime, 
waves scatter off the spacetime curvature, causing solutions 
to propagate not just on lightcones, but also within them. 
Because of this, the retarded potential Aµ

+ depends not only on 
the state of the particle at the retarded point zµ(τret), but on its 
state at all prior points zµ(τ < τret), as illustrated in !gure 2. 
This causes an important change to the equation of motion (4), 
which becomes

m
D2zµ

dτ 2 =Fµ
ext + q2(δµν + uµuν)

(
2

3m
DFνext

dτ
+

1
3

Rνρuρ
)

+ 2q2uν
∫ τ−

−∞
∇[µGν]+µ′uµ

′
dτ ,

 (16)

where Rνρ is the Ricci tensor of the spacetime, and Gµ
+µ′ is 

the retarded Green’s function for the curved-space wave equa-
tion (equation (17), below). The !nal term in this equation is 
a ‘tail’. It is an integral over the entire past history of the par-
ticle, up to τ− = τ − 0+, accounting for all the waves that 
have scattered back to the particle after having been created 
by it in its past.

Equation (16) was !rst derived by DeWitt and Brehme 
[37] (as corrected by Hobbs [38]) using the same approach 
as Dirac, considering conservation of stress–energy within a 
small tube around the particle. Like in the case of #at space-
time, the most rigorous derivation follows from considering 
the point-particle limit of an extended charge distribution; this 
has been done by Harte [25, 39], who derived the exact equa-
tion of motion of an arbitrary charge distribution and then took 
the point-particle limit. But also like in the #at-space case, for 
the moment we are more interested in the form of the equa-
tion than its derivation.

Despite the changes in the physics of the solution, the fun-
damental picture from the preceding section  remains valid: 
the particle feels a Lorentz force due to an effective external 
!eld Ãext

µ = Aext
µ + AR

µ, and the equation of motion (16) can be 
rewritten in the form (15).

To motivate the form of the regular !eld AR
µ, we begin with 

the !eld equation that the particle’s potential Aµ satis!es. In 
the Lorenz gauge, it reads

!Aµ − Rµ
νAν = −4πjµ, (17)

where ! := gµν∇µ∇ν, and gµν is the metric of the spacetime. 
The retarded solution is given by Aµ

+ =
∫

Gµ
+µ′ jµ

′
dV ′, where 

dV ′ =
√
−g′d4x′ is a covariant volume element, with g′ being 

the determinant of gµν at the integration point x′µ. We wish to 
split this solution into appropriate singular and regular pieces 
in analogy with equation  (12). We !rst note that in curved 
spacetime, the self-force can plainly not be described as the 
Lorentz force exerted by the potential 1

2 (A
µ
+ − Aµ

−): just as  
the retarded solution Aµ

+ depends on the entire past history of 
the particle, the advanced solution Aµ

− depends on its entire 

zµ
ret

xµ

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

zµ
ret

zµ
adv

xµ

Figure 2. Relevant points for (left to right) the retarded !eld Aµ
+, advanced !eld Aµ

−, singular !eld Aµ
S , and regular !eld Aµ

R in curved 
spacetime. Aµ

+ at the point xµ depends not just on the state of the particle at the retarded point on xµ’s past light cone, but also on the 
particle’s state at all points within the past light cone. Analogously, Aµ

− depends on the state of the particle at all points on and within xµ’s  
future light cone. Aµ

S  depends on the state of the particle at all points on and outside xµ’s past and future light cones. Aµ
R depends on the 

state of the particle at the advanced point zµadv = zµ(τadv) and at all prior points zµ(τ < τadv).

Rep. Prog. Phys. 82 (2019) 016904

Fig. 2. Dependence of the radiation power on 
the source’s history of motion5.

5L. Barack, A. Pound, Rep. Prog. Phys. 82, 016904 (2019)



The setup
The action of the massless scalar field  interacting with the massive pointlike scalar charge6 
moving along the world line  in the -dimensional space-time is given by the integral 

 

where  is the charge’s mass,  is the particle’s scalar charge and  is the area of the 
-dimensional unit sphere. The equation of motion of the scalar field has the following form 

 

The canonical energy-momentum tensor of the free massless scalar field is 

                                                    

In what follows we will consider the radiation of charge moving along the circular trajectory with 
constant velocity.

φ(x)
zμ(τ) (n + 1)

S = − ∫ (m + gφ(z)) ·zα
·zαdτ +

1
2Ω ∫ ∂μφ(x)∂μφ(x) dn+1x, ·zμ(τ) = dzμ(τ)/dτ,

m g Ω = 2πn/2/Γ(n/2)
(n − 1)

□ φ(x) = − Ωj(x) → φ(x) = − Ω∫ dn+1x′ Gn+1
ret (x − x′ )j(x′ ),

j(x) = g∫ dτ ·zα ·zαδn+1(x − z(τ)) .

Tμν(x) =
1
Ω (∂μφ∂νφ −

1
2

gμν∂αφ∂αφ) .

6R. A. Breuer et. al., Phys. Rev. D 8, 4309 (1973)



Static limit
Let us consider the field of -dimensional static charge. Five-dimensional retarded Green’s function is 
given by 

                            

Assume that the source is switched on for the finite interval of proper time . Then, 
retarded field takes the following form 

 

Performing integration, in the limit , we get the finite static field 

(4 + 1)

G4+1
ret (X) =

θ(X0)
2π2 ( δ(X2)

(X2)1/2
−

1
2

θ(X2)
(X2)3/2 ) .

τ ∈ [a; b], a < 0 b > 0

zμ(τ) = [τ,0,0,0,0] → φ(x) =
g
2

b

∫
a

dτ ( θ(t − τ − r − ε)
[(t − τ)2 − r2]3/2

−
δ(t − τ − r − ε)

r[(t − τ)2 − r2]1/2 ), ε = + 0.

a, b → ± ∞

φ(t, r) =
g
2

0, t < a + r,

−
(t − a)

r2[(t − a)2 − r2]1/2
, t ∈ [a + r, b + r),

(t − b)
r2[(t − b)2 − r2]1/2

−
(t − a)

r2[(t − a)2 − r2]1/2
, t ≥ b + r .

→ φ(x)
a,b→±∞

= −
g

2r2
.



Spectral distribution of the radiated energy
Using the scalar field’s energy-momentum conservation law 

 

we find the total energy-momentum radiated by the scalar field. Inserting the Fourier transforms of the 
retarded scalar field and scalar current 

 

we come to the spectral-angular distribution of the total radiated energy 

 

where we changed the integration variable as  and  is the Lorentz-factor of the moving charge. 
In case of periodic motion of charge we find the spectral-angular distribution of the radiation power 

∂νTμν(x) = − ∂μφ(x) ⋅ j(x) → Pμ = ∫ dn+1x ∂νTμν = ∫
Ω

dσν Tμν = − ∫ dn+1 ∂μφ ⋅ j(x),

φret(x) = ∫
dn+1k

(2π)n+1
e−ikxφ̃ret(k), φ̃ret(k) =

Ωj̃(k)
k2 + iεk0

, j(x) = ∫
dn+1k

(2π)n+1
e−ikxj̃(k),

Pμ =
Ω

(2π)n ∫ dn+1k kμ | j̃(k) |2 θ(k0)δ(k2) →
dEn+1

dωdΩ
=

Ωωn−1g2

2(2π)nγ2

+∞

∫
−∞

dt exp {iωt − ikz(t)}
2
,

t = γτ γ

Wn+1 =
Ωωn−1

0 g2

2(2π)n−2γ2

+∞

∑
l=1

ln−1 ∫ dθdζ…sin θ sin2 ζ…J2
l (vl ⋅ f(θ, ζ, …)), f(θ, ζ, …) = sin(θ)sin(ζ)… .



-dimensional theory: radiated energy(2 + 1)
The -dimensional retarded scalar field is given by the integral 

 

By analogy with Teitelboim’s calculations, we find the most long range (with respect to ) part of the 
scalar field’s gradient, which we denote as  

 

Inserting this part of the gradient into the scalar field's energy-momentum tensor, we find the radiated 
part of the energy-momentum 

(2 + 1)

G2+1
ret (X) =

θ (X0)
2π

θ (X2)
X2

→ φret(x) = − g
̂τ

∫
−∞

dτ
θ (X0(z)) ⋅ θ (X2(z))

X2(z)
, Xμ(z) = xμ − zμ(τ) .

̂ρ
φrad

μ (x)

∂μφret → φrad
μ =

g ̂cμ

21/2 ̂ρ1/2

̂τ

∫
−∞

dτ ( 1
2(Z ̂c)3/2

−
δ(τ − ̂τ)
(Z ̂c)1/2 ), Xμ(z) = Zμ + ̂ρ ̂cμ, Zμ = ̂zμ − zμ(τ) .

T rad
μν =

g2 ̂cμ ̂cν

16π ̂ρ
A2(x), A(x) = lim

ε→0

̂τ−ε

∫
−∞

dτ ( 1
(Z ̂c)3/2

−
1

( ̂τ − τ)3/2 ) .



-dimensional theory: circular motion(2 + 1)
In case of circular motion with constant velocity the charge’s world line takes the following form 

 
where  is the radius of the circular trajectory and  is frequency of orbital motion. Far from the 
circle , we find 

 

where we introduced the polar coordinates for the observation point . 
By the use of obtained expressions, we come to the integral amplitude of  in the following form 

zμ(τ) = [γτ, R0 cos(ω0γτ), R0 sin(ω0γτ)], γ = E/m = 1/ 1 − v2, v = R0ω0,
R0 ω0

r ≫ R0

̂τ =
t − r

γ
, ̂ρ = γr (1 + v sin(ω0γ ̂τ − ϕ)), ̂cμ =

r
̂ρ
[1, cos ϕ, sin ϕ],

xμ = [t, r cos ϕ, r sin ϕ]
T rad

μν

A(x) = (ω0γ)1/2

+∞

∫
0

ds
(1 − v cos a)3/2

(s − v sin a − v sin(s − a))3/2 −
1

s3/2
, a = ω0γ ̂τ − ϕ + π/2, s = ω0γ( ̂τ − τ) .



-dimensional theory: non-relativistic limit(2 + 1)
In the non-relativistic limit , we calculate the integral amplitude  up to the leading order in the 
charge’s velocity 

 

Integrating by parts twice, we can explicitly demonstrate the convergence of the obtained integral 

 

The remaining integral is the linear combination of Fresnel integrals:  

Choosing the retarded proper time as  and introducing new angular variable , we 
find the radiation power, to leading order in , in the following form 

v ≪ 1 A(x)

A(x) =
3
2

ω1/2
0 v

+∞

∫
0

ds
sin a + sin(s − a) − s ⋅ cos a

s5/2
+ O(v2) .

A(x) = ω1/2
0 v ( sin(a) + sin(ε − a)

ε3/2
−

cos(a)
ε1/2

+ 2
cos(ε − a) − cos(a)

ε1/2 ) − 2ω1/2
0 v

+∞

∫
ε

ds
sin(s − a)

s1/2
.

+∞

∫
0

ds
sin(s)
s1/2

=
+∞

∫
0

ds
cos(s)

s1/2
=

π
2

.

̂τ = 3π/2ω0γ α = 2π − a
v

dW2+1

dα
=

g2ω0v2

4
sin2 (α +

π
4 ), α ∈ [0,2π) → Wnonrel

2+1 =
π
4

g2ω0v2 .



-dimensional theory: ultrarelativistic limit(2 + 1)
In the ultrarelativistic limit , the main contributions to the integral amplitude are given by7: 

 

• small interval of proper time  before the retarded time ; 
• small interval of angular variable  around the direction of motion at retarded time . 
The radiated energy flux is beamed in the direction of the charge motion and its dependence on the 
charge’s history of motion is effectively localised at the retarded proper time . 
We calculate the integral amplitude up to the leading order in Lorentz-factor  

 

To make the convergence of the obtained integral explicit, we integrate by parts twice and obtain 

γ ≫ 1

A(x) = (ω0γ)1/2

+∞

∫
0

ds
(1 − v cos a)3/2

(s − v sin a − v sin(s − a))3/2 −
1

s3/2
, a = ω0γ ̂τ − ϕ + π/2, s = ω0γ( ̂τ − τ) .

δs ∼ 1/γ s = 0
δa ∼ 1/γ a = 0

̂τ
γ

A(x) = γω1/2
0

+∞

∫
0

dx F(x), F(x) =
1

x3/2 [ ( ̂a2 + 1)3/2

(x2/3 − ̂ax + ̂a2 + 1)3/2
− 1], x = γs, ̂a = γa .

+∞

∫
0

dx F(x) =
+∞

∫
0

dx
x1/2

(x2/3 − ̂ax + ̂a2 + 1)5/2 [4 −
15(2x/3 − ̂a)2

x2/3 − ̂ax + ̂a2 + 1 ] .
7E. Shuryak, et. al., Phys. 
Rev. D 85 (2012) 104007



-dimensional theory: ultrarelativistic limit(2 + 1)
Thus, the radiation power, up to the leading order in , is given by the following integral 

     

The integral amplitude here is just the numerical factor, independent of any physical parameter of the 
system, and could be found by the numerical calculations. Numerical integration gives value , 
and the radiation power takes the following form 

 

γ

W2+1 =
g2ω0γ2

4π

+∞

∫
−∞

d ̂a
A2(x)

( ̂a2 + 1)2
.

4π/ 3

Wsynch
2+1 =

g2ω0γ2

3
.



-dimensional theory: spectral calculation(2 + 1)
Let us consider the non-relativistic limit and use the spectral-angular distribution of the radiation 
power of the periodically moving charge, which in -dimensional space-time takes the form 

                                   

We use the following approximation of the Bessel functions of integer order of small argument 
( , due to ) 

 

Then, up to the leading order in charge’s velocity, we obtain the following result for the radiation 
power 

 

which is the same as obtained by the calculations in the wave zone.

(2 + 1)

W2+1 =
πω0g2

γ2

+∞

∑
l=1

l J2
l (vl) .

vl ≪ 1 v ≪ 1

Jn(x) |x→0 =
xn

2nn!
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-dimensional theory: spectral calculation(2 + 1)
In the ultrarelativistic limit, we start with the spectral-angular distribution of the total radiated energy 

                

Transforming the integration variables, we obtain the spectral-angular distribution of the radiation 
power 

 

which in the case of circular motion of charge could be represented, up to the leading order of 
Lorentz-factor , as 
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-dimensional theory: spectral calculation(2 + 1)
Using the definition of Airy function8 and performing integration, we come to the radiation power in 
following form 

 

The remaining integral is given by formula8 

 

Finally, we obtain the same result as found by calculations in the wave zone 
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8V. Olivier and S. Manuel, “Airy Functions And Applications To Physics (2nd Edition)” (World Scientific Publishing Company, 2010)



-dimensional theory: results(4 + 1)
In five dimensions, the radiated part of the energy-momentum is given by the sum of three terms 

 

After calculations, analogous to those in three dimensions, we obtain the radiation power in non-
relativistic and ultrarelativistic limits 

 

The angular distribution of the radiation power of the non-relativistic charge in -dimensional 
theory is given by the formula 
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Contribution of the tail parts
Let us consider the -dimensional scalar non-relativistic charge moving along the -axis with the 
acceleration in form of the Gaussian function 

 

Here we assume that the charge was at rest at the origin of coordinates at . The condition of 
non-relativistic motion is . Introducing the dimensionless variables ,  and 

, we numerically calculate the radiation power, which could be represented in the following form 

(2 + 1) x

aμ(τ) = 0;
1
A

exp [−
(τ − a)2

2b2 ]; 0 → zμ(τ) = τ;
b2

A
exp [−

(τ − a)2

2b2 ] +
π
2

b
A

(τ − a) 1 + erf [ τ − a

2b ] ; 0 .

τ → − ∞
b/A ≪ 1 x = τ/a β = b/a

α = A/a

WGauss
2+1 =

g2

16πa

2π

∫
0

dϕ
A2(ϕ)

(1 − 𝔹)3 , A(ϕ) =
xret

∫
−∞

dx
(1 − 𝔹)3/2

(ℂ − cos(ϕ)[𝔻 + 𝔼])3/2 −
1

(xret − x)3/2
, xret = ̂τ/a,

𝔹 =
π
2

β
α

cos(ϕ) 1 + erf [ xret − 1

2β ] , ℂ = (xret − x){1 −
π
2

β
α

cos(ϕ)},

𝔻 =
β2

α
exp [−

(xret − 1)2

2β2 ] − exp [−
(x − 1)2

2β2 ] 𝔼 =
π
2

β
α

(xret − 1)erf [ xret − 1

2β ] − (x − 1)erf [ x − 1

2β ] .



Contribution of the tail parts

Fig. 4. Dependence of the radiation power of the non-relativistic charge on the 
observation time.

Fig. 5. Angular distribution of the radiation power of the 
non-relativistic charge.
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Thank you for your attention!


