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In string theory, dualities (here T-duality) imply that more general
spaces than (Riemannian) manifolds are possible as backgrounds.
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In string theory, dualities (here T-duality) imply that more general
spaces than (Riemannian) manifolds are possible as backgrounds.

Generalised geometry, a geometry based on an extended tangent
bundle TM & TM™*, captures some of these backgrounds.

Here: Go back to the world-sheet theory and study how concepts
of generalised geometry, in particular the so-called generalised
fluxes, manifest theirselves there.
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Overview

@ Review: T-duality and generalised geometry

@ Background fields and Poisson structure

© Generalised fluxes and the current algebra

O Non-commutativity and non-associativity in the current algebra

@ Summary and outlook
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T-duality and generalised geometry



T-duality

e string compactified on circle

e spectrum invariant under R <+ v/a’/R (R: radius of S1)
e exchange of momentum and winding modes
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T-duality

e string compactified on circle

spectrum invariant under R <> v/a//R (R: radius of S1)
exchange of momentum and winding modes

open string: Dirichlet <+ Neumann boundary conditions
superstring: lla <> Illb

e string o-model in background with isometry (x*)

S« / &0 (G (x) + B (x)) 35 xMa_xN
EMN(Xi)
rewrite £: dix! — ks L — L1 (91 k- —9_ky),

N

20



T-duality

e string compactified on circle

spectrum invariant under R < Va'/R (R: radius of 51)
exchange of momentum and winding modes

open string: Dirichlet <+ Neumann boundary conditions
superstring: lla <> Illb

e string o-model in background with isometry (x*)

S« / &0 (G (x) + B (x)) 35 xMa_xN
EMN(Xi)
rewrite £: dix! — ks L — L1 (91 k- —9_ky),

integrating out ki yields equivalent geometry: (Buscher rules)

- 1 = By - Ejy = Ei1 Eyj
En=— E;= Eii=— E;j=Ej— —2Y
11 Ell ) 1i Ell ) 1i E11 , ij ij Ell

e change of dilaton via path integral

N
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More isometries

e assume d isometries - duality group O(d, d),
1

invariance group of metric 5 = ( 1
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More isometries

e assume d isometries - duality group O(d, d),
1

invariance group of metric 5 = 1

e Hamiltonian:

. G- BGB BG! N
H~ /dO’(X vp) ( _G—lB G—l p

=H(G,B), generalised metric

o T-duality action ¢ € O(d,d): H(G,B) - ¢-H(G,B)-¢T
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More isometries

assume d isometries - duality group O(d, d),
1

invariance group of metric 5 = ( 1

Hamiltonian:

. G- BGB BG! N
H~ /dO’(X vp) ( _G—lB G—l p

=H(G,B), generalised metric

T-duality action ¢ € O(d, d): H(G,B) -5 ¢-H(G.B)- o7
Any O(d, d)-element can be decomposed into:

e factorised dualities — Z»-dualities corr. to Buscher rules

e Gl-transformations — G+ B — AT(G+ B)A

e B-shifts — B — B+ By

e B-shifts — B — B+ o, open string variables: ﬁ =g+p

q)GLZ(AT Afl)v CPBZ(]1 ?10>: (Pﬁ:(glo ]1)
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e Aim: framework in which the O(d, d)-action of T-duality can
be understood geometrically
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Generalised geometry

e Aim: framework in which the O(d, d)-action of T-duality can
be understood geometrically

e generalised geometry: generalisation of Riemannian geometry
based on the generalised tangent bundle TM & T*M
(constant) O(d, d)-metric from canonical pairing
generalised metric H defines TM @ T*M = ST 1y, S
generalisations of Lie derivative, connections, ...
v ¢ € TM & T*M generate Diff X gauge transf. of B
e 'non-geometry’: target space not necessarily 'geometric’
( <> manifold, algebraic variety )
e T-folds (also S-, U-) [Hull 05]
— dualities allowed for patching
e non-commutative/non-associative target spaces
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Generalised geometry

Aim: framework in which the O(d, d)-action of T-duality can
be understood geometrically

generalised geometry: generalisation of Riemannian geometry
based on the generalised tangent bundle TM & T*M

e (constant) O(d, d)-metric from canonical pairing

o generalised metric H defines TM & T*M = ST 1y, S
e generalisations of Lie derivative, connections, ...

e v € TM& T*M generate Diff X gauge transf. of B

'non-geometry': target space not necessarily 'geometric’
( <> manifold, algebraic variety )

e T-folds (also S-, U-) [Hull 05]
— dualities allowed for patching
e non-commutative/non-associative target spaces
characterised by generalised (non-geometric) fluxes

arise e.g. as S- and T-duals of geometric (flux) backgrounds
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Standard example: T-duality chain 1
[Shelton et al. 05]

T T T
Habc _1> fcab —2> Qcab —3> Rabc

e start with H-flux on T3: H = dB = hdx! A dx2 A dx3
ds? = (dx1)? + (dx®)2 + (dx®)?, B = hxddxt Adx?,
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Standard example: T-duality chain 1

[Shelton et al. 05]

T T T
Habc _1> fcab —2> Qcab —3> Rabc

e start with H-flux on T3: H = dB = hdx! A dx2 A dx3
ds? = (dx1)? + (dx®)2 + (dx®)?, B = hxddxt Adx?,

e T-duality along x!:
ds? = (dx! — ix3dx?)?2 + (dx®)? + (dx3)%2, B =0,
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Standard example: T-duality chain 1
[Shelton et al. 05]

T T T
Habc 1> fCab 2> Qcab 3> Rabc

e start with H-flux on T3: H = dB = hdx! A dx2 A dx3
ds? = (dx1)? + (dx®)2 + (dx®)?, B = hxddxt Adx?,

e T-duality along x:
ds? = (dx! — hx3dx?)? 4 (dx?)? + (dx3)2, B =0,

e 'twisted torus': (xl,xz,x3) ~ (xl — hx2,x2, x3 + 1)'
e parallelisable (globally well-defined frame field e?;dx")

1
de€ = —Efcabea A eP —s geometric f-flux, here f31, = h
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Standard example: T-duality chain 2

T
Habc > fcab ” Qcab 3> Rabc

e T-duality along x?:

(dx1)? + (dx?)?

hx3

ds? = _
° 1+ W2 (x3)2

+ (dx3)?, B

2

Xl/\X ,
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Standard example: T-duality chain 2

T
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e T-duality along x?:

(dx1)? + (dx?)?

hx3

ds? = _
° 1+ W2 (x3)2

+ (dx3)?, B xt A X2,

o T2 fibration over S!: not well defined for x3 — x3 +1
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Standard example: T-duality chain 2

T
Habc > i:Cab ” Qcab 3> Rabc

e T-duality along x?:

hx3

(dx1)? + (dx?)? B
SR " TR

ds® =
° 1+ h2(3)?

+ (dx3)?, B

o T2 fibration over S1: not well defined for x3 — x3 + 1
e in open string variables: g flat, ﬁ12 = hx3, B-shift glues
patches at x3 ~ 34 1,
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Standard example: T-duality chain 2
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Habc > fcab ” Qcab 3> Rabc

e T-duality along x?:

(dx1)? + (dx?)?
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ds? = _
° 1+ W2 (x3)2

+ (dx3)?, B
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e in open string variables: g flat, ﬁ12 = hx3, B-shift glues
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Standard example: T-duality chain 2

T
Habc > i:Cab ” Qcab 3> Rabc

e T-duality along x?:

hx3

(dx1)? + (dx?)? B
SR " TR

1 2
A X7,
1+ h?2(x3)2 X

ds? = + (dx3)?, B

e T2 fibration over SI: not well defined for x3 — x3 +1

e in open string variables: g flat, ,312 = hx3, B-shift glues
patches at x3 ~ x3 4+ 1, — ’globally non-geometric’

e monodromy of f in general given by

Q. = acﬁab — non-geometric Q-flux , here Q312 =h
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Standard example: T-duality chain 3

T; T T
Habc 1} fcab 2; Qcab 3 Rabc

e (formal) T-duality along x3:

ds” = (dx1)2 + ()2 + (@)%, B2 = s

e %3 'winding’ coordinate

e no parameterisation in terms of standard coordinates
—  ’locally non-geometric’

R2bc — 5[Cﬁab] — non-geometric R-flux , here R123 — p



Generalised fluxes

e Hamiltonian: H ~ [doE/E;HY (G, B)
E = (p;,agxi), indices /, J,... =1, ..., 2d raised/lowered with

20



Generalised fluxes

e Hamiltonian: H ~ [doE/E;HY (G, B)
E = (p;,agxi), indices /, J,... =1, ..., 2d raised/lowered with
o generalised vielbein (frame): E/*(x) €0(d, d) with

Hi = E"E,Péas
e generalised (non-geometric) fluxes:
Fasc = (0aEs’)Ec;.  9a = Ea'd) = EA'(9,0)

A= (2.?), Fabc = Hape, FCop =, and so on
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Generalised fluxes

Hamiltonian: H ~ [ doEE,;H" (G, B)
E = (p;,agxi), indices /, J,... =1, ..., 2d raised/lowered with
generalised vielbein (frame): EA(x) €0(d, d) with

Hi = E"E,Péas
generalised (non-geometric) fluxes:
Fasc = (0aEs’)Ec;.  9a = Ea'd) = EA'(9,0)
A= (5,7), Fapc = Hape, F€3p = €4 and so on

Bianchi identity of generalised fluxes:

3
daFacp) — ZFE[ABFCD]E =0
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Generalised fluxes
Hamiltonian: H ~ [ doEE,;H" (G, B)
E = (p;,agxi), indices /, J,... =1, ..., 2d raised/lowered with
generalised vielbein (frame): EA(x) €0(d, d) with
Hi = E"E,Péas
generalised (non-geometric) fluxes:
Fasc = (0aEs’)Ec;.  9a = Ea'd) = EA'(9,0)

A= (2.?), Fabc = Hape, FCop =, and so on
Bianchi identity of generalised fluxes:

3
daFacp) — ZFE[ABFCD]E =0
Different parameterisations possible — examples:
e 'geometric’ frame (H-, f-flux): E:( e’ o1 >( 1 ’; )

e 'non-geometric' frame (f, Q, R): E= ( e’ o1 >< Ié 1

)
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Doubled geometry

e T-duality: momentum p; and winding w' on same footing
— introduce 'doubled space’ with coordinates X/ = (x/, %;)

. - . . i Ty .
with X; canonically conjugate to w', x! < %1

/ 20



Doubled geometry

e T-duality: momentum p; and winding w' on same footing
— introduce 'doubled space’ with coordinates X/ = (x/, %)

. - . . i Ty .
with X; canonically conjugate to w', x! < %1
e extended target space
e physical functions are constrained:
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e T-duality: momentum p; and winding w' on same footing
— introduce 'doubled space’ with coordinates X/ = (x/, %;)
o . . i 1T
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e extended target space
e physical functions are constrained:

o weak constraint: 9,0™f(x, %) = 200" f(X) = 0 for all f
from level matching condition
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Doubled geometry

e T-duality: momentum p; and winding w' on same footing
— introduce 'doubled space’ with coordinates X/ = (x/, %;)
o . . i 1T
with X; canonically conjugate to w', x! < %1
e extended target space
e physical functions are constrained:
o weak constraint: 9,0™f(x, %) = 200" f(X) = 0 for all f
from level matching condition
e strong constraint: (9yf)(dVg) =0 forall f, g
fixes d physical coordinates ('section’) — 'section condition’,

reduces to generalised geometry, violations — locally
non-geometric backgrounds
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Doubled geometry

T-duality: momentum p; and winding w' on same footing
— introduce 'doubled space’ with coordinates X/ = (x/, %;)
o . . i 1T
with X; canonically conjugate to w', x! < %1
extended target space
physical functions are constrained:
o weak constraint: 9,0™f(x, %) = 200" f(X) = 0 for all f
from level matching condition
e strong constraint: (9yf)(dVg) =0 forall f, g
fixes d physical coordinates ('section’) — 'section condition’,
reduces to generalised geometry, violations — locally
non-geometric backgrounds
Example: pure R-flux background 2 = hx3 on T3
violates strong constraint for the section (x!, x2, x3)

20



Background fields and Poisson structure



Magnetically charged backgrounds pjackiw ss]

e particle (charge g, mass m) in electric background F = dA
1

1
H=—(p—qgA(x))? = — 2
2m(p gA(x)) o
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Magnetically charged backgrounds pjackiw ss]

particle (charge g, mass m) in electric background F = dA

1 1,
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non-canonical (kinematic) phase space coordinates (x, 77)

{x*x"} =0, {x¥, m}= o, {my, mv} = qF

background field = deformation of Poisson structure

here: 11 = I, + gF, Jacobi identity < dF =0

suitable for magnetically charged backgrounds
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Magnetically charged backgrounds pjackiw ss]

particle (charge g, mass m) in electric background F = dA

1 1,

=5 (p—aAx))? =7

non-canonical (kinematic) phase space coordinates (x, 77)

{x*x"} =0, {x¥, m}= o, {my, mv} = qF

background field = deformation of Poisson structure

here: 11 = I, + gF, Jacobi identity < dF =0

suitable for magnetically charged backgrounds
dF # 0 = Jaeobiid. ('non-associativity of phase space’)

generalisation to strings in NSNS backgrounds?
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Integrable o-models

e principal chiral model, g: ¥ — G, j, = (g7 10.8)%ta
G: Lie group, structure constants <,

N/dU (jo)? J1)

{Jo.a(0).Jo6(0))} = =Fappe(@)dle =), {ii(0).if (@)} =o0.

{l0a(0).32(0') } = ~F*caif (0)8(0 = ') = 830,16(0 — &)
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Integrable o-models

e principal chiral model, g: ¥ — G, j, = (g7 10.8)%ta
G: Lie group, structure constants <,

N/dU (jo)? + (jr) )
{Jo.a(0).Jo6(0))} = =Fappe(@)dle =), {ii(0).if (@)} =o0.
{jO,a(U)vjl ((7/)} = _fbcajf(g)(s(a - OJ) - (SZBU/(S((T - 0/)

e integrable deformations: deformations of Poisson structure
o WZW-model: introducing WZ-term (~ kSyz) to action:

{J0,2(0).Jo.6 (")}, = — (F anfo,c(0) + kfapcji (@) 6(0 — o)
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G: Lie group, structure constants <,
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{Jo.a(0).Jo6(0))} = =Fappe(@)dle =), {ii(0).if (@)} =o0.
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o WZW-model: introducing WZ-term (~ kSyz) to action:
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Integrable o-models

e principal chiral model, g: ¥ — G, j, = (g7 10.8)%ta
G: Lie group, structure constants <,

N/dU (jo)? + (jr) )
{Jo.a(0).Jo6(0))} = =Fappe(@)dle =), {ii(0).if (@)} =o0.

{l0a(0).32(0') } = ~F*caif (0)8(0 = ') = 830,16(0 — &)

e integrable deformations: deformations of Poisson structure
o WZW-model: introducing WZ-term (~ kSyz) to action:

{J0,2(0).Jo.6 (")}, = — (F anfo,c(0) + kfapcji (@) 6(0 — o)

e 17/ A-deformation, € = 17/ \:
{i#@).if()} =

+e2
1Fe2

F72%jo.c(0)é(0 —o”)

e Is such a form generic?
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Generalised fluxes and the current algebra

Key steps:

@ Phrase canonical current algebra (Poisson bracket of
ox(0) = dyx(0) and p(0))

(3x(0),8'(2)} = {pu(0), (")} =0
{ox"(v), py(c)} = 8506(0 — o)

in an O(d, d)-covariant way.
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Bring the Hamiltonian into a canonical form,
background encoded in current algebra.
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Generalised fluxes and the current algebra

Key steps:

@ Phrase canonical current algebra (Poisson bracket of
ox(0) = dyx(0) and p(0))

(3x(0),8'(2)} = {pu(0), (")} =0
{ox"(v), py(c)} = 8506(0 — o)

in an O(d, d)-covariant way.

® Go to the generalised flux frame / kinematic coordinates.
Bring the Hamiltonian into a canonical form,

background encoded in current algebra.

© Generalise to magnetically charged backgrounds, or those of
doubled geometry.

12/20



Lie vs. Courant bracket

{Em(o1), En(02)} = %WMN(al —02)6(01 — 02) + %WMN(al +92)6(01 — 02)

with: Ey(0) = ( ai%((ga)) ) w = ( i ’O]l ) and 7 the O(d, d)-metric
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Lie vs. Courant bracket

{Em(01), En(02)} = %WMN(al —02)6(01 — 02) + %WMN(al +92)6(01 — 02)

. m 0 -1 .
with: Epy (o) = ( ai’"((go)) ) w= ( 1 0 ) and 7 the O(d, d)-metric
e without the w-term: Courant bracket [Siegel 93, Alekseev/Strobl 04]
(0= [do ¢'B1 — {2} = phaugal + 50Ky |
e O(d, d)-invariant
e violates Jacobi identity (by a term [do 9(...))
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Lie vs. Courant bracket

{Em(01). En(2)} = 31 (31 — 22)6(01 — 02) + o (31 +92)3(0n — )

with: Ey(0) = ( ai%((go)) ) w = ( i ’O]l ) and 7 the O(d, d)-metric

e without the w-term: Courant bracket [Siegel 93, Alekseev/Strobl 04]
(0= [do ¢'B1 — {2} = phaugal + 50Ky |
e O(d, d)-invariant
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e the w-term — as distribution: [do 9(...)

° contributes for winding strings:
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e boundary contribution for open strings
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Lie vs. Courant bracket

{Em(01). En(2)} = 31 (31 — 22)6(01 — 02) + o (31 +92)3(0n — )

with: Ey(0) = ( ai%((go)) ) w = ( i ’O]l ) and 7 the O(d, d)-metric

e without the w-term: Courant bracket [Siegel 93, Alekseev/Strobl 04]
(0= [do ¢'B1 — {2} = phaugal + 50Ky |
e O(d, d)-invariant
e violates Jacobi identity (by a term [do 9(...))

e the w-term — as distribution: [do 9(...)

° contributes for winding strings:
$doox(c) =¢doo(wo+...) ~w

e boundary contribution for open strings

e ensures, that the bracket is a Lie bracket
(canonical Poisson structure)

13 /20



Hamiltonian formulation
in generalised flux frame 1

e Hamiltonian 'diagonalised’ in generalised flux frame
H ~ /da EvENHYN(G, B) = /d(r EAE557B

with E4 = EAlE,: 'kinematic’ non-canonical coordinates
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Hamiltonian formulation
in generalised flux frame 1

e Hamiltonian 'diagonalised’ in generalised flux frame
H ~ /da EvENHYN(G, B) = /d(r EAE557B

with E4 = EAlE,: 'kinematic’ non-canonical coordinates

e all background information in current algebra:

{Ea(c1),Eg(02)} = %ﬂAB(al —02)6(01 — 02)
—FCAB(01)Ec(01)d(01 — 02)

<+%wAB((71, 0'2)(81 + 32)5((71 — (72))

-

wAB((T1,(72) = EA’(Ul)EBJ((Tz)wU not invariant
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Hamiltonian formulation
in generalised flux frame 2

e Jacobi identity: {Ea(c1),{Eg(02),Ec(03)}} +cp.=0
= B.1. of generalised fluxes: daFpcp] — %FE[ABFCD}E =0
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Hamiltonian formulation
in generalised flux frame 2

e Jacobi identity: {Ea(c1),{Eg(02),Ec(03)}} +cp.=0
= B.I. of generalised fluxes: d[4Fgcp) — 3FE (agF cpje = 0

e generalisations to magnetically charged backgrounds possible
(e.g. NS5-brane): B.I. sourced, non-associative phase space
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Hamiltonian formulation
in generalised flux frame 2

e Jacobi identity: {Ea(c1),{Eg(02),Ec(03)}} +cp.=0
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Hamiltonian formulation
in generalised flux frame 2

Jacobi identity: {Ea(c1),{Eg(02),Ec(03)}}+cp.=0
= B.1. of generalised fluxes: daFpcp] — %FE[ABFCD]E =0

generalisations to magnetically charged backgrounds possible
(e.g. NS5-brane): B.I. sourced, non-associative phase space

eom.: dEA + IFAgcEB AEC =0, En =445 *EP
Virasoro constraints: qABEAEB = 0ABEAEg =0

if Courant bracket (without w-term)
e.g. for open strings on D-branes:
Jacobi identity = Fagc|p-brane = 0.
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Generalised T-duality

e classically: T-duality is a canonical transformation
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Generalised T-duality

e classically: T-duality is a canonical transformation

e general construction of such a canonical transformation ®:

H (G(x), B(x)) o H (G(2).B(2))

fzi;be?%x can. Poisson brackets ----- » can. Poisson brackets
! (x,p) & m)
lEAM(x) EY («:)T
generalised flux H (Go, Bo) H (_Cg, Eg)
frame EA FABC const. O(d,d) FABC
e examples:

e abelian T-duality: Fagc =0
e Poisson-Lie T-duality: Fapgc structure const. of a Lie bialgebra
e constructions for general constant Fgc possible
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Non-commutative interpretation of the
current algebra

e Ei(0) = (pi(0),0x (7)) — Ea(0) = (ma(0), 0y?(0))
e non-commutative interpretation:
< integrating current algebra in generalised flux frame

Ty = }I{daﬂa((f), y? = fday %daay o)

— {y® y*} = ..., and so on

e without using e.o.m.
o easily applicable to any model
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Examples
e open string in constant B-field [Chu/Ho 98, Seiberg/Witten 99]
—IB]’“/, 0’1 = 0’2 _= 1

{y*(o1),y"(02)} =< +pF, o1=02=0
0 else.

with ,BHV = (ﬁ)w}—pa (ﬁ)gv, F=B—-—dA=B-F.
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Examples
e open string in constant B-field [Chu/Ho 98, Seiberg/Witten 99]

—B", =0 =1
{yy<0.1>vy1/(0.2)}: +,3;w, opo=0,=0
0 else.

with ,BHV = (ﬁ)ypfpa (ﬁ)m’, F=B—-—dA=B-F.

e closed string in Q-flux background [List 10]

— {yl,yz} = —hwd, ...

for T3 with Q32 = h
e only additional input: y?(0) = y? + w0 + osc.
e Jacobi identity of zero mode algebra only fulfilled, if w-term
included in current algebra
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Non-associativity and violation of the
section condition

e dual coordinate X; from p; = 0%;:
{XI(O'l),XJ((TQ)} = —17”@((71 — 0'2) with X’ = (Xi,f(,')
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e dual coordinate X; from p; = 9%;:
{XI(O'l),XJ(O'Q)} = —17”@((71 — 0'2) with X’ = (Xi,f(,')
o E,' violates weak constraint, /0,7 (X) = 0:

e current algebra does not 'close’:

{Ea(01),EB(02)} = ... — Gag“P(01,02)Ec(01)Epoa

e violation of B.I. of generalised fluxes

e Virasoro algebra not fulfilled

o E,' violates section condition, 3'f(X)d,;g(X) = 0:

e generically, violation of section condition =- non-associativity
a bit surprising, as we started out with the (associative)
canonical Poisson structure

e example: T3 with pure R-flux background, ‘312 = hx3

(Y123} +cp. = —RB = _p
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Summary and outlook

Due to T-duality, more general backgrounds than manifolds
are allowed in string theory. These can be characterised by the
(non-geometric) generalised fluxes.
The canonical current algebra is not O(d, d)-invariant, but
contains the w-term ensuring that it is a Lie algebra.
The (non-geometric) generalised fluxes appear in the current
algebra when going to the generalised flux frame.
The deformed current algebra allows for a non-commutative
and non-associative interpretation.
further directions:

e systematic search for integrable o-model

o generalisation to Green-Schwarz superstrings
e membrane models and exceptional generalised geometry

Thank you for your attention!
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