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Motivation

e Nontrivial geometries play an important role in string theory
e insights into quantum gravity from black holes in various dimensions
e insights into strong interactions via AdS/CFT
® insights into stringy dynamics from integrable backgrounds
e Dynamics of stringy geometries
® mass spectra of excitations
e scattering amplitudes
e topological defects (branes in curved spaces)
e Excitations of stringy geometries
e light modes: pertubations from the supergravity multiplet
e strings and branes in background fields
e heavy excitations: new supergravity solutions
e Analysis of supergravity modes
e systems of linear PDEs
e black holes: separation of variables
e integrable geometries: spectra from worldsheet techniques
e Goals of this work
e separation of variables for all tensor fields in all rotating BHs
e spectra and wavefunctions on large classes of WZW models
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Outline

e Motivation

understanding of fields in the vicinity of black holes
exploration of integrable string theories and their dynamics

e Excitations of rotating black holes

review of the known results in 4D

Myers—Perry black holes and their symmetries

full separability of vector and tensor equations
progress towards understanding of gravitational waves

e Supergravity excitations of the WZW geometries

separation of variables in low—dimensional cases

vector excitations and T duality

spectra of scalar and vector modes from a group—theoretic construction
extension to A—deformed backgrounds

e Similarities between separable models of black holes and WZW models

e Qutlook
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BH geometries

Excitations of rotating black holes

e Particles and fields provide insights into the nature of black holes
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e (lassical scattering and radiation
e radiation from infalling particles

e gravitational lenzing

e gravitational waves
e Quantum fields
e detailed study of the Hawking radiation

e detection of the differences between the BH and its microstates
o tests of AdS/CFT correspondence
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Excitations of rotating black holes

e Particles and fields provide insights into the nature of black holes
e Classical scattering and radiation
e radiation from infalling particles
e gravitational lenzing
e gravitational waves
e Quantum fields
e detailed study of the Hawking radiation
e detection of the differences between the BH and its microstates
o tests of AdS/CFT correspondence
e Many excitations have been studied in the past
e all fields in the static geometries: power of rotational symmetry
e scalar fields in all dimensions
e clectromagnetic field and gravitons in 4D
e Goals of this work
e finding the most general solution for photons and higher forms in all D
e demonstrating separation of variables for gravitational waves
e understanding the role of symmetries in the separation procedure

e Result: separation is controlled by eigenvectors of the Killing—Yano tensor
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Electromagnetic field in the Kerr geometry

e Excitations the Schwarzschild geometry
e U(1): x SO(3) symmetry = spherical harmonics for all fields
e system of ODEs for functions of r
rm
r

ds2:—[1— ]dt2—|—1dr

VMVV+VVVM: ; Vl’baluzat = \Iloceth
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Electromagnetic field in the Kerr geometry

e Excitations the Schwarzschild geometry
e U(1): x SO(3) symmetry = spherical harmonics for all fields
e system of ODEs for functions of r

e Scalar excitations of the Kerr geometry
e U(1): x U(1)p = system of PDEs for functions of (r,0)

e hidden symmetry = full separation: W = eM*+“IR(r)O(0) Carter 68

V/J Yl/)x + VI/ Y,u)\ =0
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Electromagnetic field in the Kerr geometry

e Excitations the Schwarzschild geometry

e U(1): x SO(3) symmetry = spherical harmonics for all fields

e system of ODEs for functions of r
e Scalar excitations of the Kerr geometry

e U(1): x U(1)p = system of PDEs for functions of (r,0)

e hidden symmetry = full separation: W = eM?+“tR(r)O(0) Carter '68
e Photons and gravitons: which components should separate?

e Electromagnetism in the Newman—Penrose formalism Newman-Penrose '62
o define four null frames, (/, n, m, m)

r2 4+ 32 a r2 4+ 32 A a
"0, = 15) 9) —0 ko, = Oy — —O0 —0
i t + r‘|‘A¢, n 5y t >y r‘|’2z b
1 )
mto, = —— i3598t+89+L8¢ . p=r-+iacy, L =pp, A=r*+a°>—2Mr.
\/5/) Sp

ds? = (=l n, + my,m,)dx"dx”
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Electromagnetic field in the Kerr geometry

e Excitations the Schwarzschild geometry
e U(1): x SO(3) symmetry = spherical harmonics for all fields
e system of ODEs for functions of r
e Scalar excitations of the Kerr geometry
e U(1): x U(1)y = system of PDEs for functions of (r,0)
e hidden symmetry = full separation: W = eM*+“IR(r)O(0)
e Photons and gravitons: which components should separate?

Carter '68

e Electromagnetism in the Newman—Penrose formalism Newman-Penrose '62
o define four null frames, (/, n, m, m)

e gauge field is encoded in three complex scalars
Fuv = 2 [d1(nulyy + myum,y) + dolmy) + dormy,ny) | + ce.
e first order PDEs for (¢o, ¢1, ¢2)
e Kerr geometry: separable 2-nd order PDEs for ¢¢ and 5°¢» Teukolsky '72

e Problems with the known solution:

. . Starobinsky—Churilov ‘73, Teukolsky—P 74
e the remaining eqn is not separable SrobimsiyT-haey cukolsky=Press 7

.. . Chandrasekhar ‘76
e it is hard to recover the gauge potential

e construction is based on F and xF = hard to extend to D > 4

e New ansatz may solve these problems and lead to extensions to D > 4
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New ansatz in four dimensions

oL '17

e Analysis of the explicit solution for A,
e original expressions are very complicated Chandrasekhar ‘83
e simplifications in the frame components

2i .
A, = 22y, [ewttimd g (r)f,(0)] 4+ 2108, He(r, 0)
r

e up to overall factors, no 6 in (/*,n*), no r in (m*, mH)
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New ansatz in four dimensions

oL '17

e Analysis of the explicit solution for A,

e original expressions are very complicated Chandrasekhar ‘83
e simplifications in the frame components
e up to overall factors, no 6 in (/*,n*), no r in (m*, mH)

e New proposal for a separable ansatz

I"A, = Gi(r)l"0,V, n"A, = G_(r)n"0,V,
m*A, = F (0)m"d, ¥, m'A, =F_(0)m"o,V, W =e“""R(r)S(0).
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New ansatz in four dimensions

OL '17

e Analysis of the explicit solution for A,

e original expressions are very complicated Chandrasekhar ‘83
e simplifications in the frame components

e up to overall factors, no 6 in (/*, n*), no r in (m*, m*)

e New proposal for a separable ansatz
e Most general separable solution of Maxwell's equations
e functions G4+ and F+ are completely determined by integrability conditions

IM"A, =+ v, mhA,= m+ WV
£ r:I:l,uai £ :Fc@:F,u +
e Maxwell's equations = “master equations” for (S, R):
2
Dy d | s 2\ 5 m
0y S —— — (as — ANpS=0
- dH[Dg 9}4— Dy (asg) quraS(3 +
e electromagnetism and scalar field are covered
scalar : D=1, Dy =1, VA;
2 c3 1
photon : D=1+ 5 Dng——Z, /\:——[aw—l—m—aw,uz}
(pa) p 0

e Can this construction be extended to D > 4 and other fields?
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Myers—Perry geometry
e General properties
o [%} rotations in D dimensions
e different structures in odd and even D
e D=2(n+1): U(1): x [U(1)]" isometry
e Separable Klein—Gordon & Dirac eqns = families of Killing(—Yano) tensors

Frolov, Krtous,

k
v'u, Y]Sf)yk —l_ vl/l Y,L(Lk)yk — 07 Y(D_2k) — *|: /\ hi| Kubiznak, Page ‘06-'08

h=NMNe Ne + Z/\kex" A eF
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BH geometries

Myers—Perry geometry
e Separable Klein—Gordon & Dirac eqns = families of Killing(—Yano) tensors

Frolov, Krtous,

K
Vi Y,ff)“,,k + Vo, Yp(blf.).uk =0, Y= *{ A h} Kubiznak, Page '06-'08

h=NMAe Ne + Z/\kex" A e
e Ellipsoidal coordinates and “canonical” frames

R? ak R — Mr
e = —\/ FR(R — W) laf -2 r2+a,2<8¢k] e =\ T O
L H,' dk . H,
o= \/di(l’2 + x?) 4 ; a? — x? &b"l A \/di(l’2 + X,?)axl

R=1[(r"+a), H=]](@ak—-x)
k=1 k
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Myers—Perry geometry

e Ellipsoidal coordinates and “canonical”’ frames

i ax R — Mr
= B _\/FR(R — Mr) [at - ; r2 4+ ai({?(bk] ’ €r = T@r;
X \/di(l’2 —+ Xi2) O Ek: ai - Xi2 a¢k] y  Ex;, = \/d,-(r2 T Xi2)8X,-

e Separation of the wave equation
e ansatz for the wavefunction: W = e/wt+i 22 mi¢idp(r) [HX,'(X,‘)] Y% pause

e equations for ® and X;:

2
d do R2 ajlmy 2
— (R - Mr)— — b =P,_ b,
A P R D= ()
J Ix 5 oL ‘17
i aj My 2
H,' ] - H,' W — ] X,' = —Pn_l(—X- )X,

® separation constants: coefficients of one polynomial P,_1
e The ODEs should have counterparts for fields with higher spins
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Maxwell’s equations in the Myers—Perry geometry

oL '17
e Ansatz for the gauge field
e lesson from 4D: we need /ji and mi
e recall the frames
R? a R — Mr
= — Ot — %) , = Or,
o \/FR(R—Mr) [ t ; 2+ a2 "4 o FR '
H; a H,;
i — - 8 - 6 , X: — 8)(-
o = g St g
e ...and combine them
R A ak
190, = — < =0,+ |0y — — 0 , A=R— Mr,
= s o o) ame
[mgg]ua = \/H, {axj £il0= - "’_kxzaqbk] }
k Tk J
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Maxwell’s equations in the Myers—Perry geometry

OL '17

e Ansatz for the gauge field
e lesson from 4D: we need /i and mi
e recall the frames

e ...and combine them
R A ak
"o, = —< —0,+ |0y — — 0 , A=R— Mr,
* «z{R EROrEE 4} r
(j)# . _ . adk
[mi] 0 —\/Hj{axjil Ot — Ek a12<—><j28¢k]}

e Teukolsky's frames are eigenvectors of the KYT in 4D
e impose an ansatz inspired by 4D

1 - ()
LW A =

]

A, =+ v,
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Motivation Outline

Maxwell’s equations in the Myers—Perry geometry

OL '17

e Ansatz for the gauge field

1 () I ()
fLw MEA = Dy
r:tll,b + ’ [m:|:] M :FXJ:l:'LLm:l: ’

e Separation of variables and the “master equations”

d [H,, 2\

d [A . 2N RPW;
D, — ECD} —{D S —A—l—Pn_g[rz]Dr}d):O,
- m;a; myag my a
QZ“’—Z A m:w_zaz_X2’ Wf:“’_za2+r2'
e Separation constants in d = 2n + 2: ko o k
(n+ 1) angular mom/energy, (n — 1) parameters in P,_2, L.
e Equations cover scalar and photon

MA, =+

scalar : D=D; =1, VA
2
Di=1-2%
vector : weo H/\k, a —,u)
D, =1+ ;2
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Maxwell’s equations in the Myers—Perry geometry

OL '17
e Ansatz for the gauge field
1 - : i :
A — L R, () KA — A(J)\U
+/ ' I’:|:I,LLi ’ [m:|:] o :FX/:I:,LLm:I: 9
e Separation of variables and the “master equations”
d [ H, 2\
D — | .Y x! L HW? A+ P, [—x2D; S X =0
JdX _D_] J:|_|_{DJ J J + 2[ XJ]J J 9
d [A 2N RPW? )
DrE ECD] —{Dr ~ A —/\—|—P,,_2[r]D,}d>—O,
m; a; my ak my agk
Q:CU_ /\,’7 Wj:w_zai—)(f7 Wr:w—zai+r2.

e Separation constants in d = 2n + 2:
(n 4 1) angular mom/energy, (n — 1) parameters in P,_2, .

e Odd—dimensional case requires a separate analysis. The results are similar.

e Summary: separable solutions for (d — 2) polarizations in all d
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Higher forms in the Myers—Perry geometry oL 19

e The most general separable ansatz for the p—form potential

| (1) I I (Ip)
mgi)ﬂl s moz,; 'upA,u1...,up — Fll---IP {H holé(k} mg&)ﬂl T mo‘l; ,uparul T aupw’

p
1
Fiuoty = | [I06 = 31], e = | . .
1---lp :/E[/ k ! 1+ e2x,2 + iesx] Hi:f[l + qulz]

e Parameters gx are solutions of the algebraic equation

[H(l +aai) [“’ v

j
e Separation constants:
(e2, e3), angular mom /energy, coeffs. of the separation polynomial P,_s.

=0.

d | Hiy, 21y 2v( . G . 2} .
Di [D;X’] + | = WP H = (1 — eX7)(G = =) + DiPoslf]] X
.2
1€3X; d X H,VV, H*W*
L X; - 0.
* & dx; |:X>% — X7 { x? X2 }] 0
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Higher forms in the Myers—Perry geometry

OL '19

e The most general separable ansatz for the p—form potential

| (1) I / (Ip)
mz(xi)lul s moz,; HPAML..,LLp — Fll---IP {H h‘i(k} mg&)ﬂl T mO‘II; Mpa“l T aupw’

p
1
Fiuogy = | [I0 = 31], = _ _ .
1---Ip :kE[/ k / [1 + e2x,2 + Ie3X/] Hi:f[l + qulz]

e Parameters gx are solutions of the algebraic equation

H(l—l—qa?) w—Z% =0.

i i

e Separation constants:
(e2, e3), angular mom /energy, coeffs. of the separation polynomial P,_s.

e The separation ansatz works for the MP geometries with A as well.
e Summary: separable solutions for all p—forms in all dimensions

e Similar ansatz seems to be working for gravitational waves OL, work in progress
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Excitations of the WZW models

e (Gauged) WZW models are exact CFTs on coset spaces
k

2w

S = d2ano‘5tr(g_16agg_183g)—l—i/tr(g_ldg/\g_ldg/\g_ldg).
67T Witten, ‘84
e Scalar field on WZW geometries
e group manifolds: unique equation, several U(1) isometries

e coset models G/H: ambiguity in the coupling to the dilaton:
e29V2(e729%W) = —AV
e worldsheet Hamiltonian leads to the spectrum for o = 1:

G(R)  G(r)
k+gc k+gH

N =2r

Polychronakos-Sfetsos ‘10
e Questions addressed in this work

e what are the eigenfunctions?

e is there a separation of variables at least for some G and G/H?

e what is the spectrum of vector fields and higher forms?

e what is the spectrum for o # 17

e can the results be extended to integrable deformations of the WZW models?
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Separation of variables ORI
e Simple examples: product spaces
e group model: G = SO(4) = SU(2) x SU(2)
k dy?
ds2, . =
*SU(R) T 5 [1 —

5 +da® +dp° + 2ydad5] .

e coset model 50(5)(1(?0(2) = 5(/((1)) X 55((12)): separation for all o.
k [1+y dy? —2
dSSU(2)/U(1) ~ on [1 — d7” + 1—,2]|’ e ¢ = (1—y).

e separation of vector fields: starting with explicit components, it was shown
that the the most general separable modes are (constant (bi, b3, b+, b3))
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Separation of variables ORI
e Simple examples: product spaces
e group model: G = SO(4) = SU(2) x SU(2)

SO(4)  _ SUR) _ SU(2).
S0(2)xS0(2) — U o(1)

e separation of vector fields: starting with explicit components, it was shown
that the the most general separable modes are (constant (b4, bz, b+, b3))

et A, =breld,Z, efA, =bseld,Z, &\A,=br8!0,Z, &'A,=hb&l'0,.Z

SO(4) _ SU(2)xSU(2)
50(2) — U(1)diag
e non—cyclic coordinates (y, y) are mixed, nontrivial dilaton and B field

X separation for all o.

e coset model

e Full separation in the coset

e this coset is an intermediate step in the sequence of T dualities
SU(2) x SU(2) . SO(4)
U(1) diag S0(2) x SO(2)

SO(4) —

e scalar equation is separable only for o = 1 (eqn invariant under T duality)
e29V2(e729%W) = —AV
e vector equation is separable only forc =1, ( = £1

0V, e T FHY| £ ANAY =0, Fiu = 0uAy — Ay + CHuwo A7
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Separation of variables OL, Tian '20

e Simple examples: product spaces
e group model: G = S0O(4) = SU(2) x SU(2)

SO(4)  _ SU@R) _ SUQ).
S0(2)xS0(2) — U() o) -

e separation of vector fields: starting with explicit components, it was shown
that the the most general separable modes are (constant (b4, bz, b+, b3))

el Ay = brello,Z, eiA, =bsef0,Z, &LA,=br&0,Z, &lA,=hb3el0,Z

SO(4) __ SU(2)xSU(2)
50(2) — UW)dgiag

e non—cyclic coordinates (y, y) are mixed, nontrivial dilaton and B field

separation for all o.

e coset model X

coset

e Full separation in the

e this coset is an intermediate step in the sequence of T dualities
e scalar equation is separable only for 0 = 1 (eqn invariant under T duality)
® vector equation is separable only forc =1, ( = £1

29V, [e_2¢]-"‘“’] FANAY =0, Fuu = OuAy — yA, + CHyupo A°

T duality leads to a twisted KYT (¢ = £1) ) Chervonyi-OL ‘15

VEYmpg + V5 Yapg =0, TIE =T + EHdnp
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Separation of variables

OL, Tian '20

e Simple examples: product spaces
e group model: G = S0O(4) = SU(2) x SU(2)

SO(4)  _ SUR) _ SU(2).
S0(2)xS0(2) — U o(1)

e separation of vector fields: starting with explicit components, it was shown
that the the most general separable modes are (constant (b4, bz, b+, b3))

e coset model X separation for all o.

ef Ay =brel0,Z, €A, =bel0,Z, LA, =biélo,Z, &'A,=hbélo,Z

SO(4) _ SU(2)x SU(2)
SO(2) =~ U(1)diag

e non—cyclic coordinates (y, y) are mixed, nontrivial dilaton and B field

coset

e Full separation in the

e this coset is an intermediate step in the sequence of T dualities

e scalar equation is separable only for o = 1 (eqn invariant under T duality)

e vector equation is separable only foroc =1, ( = £1

e T duality leads to a twisted KYT (¢ = +£1) Chervonyi-OL ‘15

e separable solution is built from the eigenvectors of the twisted KYT
el Ay =bi(y)el 0,2, &LA,=bi(9)8. 0.2, el'A.=boefo.Z

e Separations of vector equations in black hole and WZW geometries follow
the same pattern.
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Spectra of WZW models beyond separation of variables

e SO(5): partial separation oL Tian 20
e group model: G; X Gg isometries: g — h;ghg

k k
S = —2—/d2ano‘5tr(g_13agg_185g)—|—é—/tr(g_ldg/\g_ldg/\g_ldg).
0 T
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Spectra of WZW models beyond separation of variables
e SO(5): partial separation OL. Tian '20
e group model: G; X Gg isometries: g — h;ghg
e SO(5) has rank 2 = 4 commuting Killing vectors in 10d space.
o full separation (9 independent KT) is not there.
e several infinite families of separable solutions depending on 6 coordinates

2ilm (ap+8)+n3(ag+BRI (14 2 )atl

v =
(1+ R2)9 Yy
X F[—k, k +2q + 3;2 + 2g; ]F[q—i—l—nl,q—i—1+n3;1—n1—|—n3;—y2_].
1+ R2
Y1 £ Y
A = 29(2 + q) + 4k(2q +3 + k), yt = .
1:F Y1Y2
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Spectra of WZW models beyond separation of variables

e SO(5): partial separation

OL, Tian '20
e group model: G; X Gg isometries: g — h;ghgr

SO(5) has rank 2 = 4 commuting Killing vectors in 10d space.
o full separation (9 independent KT) is not there.
e several infinite families of separable solutions depending on 6 coordinates

e Algebraic construction of scalar wavefunctions OL Tian ‘18

e recall the scalar spectrum for o =1
G(R)  G(r)
k+8c k+gH

Polychronakos—Sfetsos ‘10

e29V2(e729%W) = —AV, A =27

e eigenfunctions are built by symmetrizing a product of g according to (R, r)

o(P
V= Z(—l) ( )gilfp[l] .. 'giLjP[L] — (traces)

P
e for SO(6)/SO(5) and SO(4)/SO(3) some polyn. structures were uncovered
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Spectra of WZW models beyond separation of variables

e SO(5): partial separation oL Tian 20
e group model: G; X Gg isometries: g — h;ghgr

SO(5) has rank 2 = 4 commuting Killing vectors in 10d space.
o full separation (9 independent KT) is not there.
e several infinite families of separable solutions depending on 6 coordinates

e Algebraic construction of scalar wavefunctions OL Tian ‘18

e recall the scalar spectrum for o =1
Polychronakos—Sfetsos ‘10

e eigenfunctions are built by symmetrizing a product of g according to (R, r)
o for SO(6)/SO(5) and SO(4)/SO(3) some polyn. structures were uncovered

e extensions to A\—deformed backgrounds were performed

1| ] _ 2
V=51
o) _ 2 B 12 —4k| | A |0
\U[l] y?2 (2x +1) =3+ 4a, |:—12KJ 4 :| |:C1:| =A |:C1:|
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Spectra of WZW models beyond separation of variables

e SO(5): partial separation

OL, Tian '20
e group model: G; X Gg isometries: g — h; ghgr

SO(5) has rank 2 = 4 commuting Killing vectors in 10d space.
o full separation (9 independent KT) is not there.
e several infinite families of separable solutions depending on 6 coordinates

e Algebraic construction of scalar wavefunctions OL Tian ‘18

e recall the scalar spectrum for o =1
Polychronakos—Sfetsos ‘10

e eigenfunctions are built by symmetrizing a product of g according to (R, r)
e for SO(6)/SO(5) and SO(4)/SO(3) some polyn. structures were uncovered

e extensions to A—deformed backgrounds were performed

e Scalar and vector spectra for general o OL. Tian, 0 appear

e group theory arguments don't work unless o =1
e insights from o = 1 wavefunctions: a simple limit of the geometry

e full scalar spectrum for SO(4)/SO(3) from the limit of PDEs:

2
A= % [Ly(Ly +20) + L3 — h(h + 0)]

e similar expressions for the vector field and for other cosets
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Summary

e Motivation
e solving eom for various fields in BH and WZW backgrounds
e understanding the role of symmetries

e New approach to the Maxwell field in 4D
e traditional method: simple “master equation”, but it is hard to recover A,
e construction is based on self—-duality = hard to extend to D > 4
e new separable ansatz: gauge field is recovered algebraically

e Excitations of the Myers—Perry geometry
e ansatze for all forms are based on eigenvectors of the KYT

e universal separable equations for a scalar and the “master fields”

e all polarizations with an appropriate number of separation constants

e Excitations of the WZW models
e full or partial separation in low—dimensinal cases
e new examples of geometries with nontrivial KYT
e separation of vector equation is similar to the BH case

e algebraic construction of eigenvalues and eigenvectors for SO(n+ 1)/SO(n)

e Light modes probe dynamics of stringy geometries
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