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Introduction

= There is growing evidence that exist in Nature: observation of
stars around Sgr A* [GRAVITY]; detection of gravitational waves
[LIGO/VIRGO, 2015,...]; imaging of M87* [EHT, 2019]

= In general relativity, rotating black holes are described by the Kerr metric

= It is interesting to construct deformations of the Kerr spacetime, in order
to and find

= Usually, deformations of the Kerr spacetime are constructed
[Psaltis+, 2011; Johannsen, 2013; Papadopoulos+, 2018; ...]

= Using the disformal map, one can construct deformed versions of the Kerr
spacetime which are to higher-order scalar-tensor theories



Scalar-tensor theories

= Lovelock's theorem: GR is unique in 4 dimensions for a theory constructed
with 1 metric tensor and up to its 2nd derivatives

= The simplest extension is to consider an additional scalar field ¢
= Scalar-tensor theories have been generalized over the years:

Jordan-Brans-Dicke [1959, 1961], Horndeski [1974], Degenerate Higher Order
Scalar-Tensor (DHOST) theories [Langlois, Noui, 2015; Crisostomi-+, 2016]

= Higher derivative theories generically lead to unphysical degree of freedom
(Ostrogradsky ghost). The DHOST class is free of ghosts thanks to
degeneracy conditions

= The quadratic DHOST Lagrangian density is of the form (with X = (9¢)?,
¢[L = 8},‘(]5, (z);u/ = vu,vu(ﬁ)

L = (¢, X)R+ K(¢, X) — Gs(¢, X)O + Ar(d, X) v 0™ + As(¢, X) (O)
+ As(, X) buvd” 0 06 + As(, X) $uad™ ¢ du + As(¢, X) (¢ d*¢”)?
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Rotating black holes in GR



Kerr solution

= Vacuum solution of GR describing a rotating black hole [Kerr, 1963]. The

metric g verifies £, = 0.
= In Boyer-Lindquist coordinates, the metric tensor is:
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where M is the mass, a is the angular momentum per unit mass, and
2_ 2, 2 2
p-=r +acos 0,

A:r2+a2f2Mr.

" Ruvaoc R**%is singular at p = V/1? 4+ a? cos? § = 0, so there is a ring
singularity at

s
=10 and 9—5




Symmetries and circularity

= The metric is stationary and axisymmetric, which corresponds to 2 Killing
directions
§o=0 and &) =0

= The spacetime is circular, i.e. symmetric under the reflection
(t,) — (—t, —), because the Killing fields verify the condition

[ §ny NE(p) Ny = &) N () NdE() =0 ]

= The Kerr spacetime also admits a nontrivial Killing 2-tensor K verifying
the equation
V(uKl,o—) =0 .

= This defines a third nontrivial constant of motion along geodesics (Carter's
constant). The geodesic equations thus reduce to a first order system.



Stationary observers

= Consider constant (r,6) observers, with a 4-velocity

[ u:8t+w8¢ ]

= The condition t* < 0 implies w € [w_,w4], where

- |gte | (1i 1_ gttgsw)

8oy tp

= Inside the ergosphere, where gy > 0, one necessarily has w_ > 0
= This surface is defined by gi = 0, which implies

[ re= M+ /M? — 3% cos? 0 J

= These observers stop to exist at the outer event horizon when
8tt8pp — gio =0, at the radius

[ =MtV ]




Stationary observers

w, free fall

- stationary observers

Q-
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- static observers

[Graf, GR lecture notes]



Killing horizon

= Rigidity theoreom (Hawking): The event horizon H of a real analytic,
stationary, regular, vacuum spacetime is a Killing horizon: 3 a Killing field
k normal to H which verifies k> = 0 on .

= For the outer horizon of the Kerr spacetime, this Killing vector is

_2 9

k:
8t+2/\/lr+ ¢

= One can define the surface gravity k4 of H as

[ KAV K = kg K ]

= The surface gravity is constant on H and is related to the Hawking
temperature Ty = k4 /27



Important hypersurfaces in the Kerr spacetime

N2

— Ergosurface
Ergoregion

= Quter horizon

== Inner horizon
== Inner ergosurface

.-+ Ring singularity




Construction and properties of the
disformed Kerr metric



Stealth-Kerr solution in higher-order gravity

L = flg, X)R+ K(¢, X) — G3(, X)T + A1(, X) b ™ + Ax(5, X) (O)°
+ As(¢, X) $uvd” 0 06 + As(, X) $uad™ ¢ du + As(¢, X) (¢’ ")

+ degeneracy conditions on the A;

= A stealth-Kerr solution was constructed [Charmousis+, 2019], where the
scalar field is the Hamilton-Jacobi potential of the Kerr spacetime

8 = 8Kerr

¢=—Et+ chpi/ Vz(r)dri/\/@(e)dQ

= The scalar defines a geodesic direction because

[ V., (V¥9V,ugp) =0= V"9V, V.0 =0 ]




Stability of the DHOST la class under the disformal map

I
: DHOST

DHOST |
coON. OBIBIRIRI | C(X,¢),D(X,9)
Beyond Horndeskil
C(¢), D(X,¢) |

Type | Type Il

[Langlois, 2018]

= The la subclass can be obtained from Horndeski theories by a disformal
transformation of the metric [Ben Achour+; Crisostomi+, 2016; ...]:

[ B = U, X)guv + D(¢, X)0,. 00, ¢ ]

= The theories are different because of the matter coupling:

[ 8w, 8] + Sm [Buvs Win] = S[giun, 8] + S [1r, Wi ]
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Disformed Kerr metric

- D
8Buv = gzu - ? au¢8y¢ )

t+/ \/2I\/Ir(Aa2 I r2)d

¢=q

rf .

= We start from the Kerr solution g¥, and perform a disformal transformation

2M 2A — 2MrD(1 + D)(2° + P 4y/T¥ DMarsin® 0
d# = — (1 — Tr) de® + d i (A;‘ )(a” + )dr2 o \/Tz arsin dtd
2 P
in? IR 4+ 2
0 2 2Mr(a r)
sz |:(r2 T 32) = A 0:| dwz + pszZ*ZD\idtdr
p

with M = M/(1 + D) and the rescaling t — /1 + Dt

= ais the black hole spin, A = ¥ + a®> — 2Mr, p*> = P + a* cos’
= If 2= 0, we recover the Schwarzschild metric with mass M [Babichev+, 2017]
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Regular solution

= The disformed metric has the following curvature scalars

_ Da*Mr{1 + 3 cos(20)]
(14 D)p°

M Qs(r, 0)

R= P el o R

) Rp,ua,ﬁ R‘uuaﬁ -

= The solution is not Ricci-flat, but the only singularity is at p = 0, like Kerr.
To verify this, one changes coordinates to
2Mr dr

Tdr7 SD‘)*q)*a Z

b= V==

= The metric components are regular in these coordinates, and the scalar
field reads

d
6= do V_,+/7f
1+ rP+a?

2Mr

12



Stably causal spacetime

= There can exist closed timelike curves in a spacetime, even in GR (Kerr
with a > M for example). We want to avoid such pathologies.

[Wald’s book]

Theorem: A spacetime (Mo, gu.v) is if and only if there exists
a differentiable function fon My such that V#fis a future (past) directed
timelike vector field

= We have such a function by construction, the scalar field ¢ itself. It serves
as a .

= The spacetime is globally causal if the region r > 0 is causally disconnected
from the region r < 0 (where CTCs are present even for Kerr)

= Some of the ad hoc deformations of Kerr proposed in the past contain
such pathologies [Johannsen, 2013]
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Properties of the disformed metric

= We still have axisymmetry (two commuting Killing vectors 9;: and 9,,)

= However, defining ) = g dx" and {(,) = g,udx", we now have

D432A~/IM [2MH @ + PR) cosOsin’ 0

o

§y NE(p) N = —

dt AdrAdoAdy

= This noncircularity means we cannot write the metric in a form that is
invariant under the reflection (t, ) — (—t, —¢)

= It also has an impact on the separability structure of the spacetime, and
we no longer have a nontrivial Killing tensor [Benenti+, 1979,1980]

= Interesting because noncircular spacetimes can exist even in GR (for
instance in the presence of toroidal magnetic fields), and the circular
ansatz fails in certain situations [Van Aelst+, 2019]
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Asymptotically similar to Kerr

= Asymptotically, the Kerr metric can be written

dSierr = — {1fﬂ”+o(p)}drk{%ﬂ+o( )}[xdy ydx]dT

+ [1 +0 (7)] [dx2 +dy —|—dz2]

= The physical parameters determined from the asymptotic expansion are

e M

M = a=avVl+D

= After a coordinate transformation, one can write the disformal metric as

32 2p/2
o ( r3M> a2+ 0 (%) aidTdxX + O ( )5,@@4

d52 - dsf(err D
1+D

with «j, Bjj ~ 0(1)
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Stationary observers

= Consider constant (r,0) observers, with a 4-velocity

{ u:8t+w8¢ ]

= The condition t? < 0 implies w € [w_,w;], where

1 - - -~ -
W = (—gnp +4/8, — gngw)
8oy

= Inside the static limit defined by g = 0, one necessarily has w_ > 0

= These observers no longer exist when gip — &8, = 0, which happens
when

2MDa?rsin 6 -

_ 2 2 %
P(r,0)=r +a —2Mr+ (7.0

= The outermost surface r = Ry(6) which satisfies P(Ro(0),6) = 0 is called
the stationary limit
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Nature of the stationary limit

2MDa%rsin 0 _
p*(r,0)

P(r,0) = P + a° — 2Mr+

= When D = 0, the stationary limit coincides with the event horizon

= In the general case, the normal vector N to this surface is
N, = (0,1, —Ry(6),0)

= One can check that

[ N2|:R0:éfr+é_90R62>o }

= Hence the surface is timelike and cannot be the event horizon in the
general case

All Killing vectors of the form 0; + w0, are spacelike inside this surface, so
if there is an event horizon, it cannot be a Killing horizon
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Event horizon ?

= For Kerr, the horizons are found by solving g = 0 = A = 0 which
admits constant r solutions. In our case, we have " = 0 = P = 0, which
doesn’t admit constant r solutions when D # 0

= We look for more general null hypersurface of the form r= R(6). The

normal has components

[ n, = (0,1,-R(6),0) J

= The condition n® = 0 yields

2MDa*Rsin0

R(0)° + P(R,6) = R(6)’ + R 4+ a° —2MR + 2RO 0

= To have a smooth solution, we must have

™

R(o):R“(E):o
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Bounds on the rotation parameter

= After imposing R'(5) = 0, an expansion around @ = 7 yields a necessary
condition to have R’(%) € R (and similar arguments at 6 = 0).
= In units where M = 1, one must have , where

Q(a2)=0, D<O0

a—# D>0
< JitaD’

0.4

0.2
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Event horizon ?

= In the Kerr spacetime, the event horizon is located at r = R.. By
considering the hypersurfaces r = Ry + (, one can show that these
surfaces are timelike outside the event horizon, and become spacelike
between the horizons

= Similarly, we introduce the family of surfaces

[ Re(6) = R(6) + ¢ J

= Under the assumption R(#) > M, one can show that 3 (o such that the
surfaces r= R¢(0) are

timelike for ¢>0
spacelike for G <(¢<O0

= These correspond to coordinates adapted to the horizon, in which the
horizon is located at ( =0
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Hypersurfaces in the disformed Kerr spacetime

— Ergosurface

Ergoregion

— Stationary limit
= Event horizon
---- Ring singularity
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Limit D — oo: noncircular Schwarzschild metric

= In the limit D — oo, one can obtain a simpler line element. After a
coordinate transformation, it reads with ¥ = 5//\7]

( \
o ~ 2
o 2M 27 M?sin 0 )
dfcs=—(1- 22 ) (dT+ 2252224
Nes ( r ) ( r—om Y
~ —1 ~ 2
+ (1 _ ﬂ”) dr—1/ %\Nsirﬁ Ode | + % (d02 + sin? Hdcpz)
r r
\ J

= In the Newman-Penrose formalism, one can construct quantities that are
independent of the tetrad choice with the Weyl scalars 1);

T =ovs — 4193 + 3¢5, T = votatps — Yt — ot + A1tbaths — 93 .
= The metric is of general Petrov type | (type D when ¥ = 0)

_21g% . 3MPytsin*e 5
§="F=1- =0 +0(¥)
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Limit D — —1: quasi-Weyl metric

= In the limit D — —1, we have

2 2Mr , P+a%cos’h ,
= — _ = 7d
dsqu (1 r? + a%2cos? 6 r+ a2 r
+ 2 ;TMrzdterr (r2 + &% cos? 6') do* + (r2 + 32) sin? 9d<p2
a

= It is a priori a singular limit, since after the redefinition t — t/+/1+ D we

have
B o LD «/2I\~/Ir(a2—|—r2)d
o= sivp [rrar o [ e

= After the field redefinition ) = /1 + D¢/ qo, the scalar is simply ¢ =t
= In both limits, one can isolate the corresponding DHOST theories
= These 2 simpler examples could be useful in understanding the properties

of noncircular spacetimes
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Stars orbiting a disformed black hole




Orbit of stars around Sgr A*

= We study the motion of stars around a deformed Kerr black hole using the
method (the orbital elements {2, ¢, w, p, e} evolve in time)
= We calculate the secular variation of orbital elements up to order
= The pericenter precession (Aw) for the star S2 around Sagittarius A* has
been measured [GRAVITY, 2020]
= In the future, smaller effects ( ) will be probed and will provide a
measurement of J and @, the spin and quadrupole moment of the black
hole, providing a test of the no-hair theorem in GR:
24



Secular variation of orbital elements

= Using the osculating orbit method, we calculate the secular variation of
orbital elements up to the second post-Newtonian order

= For the disformed Kerr metrics in the generic case, we obtain the following
expressions at 2PN order, with & = ecosw and 8 = esinw

L —o,

da B =
o —g + 6X3 cost
p

)

.\ 3/2 S R
M 3V =\ 3MPBR2(5cos?T—1)
() + (10-a- %) - )

)

P
dg  3Ma w\*>* sira _ 3MRaR2(5cos?T — 1)
BE_ S eemeeer || ) (10,a2,52>+ 3 :

p 4p?(1+ D)

@72~ E/I 3/2_ 3542>chosl
X 22(1+ D)
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Secular variation of orbital elements

= The dimensionless quadrupole in the disformal case reads ({ = 5/M)

= The no-hair theorem is violated for D # 0
= To maximize the effects of disformality, we define ¢ = M/A where A is
the semimajor axis, and assume the disformal parameter reads

&2

D=-1+%c, DAY ~OQ

= We expect 1PN terms to be modified in this case, and indeed we obtain

67:—)M |:1+ 4(1ié2) (\3(:05377 1>:| +0O (53/2)

A& = AD + cost AQ =

= We obtain a signature of modified gravity, and a way to constrain the
disformal parameter D using future observations %6



Lower bound on D with maximal disformality

= Using the previous expression for the orbit of S2 around Sgr A*, with
g0 = M/ A, the GRAVITY constraint implies

A(3cos’T—1)

<
4(1-2) 02

~

= If we replace the eccentricity of S2 and assume |3cos’T — 1| ~ 1, the
inequality is saturated for A\g ~ 0.2. To maximize the effects of
disformality, we take

X €o
Dy = -1
o *
= For another star with & # g, we have
6w 2 (3cos’T—1)

Aw =

3 )

= This is valid for ¢ <107% < /e

27



Conclusion

= We constructed deformations of the Kerr spacetime using the disformal
transformation. While asymptotically very similar to Kerr, the solution
presents many interesting properties: noncircularity, horizon not located at
constant r and not a Killing horizon, the stationary limit is distinct from
the event horizon

= We have calculated the secular variation of orbital parameters for stars
around a deformed black hole, and shown that the no-hair theorem of GR
is violated in general for these spacetimes. The 1PN corrections are
modified if D ~ —1

= Other papers have studied some aspects of these solutions: the particular
DHOST theories that these objects are a solution of [Achour+, 2020];
shadows of this black hole [Long+, 2020]; testing noncircularity with pulsars
orbiting Sgr A* [Takamori+, 2021]; ...
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