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Love Numbers = Smoking gun of BSM or MG

low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.
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Post-Newtonian EFT for GW
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Classical electrodynamics as Worldline EFT
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Linear Response in Worldline EFT

rest frame)

h00, response = �`

⇥

/
�`

r2`+1
ĒLx

L , (2.14)

where the double line depicts the worldline of the body, solid lines are generated
by metric perturbations, while “⇥” denotes the background tidal field contribution
/ ĒLxL. From this we can compute the gauge-invariant Weyl scalar and obtain an
expression similar to Eq. (2.9) in the Newtonian long-distance approximation. This
gives us a one-to-one relation between the Wilson coefficient �` and the Love number
k`m. This identification provides us with a manifestly gauge-invariant definition of
Love numbers as EFT Wilson coefficients.

As an aside, let us note that the EFT definition of tidal response is also free
of the source/response split ambiguity. In particular, all the relativistic corrections
in the source part can be systematically reproduced by couplings of the worldline
with gravitons which are fully determined by the bulk action and the point-particle
action [18],

h00, source =

⇥

+

⇥

+

⇥

+ . . . (2.15)

This allows one to subtract gravity corrections from the source part and therefore
unambiguously extract the Love numbers.

Finally, we note that it is straightforward to generalize the definition of Love
numbers to scalar and electromagnetic fields [16–18]. In full general relativity one can
compute the corresponding Newman-Penrose scalars, expand them at large distances,
and read off coefficients in front of the relevant decaying power of r. Equivalently,
one can also include long-wavelength scalar and electromagnetic perturbations in the
point particle EFT.

2.3 Teukolsky master equation

In order to extract black hole Love numbers in a systematic and gauge-independent
fashion, one can match results of EFT calculations to solutions of black hole pertur-
bation theory. In four spacetime dimensions, it is convenient to study these pertur-
bations within the Newman-Penrose (NP) spin-coefficient formalism [40, 41]. In this
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Including gravity
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by metric perturbations, while “⇥” denotes the background tidal field contribution
/ ĒLxL. From this we can compute the gauge-invariant Weyl scalar and obtain an
expression similar to Eq. (2.9) in the Newtonian long-distance approximation. This
gives us a one-to-one relation between the Wilson coefficient �` and the Love number
k`m. This identification provides us with a manifestly gauge-invariant definition of
Love numbers as EFT Wilson coefficients.

As an aside, let us note that the EFT definition of tidal response is also free
of the source/response split ambiguity. In particular, all the relativistic corrections
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with gravitons which are fully determined by the bulk action and the point-particle
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This allows one to subtract gravity corrections from the source part and therefore
unambiguously extract the Love numbers.

Finally, we note that it is straightforward to generalize the definition of Love
numbers to scalar and electromagnetic fields [16–18]. In full general relativity one can
compute the corresponding Newman-Penrose scalars, expand them at large distances,
and read off coefficients in front of the relevant decaying power of r. Equivalently,
one can also include long-wavelength scalar and electromagnetic perturbations in the
point particle EFT.

2.3 Teukolsky master equation

In order to extract black hole Love numbers in a systematic and gauge-independent
fashion, one can match results of EFT calculations to solutions of black hole pertur-
bation theory. In four spacetime dimensions, it is convenient to study these pertur-
bations within the Newman-Penrose (NP) spin-coefficient formalism [40, 41]. In this
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Naturalness

A physical parameter A is allowed to be small 

if the replacement A=0 enhances the symmetry of the system

Otherwise “natural”
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Naturalness in Worldline EFT
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Black hole perturbations
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at infinity:
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Recalling that X = r
�d̂, we see that the first term has an asymptotic r�`�d̂, while the second
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Kerr in EFT
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Love Numbers in EFT

Fixing Wilson coefficients via matching to BH perturbation theory
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Hidden Symmetry of Vanishing Love
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We show that perturbations of massless fields in the Kerr black hole background enjoy a hid-

den infinite-dimensional (“Love”) symmetry in the properly defined near zone approximation. Love

symmetry mixes IR and UV modes. Still, this approximate symmetry allows us to derive exact

results about static tidal responses. Generators of the Love symmetry are globally well defined and

have a smooth Schwarzschild limit. The Love symmetry contains an SL(2,R) × U(1) subalgebra.

Generic regular solutions of the near zone Teukolsky equation form infinite-dimensional SL(2,R)

representations. In some special cases (!̂ parameter is an integer), these are highest weight represen-

tations. This situation corresponds to vanishing Love numbers. In particular, static perturbations

of four-dimensional Schwarzschild black holes belong to finite-dimensional representations. Other

known facts about static Love numbers also acquire an elegant explanation in terms of the SL(2,R)

representation theory.

1. INTRODUCTION

The LIGO detection of gravitational waves [1] from in-

spiralling black hole binaries opened an era of precision

black hole physics. The worldline effective theory [2–4]

provides an efficient modern toolbox for analytical cal-

culations of the waveforms from binary inspirals and for

interpreting the results. In this framework each of the

individual black holes in the binary is treated as a point-

like particle. Finite size effects are captured by higher-

dimensional operators on the worldline.

Wilson coefficients in front of operators with a

quadratic dependence on external fields are called

Love numbers. They characterize black hole tidal re-

sponses [5]. Remarkably, static Love numbers, which de-

termine response to time-independent external fields, are

found to vanish in four-dimensional Einstein theory both

for spherical and spinning black holes [5–11]. This repre-

sents an outstanding naturalness problem in the context

of the worldline effective theory [12].

In four dimensions static Love numbers vanish for per-

turbing fields of all spins and for an arbitrary multipo-

lar index !. To add to the puzzle, the situation is way

more complicated for higher-dimensional Schwarzschild

∗ pc2560@nyu.edu
† sergei.dubovsky@gmail.com
‡ mi1271@nyu.edu

black holes [8, 9]. Static Love numbers are nonzero in

higher dimensions for generic multipole indices !. How-

ever, they do vanish for some special values of !, and for

some other special values they exhibit classical renormal-

ization group running.

This intricate pattern calls for a novel (“Love”) sym-

metry of black holes which would account for the peculiar

behavior of static Love numbers. In this work we identify

such a symmetry.

2. NEAR ZONE EXPANSION

We start with the simplest case of a massless scalar

field ϕ in the Kerr background. The resulting Klein–

Gordon equation is known to be separable in the Boyer–

Lindquist coordinates1. After writing

ϕ = Φ(t, r,φ)S(θ) = R(r)S(θ)e−iωt+imφ (1)

one arrives at the spin weight s = 0 Teukolsky equation

[13] for the radial function,

∂r (∆∂rR) + (V0 + εV1)R = !(!+ 1)R , (2)

1 Our conventions for the Kerr metric are summarized in Ap-

pendix A.

``Far zone”

r � rs

``Near zone”

(r � rs)! ⌧ 1

2

where

V0 =
(2Mr+)2

∆

(

(ω − Ωm)2 − 4ωΩm
r − r+
r+ − r−

)

, (3)

V1 =
2M(ωam+ 4M2ω2r+β)

r+β(r − r−)
+ ω2(r2 + 2Mr + 4M2) ,

(4)

and we have introduced

β =
r+ − r−
4Mr+

, (5)

and #(# + 1) is the eigenvalue of the angular operator

(A2). Note that in general # is not an integer. Here ε is

a formal parameter of the near zone expansion. For the

physical Kerr background ε = 1, while throughout this

paper we are working in the leading near zone approxi-

mation, ε = 0. As follows from (4), the leading near zone

approximation is accurate provided

ωr " 1 , Mω " 1 . (6)

The range of validity of the near zone approximation cov-

ers the near horizon region r ! r+ and overlaps with the

asymptotically flat region r # r+.

It is important to note that the near zone expansion is

different from the low frequency expansion because one

keeps some frequency dependent terms in the Teukolsky

equation even at the leading order in the near zone ex-

pansion. Nevertheless, it provides an accurate approxi-

mation at low frequencies. In particular, the leading near

zone approximation produces exact answers for ω = 0

quantities, such as static tidal responses.

Related to this, there is an ambiguity in how one de-

fines the near zone expansion associated with a freedom

to move ω dependent terms between V0 and V1 as soon

as V1 stays finite at the horizon. Other choices of the

near zone split can be found in, e.g., [14–16].

3. LOVE SYMMETRY

The reason for our choice is related to the following

crucial observation. Let us consider three vector fields of

the form

L0 = −β−1∂t ,

L±1 = e±βt
(

∓∆1/2∂r + β−1∂r(∆
1/2)∂t +

a

∆1/2
∂φ
)

.

(7)

It is straightforward to check that these fields satisfy the

SL(2,R) algebra,

[Ln, Lm] = (n−m)Ln+m , n,m = −1, 0, 1 . (8)

Using the quadratic Casimir of this algebra

C2 ≡ L2
0 −

1

2
(L−1L1 + L1L−1) (9)

one finds that the ε = 0 Teukolsky equation can be writ-

ten as

C2Φ = #(#+ 1)Φ . (10)

Eigenvalues of the operator L0 are given by

L0Φ = iβ−1ωΦ ≡ hΦ . (11)

By transforming into advanced/retarded coordinates it

is straightforward to check that all three SL(2,R) gener-

ators are regular at the black hole horizon. As a result,

regular solutions of the near zone Teukolsky equation

form SL(2,R) representations even though the symme-

try is “hidden”—it does not correspond to an isometry of

the background. We will refer to this hidden symmetry

as the Love symmetry.

The above properties of the Love symmetry can be

contrasted with the non-critical Kerr/CFT proposal [16].

It was observed there that, for a different choice of

the near zone split, the leading order Teukolsky equa-

tion enjoys a local hidden SL(2,R)L × SL(2,R)R con-

formal symmetry. However, the corresponding vector

fields are not well-defined globally, because they do not

respect the φ → φ + 2π periodicity. As a result, reg-

ular solutions of the Teukolsky equation do not form

SL(2,R)L × SL(2,R)R representations.

Furthermore, the Love symmetry generators (7) have

a smooth Schwarzschild limit, which is not the case for

the Kerr/CFT SL(2,R)L × SL(2,R)R. At a = 0 vector

fields (7) reduce to the ones derived previously in [17].

These considerations suggest that the Love symmetry

(7) may be a better starting point for a holographic de-

scription of Kerr black holes. This expectation is further

supported by the observation that the SL(2,R) × U(1)

symmetry which we found (where the U(1) factor corre-

sponds to axial rotations) matches the near horizon isom-

etry of the extreme Kerr solution [18, 19]. A nonextreme

Kerr black hole may be considered as an excitation above

the leading Regge trajectory populated by extreme Kerr

V1 =
2M(!am+ 4M2!2r+�)

r+�(r � r�)
+ !2(r2 + 2Mr + 4M2)

V0 =
(2Mr+)2

�

✓
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SL(2,R) Love symmetry

2

where

V0 =
(2Mr+)2

∆

(

(ω − Ωm)2 − 4ωΩm
r − r+
r+ − r−

)

, (3)

V1 =
2M(ωam+ 4M2ω2r+β)

r+β(r − r−)
+ ω2(r2 + 2Mr + 4M2) ,

(4)

and we have introduced

β =
r+ − r−
4Mr+

, (5)

and #(# + 1) is the eigenvalue of the angular operator

(A2). Note that in general # is not an integer. Here ε is

a formal parameter of the near zone expansion. For the

physical Kerr background ε = 1, while throughout this

paper we are working in the leading near zone approxi-

mation, ε = 0. As follows from (4), the leading near zone

approximation is accurate provided

ωr " 1 , Mω " 1 . (6)

The range of validity of the near zone approximation cov-

ers the near horizon region r ! r+ and overlaps with the

asymptotically flat region r # r+.

It is important to note that the near zone expansion is

different from the low frequency expansion because one

keeps some frequency dependent terms in the Teukolsky

equation even at the leading order in the near zone ex-

pansion. Nevertheless, it provides an accurate approxi-

mation at low frequencies. In particular, the leading near

zone approximation produces exact answers for ω = 0

quantities, such as static tidal responses.

Related to this, there is an ambiguity in how one de-

fines the near zone expansion associated with a freedom

to move ω dependent terms between V0 and V1 as soon

as V1 stays finite at the horizon. Other choices of the

near zone split can be found in, e.g., [14–16].

3. LOVE SYMMETRY

The reason for our choice is related to the following

crucial observation. Let us consider three vector fields of

the form

L0 = −β−1∂t ,
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(
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It is straightforward to check that these fields satisfy the
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[Ln, Lm] = (n−m)Ln+m , n,m = −1, 0, 1 . (8)
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one finds that the ε = 0 Teukolsky equation can be writ-
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Eigenvalues of the operator L0 are given by
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is straightforward to check that all three SL(2,R) gener-

ators are regular at the black hole horizon. As a result,

regular solutions of the near zone Teukolsky equation

form SL(2,R) representations even though the symme-

try is “hidden”—it does not correspond to an isometry of

the background. We will refer to this hidden symmetry

as the Love symmetry.

The above properties of the Love symmetry can be

contrasted with the non-critical Kerr/CFT proposal [16].

It was observed there that, for a different choice of

the near zone split, the leading order Teukolsky equa-

tion enjoys a local hidden SL(2,R)L × SL(2,R)R con-

formal symmetry. However, the corresponding vector

fields are not well-defined globally, because they do not

respect the φ → φ + 2π periodicity. As a result, reg-

ular solutions of the Teukolsky equation do not form

SL(2,R)L × SL(2,R)R representations.

Furthermore, the Love symmetry generators (7) have

a smooth Schwarzschild limit, which is not the case for

the Kerr/CFT SL(2,R)L × SL(2,R)R. At a = 0 vector

fields (7) reduce to the ones derived previously in [17].

These considerations suggest that the Love symmetry

(7) may be a better starting point for a holographic de-

scription of Kerr black holes. This expectation is further

supported by the observation that the SL(2,R) × U(1)

symmetry which we found (where the U(1) factor corre-

sponds to axial rotations) matches the near horizon isom-
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rest frame)

h00, response = �`

⇥

/
�`

r2`+1
ĒLx

L , (2.14)

where the double line depicts the worldline of the body, solid lines are generated
by metric perturbations, while “⇥” denotes the background tidal field contribution
/ ĒLxL. From this we can compute the gauge-invariant Weyl scalar and obtain an
expression similar to Eq. (2.9) in the Newtonian long-distance approximation. This
gives us a one-to-one relation between the Wilson coefficient �` and the Love number
k`m. This identification provides us with a manifestly gauge-invariant definition of
Love numbers as EFT Wilson coefficients.

As an aside, let us note that the EFT definition of tidal response is also free
of the source/response split ambiguity. In particular, all the relativistic corrections
in the source part can be systematically reproduced by couplings of the worldline
with gravitons which are fully determined by the bulk action and the point-particle
action [18],

h00, source =

⇥

+

⇥

+

⇥

+ . . . (2.15)

This allows one to subtract gravity corrections from the source part and therefore
unambiguously extract the Love numbers.

Finally, we note that it is straightforward to generalize the definition of Love
numbers to scalar and electromagnetic fields [16–18]. In full general relativity one can
compute the corresponding Newman-Penrose scalars, expand them at large distances,
and read off coefficients in front of the relevant decaying power of r. Equivalently,
one can also include long-wavelength scalar and electromagnetic perturbations in the
point particle EFT.

2.3 Teukolsky master equation

In order to extract black hole Love numbers in a systematic and gauge-independent
fashion, one can match results of EFT calculations to solutions of black hole pertur-
bation theory. In four spacetime dimensions, it is convenient to study these pertur-
bations within the Newman-Penrose (NP) spin-coefficient formalism [40, 41]. In this
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Higher spin fields

highest-weight property dictates vanishing of Love numbers

geometric meaning: GHP Lie derivatives w.r.t. Love vectors
~(approximate) Killing vectors

Ludwig’99

Comparing with the transformation laws for the “bad” spin coefficients (7.10),
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we see that the non-homogeneous part of the transformation laws for the scalar
functions ↵⇠ and �⇠ can be reproduced from,

↵bad

⇠
= �⇠µ⇣µ , �⇠ = �⇠µ⇣̄µ (E.16)

where,

⇣µ = �`µ� � nµ"+mµ↵ + m̄µ� = �
1

2
(n⌫

rµ`⌫ � m̄⌫
rµm⌫) (E.17)

In conclusion, the most general generalized Lie derivative that acts on GHP tensors
of GHP weights {p, q} reads,

L⇠ = L⇠ � ⇠µ
�
p⇣µ + q⇣̄µ

�
+ p⌘⇠ + q#⇠ (E.18)

with ⌘⇠ and #⇠ two scalar functions independent of p and q that transform covariantly
with zero GHP weight,

⌘⇠
�,�

��! ⌘⇠ , #⇠

�,�

��! #⇠ (E.19)

that are also linear in the vector field ⇠µ. For the minimal choice ⌘⇠ = #⇠ = 0, we
retrieve the usual GHP derivative ([41]). These scalar functions that appear above
are arbitrary but part of them can be fixed by uniquely constructing a generalized
Lie derivative when Lie dragging along a Killing vector. This was first proposed by
Ludwig et al ([36, 37]) and is obtained from our above construction by requiring the
existence of a Killing vector, satisfying L⇠gµ⌫ = 0, to be apparent directly at the
level of the tetrad vectors. It is sufficient to impose,

nµL⇠`
µ = m̄µL⇠m

µ = 0 when L⇠gµ⌫ = 0 (E.20)

uniquely fixing ⌘⇠ and #⇠ with the end result for the generalized Lie derivative,

L⇠ = L⇠ + b nµL⇠`
µ
� s m̄µL⇠m

µ , when L⇠gµ⌫ = 0 (E.21)

E.1 Preserving the algebra

A further feature we want the generalized Lie derivative to have is for it to preserve
the algebra already satisfied by the usual Lie derivative with respect to some vector
generators of the algebra. In particular, we want to preserve the identity,

[L⇠1 ,L⇠2 ] = L[⇠1,⇠2]LB
(E.22)
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Teukolsky master equation in NZ:
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Triumph of Naturalness? 

Clash with Near Zone validity: ``Near zone” QNMs

! ⇠ �iTH

TH ! 0J ! M2Formally accurate if

!M ⌧ 1

Approach: solve the near zone theory exactly and perturb around it 

Results exact for static solution

“UV miracle” Love symmetry mixes IR (static) and UV (QNMs)

⇠ iM�1



Extremal RN/Kerr black holes

Q = M

AdS2 = SL(2,R)

AdS2 ⇥ S2

R3

RN:

Kerr:

lim
Q!M

SL(2,R)Love = SL(2,R)NH

lim
a!M

SL(2,R)LovenÛ(1) � SL(2,R)NH

J = M2

“Infinite-dimensional Love” 

Bardeen, Horowitz (1998)

La ! La + va@� va 2 SL(2,R)

Non extremal ~ Spontaneously broken NH isometry



Interpretation

non-extremal Kerr-CFT realization 

accidental symmetry, cf. Runge-Lentz, lepton flavor, etc. 

' =
Q

r
+

Pixi

r3
+

Qijxixj

r5
+ ...

SO(3) � SO(2) � ?

Castro, Maloney, Srtominger’ 10

SL(2,R)R ⇥ SL(2,R)L
broken by � ! �+ 2⇡



Summary and Outlook

Kerr(AdS)/CFT interpretation - ?

Love symmetry  ~ Chiral symmetry = > 
systematic waveform calculations

Series solution to Teukolsky equation 
exhibits symmetry breaking patterns

Mano et al’96

Love symmetry resolves the Love naturalness paradox

Analogs of Gell-Mann-Okubo relations!

Thank you !


