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Poincaré group: Lorentz transformations and translations (isometry
group of Minkowski spacetime).

Consider the Lorentz transformations (ct,z) — (ct’,2’) (c is the speed of
light)

ct'=’y(ct—gw), ¥ =~ (z —vt)
c

t'=1t (absolute time) 2’ =z — vt

t'=t—zB 2/ =z (absolute space), with v=c2g
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@ All motion is forbidden

@ Light cone shrinks into a single line in the time axis (absolute space)

@ Carroll group is the isometry group of flat Carroll spacetime
GALILEL

CARROLL
t t t
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@ ¢ — 0 limit of pseudo-Riemannian manifolds

horizons [L. Donnay and C. Marteau (19)]

@ The geometry of null hypersurfaces: null infinity and black hole
This is based on two observations:
@ BMS, = CCarr(3) [c. bwal et al. (14
@ Null infinity possess a Carrollian structure [uciemabeli et al. (19)]
infinity.

In the Carrollian approach, the dual theory of Ricci-flat spacetimes should

be Carrollian conformal invariant (BMS invariant) and hosted at null
" David Rivera-Betancour (ITMP)  [Ricci-flat spacetimes from AdS and its bound
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@ Development of Carrollian fluid dynamics (i de Boer et ai. (17)] [L. Ciambelli et /.
(18)] [A. Petkou et al. (18)]

e Fluid/gravity correspondence for Ricci-flat spacetimes (. ciambeli et ar. (18)]

@ Reconstruction of asymptotically flat spacetimes from Carrollian data
[A. Campoleoni et al. (23)]

@ Study of asymptotic symmetries, charges and duality relations a
Campoleoni et al. (22)] [N. Mittal et al. (22)] [N. Mittal et al. (22)]

@ Bridge between Carroll and Celestial holography (. pennay et a. (22))
e Etc
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@ Dynamics: (i) Carrollian diffeomorphisms and Weyl invariance, and
(i) expansion of relativistic dynamics around small ¢
@ Isometries and (non-)conservation laws

@ Reconstruction of Ricci-flat spacetimes: flat from AdS
@ Algebraically special subclass
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Here the dynamics is expressed as conservation laws

V. T" =0.

TH (€+p)

MY Y u#q u Q“

T =0
c2 2
e uf is congruence with normalization u?
o

@ u* is arbitrary (hydrodynamic-frame |nvar|ance)

q* and T*”: non perfect part, expressed in term of temperature and
velocity gradients (constitutive relations)

[} = =
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T =

One has

V=9 59;41/
e Weyl invariance —s T

)0)— V, T =0
e Ty, =1T,, implies local Lorentz invariance
e Divergence-free current I# =TH, — V,IH =
® Qz = [s *l is conserved on-shell
" David Rivera-Betancour (ITMP)  [Ricci-flat spacetimes from AdS and its bound
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Carrollian geometry

d + 1-dimensional manifold M =R x S (one-dimensional fiber and
d-dimensional base S)
Ingredients

o Degenerate metric: ds? = 0 - dt* + a;;(¢, x)dz"d2?

o Kernel generated by: v = é&t such that v¥g,,, = 0.

e Dual 1-form: p = —Qdt + b;dx’ (Ehresmann connection)

@ Basis of Carroll vectors: {é@t, 31} with 8; = 9; + %3,5

Basis for 1-forms: {u,dxz’}

Example: Flat Carroll spacetime (v = 9;, u = —dt + b;dz?,
ds? = §;;dz'dx?).

General covariance with respect to Carrollian diffeomorphisms: ¢’ = ¢/(¢, x)
and x’ = x/(x) preserving the time/space splitting
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A strong Carroll structure is equipped with an ambiguous connection.
S VI AV 4 A VR with A — 2ail (& 5 .

V. VI =09,V + ”yka , with Vi = Ea (&-akl + Opa; — (')laik)
Lacsg  Laca | o800 ; 5 1
ﬁDtV = ﬁatV —|—"ij , with Yij = ﬁ(‘)taij

~ 1 4 1 . ESN 1

[vi, 5@} @ =—pizDie, [V, ;] @ = 2w D

A L ) 92 . .
[vk, vl] Vi= Ry VI + @ = DV
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Carroll expansion

Under Weyl rescaling, it is possible to define Weyl- Carroll covarlant
derivatives as @ V + wep; and % = QDt + w6 with 0 = 'yZ the
[@k -@l] Vi= (Q’ — 2§i-wk1) Vit wklz@ Vitw (25 o — wkle) Vi

) gkl J Qt (k1] :
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We can compute the set of momenta:

Q%@+&)3:0
=] 5

w2 88 185 1 (35 boS
- \/EQ 50@" - \/EQ ébi’ \/E 119 Q (5bi
e Diffeo invariance (& = £!(t,x)d; + €'(x)d;)— Conservation for I, IT, T1¥
o Weyl invariance — 1%, =11
@ Carroll boost invariant if I’ =0
1 - & 3 .. a3 .
= 5%1’[ + 11" + H”&j =0, g]- S 91'1_[2]- + 2H2wij I (
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These are generated by Carrollian Killing fields {¢!(¢,x), %(x)} that
preserve the Carrollian geometry, namely they satisfy

,Cgaij = 0, and ,CE'V =0

o Current: k= ¢'P; — €I, K = &1L — €11

@ |t is not guaranteed to be conserved!!

. 1. . .
Div(k, K") = ﬁgm + ;K7 = —1II' (L),
e Conserved only if: TI' = 0 or Lgpn = 0 (strong Killing)
e Charge: Q = [, d*zv/a (k + b;K?)
=} 5 - = =
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@ Stable under Carrollian d|ffeomorph|sms
@ explicit dependence on ¢

(Qdt — bydz?)

+ a”dxldx]

@ ¢ — 0 limit leads to a Carroll structure

° Q2TO0 S, ERGICE ﬁT0 = I+ 2P 4 O(ch)

T = ...+ 11 + O(c?)

c 1

° ﬁv,mw - ...+g]-'+€+(’)(c2)
. 1 . .
® VT =+ SH +G + O(c?)
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o Papapetrou-Randers gauge: ds?
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In 1 + 2 dimensions, one can define the Cotton tensor as
R
C = nupavp (R,,g — Zg,,g) ,

which measures deviation from conformal flatness

@ Two index symmetric tensor

e It is identically traceless: C*, =0
@ Conserved due to Bianchi identity: V,C* =0

@ Similar decomposition as the energy-momentum tensor:
C/u/ — Cden, Cu» Cuw

e Divergence-free current I ., = C*&, — V,IE . =0

QCO"" J5 *lcote is conserved (irrespective of any dynamics)

= - =
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Cden = C(_1)02 +c) +

‘v L@
c? + ct’
2,1 ;| 2
i % i
c P+ X+ 2
= A4 XY 4 27
2
o Current: Kcott = fiPCotti - ftHCott, Kéott = §jHicottj - §tﬂéott
o Conserved only if: TI-_ .. = 0 or Lgp = 0 (strong Killing)
o Charge: Qcott = [+, d*z\/a (Kcott + biKEqy)
[=] =1l - = =
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We can also take the small-c expansion of the Cotton tensor
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@ Select a coordinate system plus a gauge conditions (D conditions)

@ Einstein’s equations + fall off conditions — G 4p in a radial
expansion with coefficients { f(t,x)}

© Asymptotic symmetries, gravitational charges and their algebras

@ They satisfy a set of dynamical equations

@ Desirable feature: covariance with respect to the conformal boundary

[} = - =
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@ A(I)AdS spacetimes reconstructed in terms of boundary g,,, and 7},
@ No smooth vanishing A limit

dsZ, = %dqﬂ — dudr + Gjj (da’ — U'du) (dz/ — U’du),
where V', U; and Gj; are functions of all coordinates
@ Gauge conditions: G, =0,

Gri =0, Gru =-1
@ Valid for A#0and A =0

© For Ricci-flat spacetimes: infinite number of independent functions

appearing in the power expansion of the metric

@ Not covariant with respect to the 3D null boundary structure

[m] = = =
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This is a relaxation of the Newman-Unti Gauge, where the gauge
conditions are given by

Gy =0

and G, = %,

e Boundary metric: ds? = —k? (Qdt — bid:ci)2 + a;jdzida’

e Boundary timelike congruence: ||u|[> = —k? with u”d,, = &0,
u,dzt = —k? (th - bidmi)
@ Weyl connection: A,

with A = —3k?

e Elements of TH: ¢, q,, and 7.,

=] 5

Do
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Guided by diffeomorphisms, Weyl covariance and Einstein dynamics in an
asymptotic expansion on r

ds? . = 2 uﬂdm dr + Z P2 (")dw“dm
n>0

e Boundary data {g%),u,, %)}

. 1 1
943 = 20%u(, A,y + € With A, = = <a” - §®uu> and k%6, = —20,,

1
gl(f,,) = 2u(, D (O'V))‘ + w,,))‘) — ERuﬂuV + (oux + wun) (0’,/)\ + w,,)‘)

° g(3) = 81G/? (525%1&,, + %Equ(Huy) + §ATHU), with Ag, = g, — xc, and

SG

ANy = Ty I SeCR2 *euw

@ Einstein's equations — V,(LO)T‘“’ = 0.

= = - - Trerc
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v AdS bulk

4

gt
k—0

e flat bulk

The boundary geometry becomes a Carrollian spacetime given by

1 ) S
v= ﬁat, = —Qdt + bdz’ and df* = a;;dz'da’
e i -F15t spacetimes from AdS and!its bound

=
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Carrollian limit on the boundary dynamics

TH" is expanded in powers of k:

e=D Kl ¢'=) g+ QR+ Y B,

neZ n>2 n>2
Eij 2 i 2n i
__Zw_ﬁ—~ —KEY - " K’"E
n>3 n>2
%;j becomes free and 0;; = 0 (k*%;; = —20:5)

©0

Finiteness in the flat limit:

(n)

.‘a

(y=0 Vn>2| g(n)_o Vn >3

o ', X% and Z¥ are fixed by the Cotton descendants y*, X%/ and W#

© =0 and m; satisfy Carrollian dynamical equations

@ The others (Chthonian) £;;, {E ( ) Eln— 1) fn>2 satisfy other
flux-balance equations obtained by requmng finiteness in the line

element

_Ricci—flat spacetimes from AdS and its bound
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Kl
WC

> ai; + W(gw) dztdz?
2 4 7
+; (87TG8(0)p. — = N;udzx* —

167G

For the infinite set of boundary data {a;;, 2, bi, €(q), mi, €ij, Eij, .....} the
bulk spacetime is reconstruced order by order in powers of r as
dsguc = 2udr + r?a;;da’da? — r (0p? — 2¢;udz’ — %;;da'dz?)
— o u? — (2 * D %0 + @J%JZ> pdz’
9 €
+( (= +
1

- 1
3 3 Eijdaczdaﬂ) + 0 (ﬁ) .
Here 7 = x)' — N and 87Ge(g) = 2M + 167.4;;.
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The remaining equations to be satisfied are

1
Q

192156(0) + @le = F(:/Vij, Cgij)

1. ‘ ‘ o
Dt + 5@15(0) — 9;EY + 25w Q"' = FY (AN, €Y)

The above corresponds to the flux balance equations for the Bondi mass

aspect M and angular momentum aspects N’ which are mapped as

Carrollian fluid equations with external force {F(A, %), F{(V , %)}
" David Rivera-Betancour (ITMP)  Ricci-flat spacetimes from AdS and its bound

30/04/2025

DA

28/34



Resumation can be performed by tuning the boundary structure so that
the bulk line element becomes exact for a subclass of solutions.

@ Solutions that admit at least one multiple principal null direction
(caracterized by the properties of the Weyl tensor).
are type D.

o Examples: Type D, Il, lll, N. Most of the known black hole solutions
(1) Cﬁij(tx) =0

@ All Chthonian degrees of freedom are discarded

@ 7' = x¢* (sub-leading Carroll-Cotton current)
" David Rivera-Betancour (ITMP)  [Ricci-flat spacetimes from AdS and its bound
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b

‘Under these conditions we get the exact line
ds2, = p [2d7' 42 (wj 9 *w) A — (r@ n %) u] + p2de?
H_2 [87TG€T‘ + *wc(o)]
2_ 2 2

with > = ? + «=® and principal null direction k = 0,

algebraically special Ricci-flat solutions

The solution space is finite {¢, €2, b;,a;;} and gives account for all possible
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Some conclusions

@ We have constructed general Carroll dynamical equations valid for
curved and time-dependent Carrollian geometries.

@ We also saw that in the presence of Carroll isometries, conservation of
Noether charges is not guaranteed

@ We found that a reconstruction of Ricci-flat spacetimes in terms of
Carrollian boundary data exists and it can be reached from a
vanishing A limit of the AdS instance in the appropriate gauge.
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@ Carrollian reconstruction of Ricci-flat spacetimes in higher
dimensions?

@ Holographic Carrollian stress tensor from gravity action (null
Brown-York stress tensor)

@ Where does gravitational radiation is encoded in the Carrollian
approach for flat h0|0gra phy7 [G. Arenas-Henriquez, F. Diaz and D. Rivera-Betancour (to appear)]

@ Computation of charges from boundary Carrollian dynamics.
Comparison with bulk approaches [H.Godazgar, M.Godazgar and C.N. Pope (18-21)].
Where are the Newman-Penrose charges in this formalism?
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Thanks!
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