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Dimensional reduction and O(d , d)

D-dimensional Einstein gravity reduced on T d , i.e. assuming
metric indep. of ym, m = D − d , . . . ,D − 1, has GL(d)
symmetry from internal diffeomorphisms

ym → Mm
ny

n , M ∈ GL(d)

At low energies string theory is described by Einstein gravity +
2-form potential Bmn + dilaton φ with action

S [G ,B , φ] =

∫
dDx
√
−Ge−2φ(R + 4(∇φ)2 − 1

12
H2 + . . .)

where H = dB and D = 26(10) for bosonic(super) string

Its T d reduction has enhanced O(d , d) symmetry (including
all higher derivative α′-corrections in . . .) [Meissner, Veneziano; Sen ’91]



Double Field Theory (DFT)

This enhanced symmetry arises from T-duality and is far from
manifest

It could be made manifest if there was a formulation of the
D-dim. theory with O(D,D) symmetry

Since then, reducing on T d , O(D,D)→ O(d , d)

The idea of formulating the string effective action with
O(D,D) symmetry if known as DFT [Siegel ’93; Hohm, Hull, Zwiebach ’09 ’10]

(see also [Duff; Tseytlin ’90])

The name derives from the fact that O(D,D) must act on the
coordinates which requires doubling the dimension to 2D

xm → XM = (x̃m, x
m)



Double Field Theory (DFT)

Under an O(D,D) transformation

OηOT = η , ηMN =

(
0 δnm
δmn 0

)
X transforms as a vector

XM → OM
NX

N O ∈ O(D,D)

However, to describe a D-dim. theory we need to impose an
O(D,D) invariant constraint which halves the dimension

This is the section condition (a.k.a. strong constraint)

∂MΦ1∂
MΦ2 = ∂mΦ1∂̃

mΦ2 + ∂̃mΦ1∂mΦ2 = 0 ∀Φ1,Φ2

The standard solution is to let all fields depend only on xm.
We will assume this solution throughout this talk.



Double Field Theory (DFT)

A priory such an O(D,D) invariant formulation is not
guaranteed to exist.

Nevertheless, at lowest order in α′, the string effective action
can be written in O(D,D) invariant form in terms of a
generalized metric

HMN =

(
(G − BG−1B)mn (BG−1)m

n

−(G−1B)mn Gmn

)
and generalized dilaton d with

e−2d =
√
−Ge−2φ

i.e.
S0[G ,B , φ] = S̃0[H, d ]



α′ corrections

Surprising: More symmetry than we would expect

On the other hand: O(d , d) for all d is very constraining.
Might expect some trace of it already in D dim.

This DFT action has proven very useful for many purposes:
consistent truncations, generalized T-dualities, etc.

But string theory also has α′ corrections:

S =

∫
dDx
√
−Ge−2φL , L = L0+α′L1+α′2L2+α′3L3+. . .

L1 =(Riem)2 + . . . (bos/het)

L2 =(Riem)3 + . . . (bos) (L2 = CS2 + . . . (het))

L3 =ζ(3)(Riem)4 + . . . (bos/het/type II)



First α′ correction

Can we write these in an O(D,D) invariant way?

Reason to be skeptical: DFT does not have an analog of the
Riemann tensor [Hohm, Zwiebach ’12]

Remarkably Marques and Nunez were able to cast the first α′

correction to bos/het string in O(D,D) inv. form [Marques, Nunez ’15]

Working in frame-like formulation with gen. vielbein EA
M

transforming as

EA
M → ΛA

BEB
NON

M , O ∈ O(D,D)

under O(D,D) and local double Lorentz transf.

Λ =

(
Λ(+) 0

0 Λ(−)

)
∈ O(D − 1, 1)× O(D − 1, 1)



First α′ correction

They showed that a certain correction to the double Lorentz
transformations

EA
M → (ΛA

B + α′Λ̂A
B)EB

M

induces precisely the known (Riem)2-terms in the action.
Correction depends on 2 parameters

Λ̂A
B = Λ̂A

B(a, b)

{
a = b ⇒ bosonic string
b = 0 ⇒ heterotic string

Reproduces the Green-Schwarz correction for het string
implied by

dH = α′tr(R ∧ R)



Higher α′ corrections

Closure requires an infinite series of α′ corrections.

Could account also for the α′2 corrections to bos/het string.
[Baron, Lescano, Marques ’18; Baron, Marques ’20]

It cannot account for the α′3 corrections due to the coeff.
ζ(3).

Is it possible to account also for these in DFT?

To address this we setup a systematic way to find O(D,D)
invariants, working order by order in fields

Actually, like Marques and Nunez we work in a formulation
where O(D,D) is manifest and the problem is to find double
Lorentz invariants.



Flux formulation of DFT[Geissbuhler, Marques, Nunez, Penas ’13]

We start with the generalized vielbein

EA
M =

1√
2

(
e(+) − e(+)B (e(+))−1

−e(−) − e(−)B (e(−))−1

)
The two ordinary vielbeins e

(±)a
m (e(±) · e(±) = G ) are rotated

independently by Λ(±).

Two constant metrics

O(D,D) metric : ηAB =

(
ηab 0
0 −ηab

)
generalized metric : HAB =

(
ηab 0
0 ηab

)
Projectors (P±)AB = 1

2
(η±H)AB → canonical split A = (a, a)



Flux formulation of DFT

Just as the ordinary vielbein transforms under both diffeos and
local Lorentz, EA

M transforms under gen. diffeos (diff. +
B-field transf.) and local double Lorentz transf.

This makes the vielbein awkward to work with. In the
Riemannian case we can construct a spin connection ωc

ab

from ∂e that transforms only under local Lorentz.

The doubled analog is a gen. diff. scalar constructed from ∂E .
It is not hard to show that it is unique and given by

FABC = 3∂[AEB
MEC ]M (∂A ≡ EA

M∂M)

Taking the gen. dilaton into account there is one more scalar

FA = ∂BEB
MEAM + 2∂Ad

These gen. fluxes are the analogs of ωc
ab and ∂aφ.



Flux formulation of DFT

Gen. diff. invariance requires the action to be constructed
from FA, FABC and their (∂A) derivatives

Using the P± projections we have six fields

Fabc , Fabc , Fabc , Fabc , and Fa , Fa

O(D,D) and gen. diffeos are manifest but double Lorentz is
not. Under these we have

δFabc =3∂[aλbc] + 3λ[a
dFbc]d

δFabc =∂aλbc + λa
dFdbc + 2λ[b

dF|ad |c]

δFa =∂bλba + λa
bFb

and similarly with projections reversed. Note that

λ(+) → λab , λ(−) → λab

Fabc transforms like a 3-form and Fabc like a connection



No field strengths

To write an invariant action we would normally first construct
covariant field strengths, e.g. the Riemann tensor. From those
invariant actions are easily constructed.

This approach fails here: FABC has no indep. covariant field
strengths

For example
4∂[aFbcd ] ∼ F[ab

EFcd ]E

From Fabc we can construct something like a Riemann tensor

Rabcd = 2∂[aFb]cd − FabeF
e
cd + 2F[a|c|

eFb]de = −Rcdab

which transforms as

δRabcd = 2λ[a
eR|e|b]cd + 2λ[c

eR|abe|d ] − Fecd∂
eλab + Feab∂

eλcd

and is non-covariant due to the last 2 terms



Constructing invariants

Note however that Rabcd is invariant to leading order in fields

δRabcd = O(F )

since [∂a, ∂b] = O(F ). It is as close as we can come to a
Riemann tensor.

Given the lack of field strengths, how do we construct
invariants?

A simple approach is the following: [Utiyama ’56]

Suppose we have a U(1) gauge field with transformation

Aµ → Aµ + ∂µλ

but we don’t know anything about connections and field
strengths



Constructing invariants

We take a general Lagrangian

L(Aµ, ∂µAν , ∂µ∂νAρ, . . .)

The requirement that L be invariant under Aµ → Aµ + ∂µλ
becomes

N∑
n=1

∂L

∂(∂µ1···µn−1Aµn)
∂µ1···µnλ = 0

Since λ is an arbitrary function all its derivatives are
independent and each term in the sum must vanish

∂L

∂(∂µ1···µn−1Aµn)
∂µ1···µnλ = 0 n = 1, 2, · · ·

or
∂L

∂(Aµ)
= 0 ,

∂L

∂(∂(µAν))
= 0 ,

∂L

∂(∂(µνAρ))
= 0 , · · ·

Which implies that L depends only on Fµν and its derivatives



O(D,D) invariants: Leading order

The same approach can be used for Yang-Mills theory and
gravity

We will use the same idea to construct O(D,D) invariants

To simplify the problem further we work order by order in fields

In our case the leading order transformations are

δFabc ∼ 3∂[aλbc] , δFabc ∼ ∂aλbc , δFa ∼ ∂bλba

and similarly with projections reversed

We take

S =

∫
dXe−2d (Ln(F , ∂F , . . .) + . . .)

with Ln of order n in the fields.



O(D,D) invariants: Leading order

Double Lorentz inv. at leading order says

δLn = O(F n)

and analyzing this condition one finds that Ln must be
constructed from

(a) Rabcd (∼ 2∂[aFb]cd)

(b) ∂aFa

(c) ∂aFb + ∂cFabc

(d) Fabc∂
aΦ1∂

bΦ2∂
cΦ3 + 3Fabc∂

[aΦ1∂
bΦ2∂

c]Φ3

and their derivatives (expressions with projections reversed are
not independent).



O(D,D) invariants: Subleading order

First we will construct the usual 2-derivative action

There is only one scalar of dimension 2 in the list so we take

L = 4∂aFa + L2

Requiring this to the invariant (up to total derivatives) to the
next order in fields fixes

L = 4∂aFa − 2FaF
a + FabcF

abc +
1

3
FabcF

abc

which coincides with the DFT action in the flux formulation.

Now we can consider higher derivative invariants



O(D,D) invariants: Subleading order

At leading order they must be built from

(a) Rabcd (∼ 2∂[aFb]cd)

(b) ∂aFa

(c) ∂aFb + ∂cFabc

(d) Fabc∂
aΦ1∂

bΦ2∂
cΦ3 + 3Fabc∂

[aΦ1∂
bΦ2∂

c]Φ3

But (b) and (c) are proportional to the lowest order equations
of motion, i.e. removable by field redefinition

Furthermore (d) arises only at dim 10 (α′4) or higher (take
Φi ∼ Rabcd)

Up to order α′3 we only need to consider Rabcd and its
derivatives:

Rn , n = 2, 3, 4 , ∂2R2 , ∂4R2 , ∂2R3



O(D,D) invariants: Subleading order

The terms with derivatives can again be removed by field
redefinitions

We therefore take

L = (Rn) + Ln+1 + . . . , n = 2, 3, 4

and require δL = O(F n+1)+total derivatives

We will only look at a small subset of the conditions namely
the terms in δL involving ∂cλab and ∂cλab

Define the derivatives of L

G abcd =
∂(Rn)

∂Rabcd

, G abc =
∂Ln+1

∂Fabc

, G abc =
∂Ln+1

∂Fcab

, G a =
∂Ln+1

∂Fa



O(D,D) invariants: Subleading order

The two conditions become

−G abdeF c
de+ηc[aG b]+3G abc+Habc = . . . , G abc+Habc = . . .

where

Habc = [Φ1∂
cΦ2]ab , Habc = [Φ1∂

cΦ2]ab

arise from freedom in using the section cond. for contracted
derivatives

On the RHS

. . . = total derivatives + FA-terms + ∂aFaBC -terms

which we neglect. In particular this includes the terms coming
from modifying the double Lorentz transformations.



R2 invariants

We take
L = RabcdR

abcd + L3 +O(F 4)

Our two conditions read

−2RabdeF c
de+ηc[aG b]+3G abc+Habc = . . . , G abc+Habc = . . .

Symmetrizing the 1st in (bc) G abc drops out → Constraint
on form of R2-terms

It turns out to be satisfied in the present case and we find

G abc =R [ab
deF

c]de+ . . . Habc = −2∂cF [a
deF

b]de + . . .

G abc =2∂cF [a
deF

b]de + . . . Habc = −2∂cF [a
deF

b]de + . . .

Note: G abc dep. on F cde but G abc is indep. of F abc



R2 and R3 invariants

Seems to be in conflict with the integrability condition

∂G abc

∂Fdef

=
∂G ef d

∂Fabc

⇒ ηd [cRab]
ef ∼ . . .

This is satisfied here however, since Rabcd ∼ 2∂[aFb]cd

Indeed, going on to include the terms we neglected we
reproduce the result of Marques and Nunez including the
required correction to the double Lorentz transformations
which they took as input. Demonstrates its uniqueness.

Repeating the calculation for L = Ra
bcdR

bcef Rcaf
d + . . . it fails

already in the first step

⇒ No O(D,D) invariant R3 terms exist ((Riem)3 terms arise
by completion of R2 however)



R4 invariants

There are now 8 possible structures for the leading terms

L = c1I1 + . . . c8I8 + L5 +O(F 6)

with

I1 =RabefR
abefRcdghR

cdgh , I5 =RabefRcd
ef Rbc

ghR
dagh ,

I2 =RabefR
cdef RabghRcdgh , I6 =RabefR

cdfgRab
ghRcd

he ,

I3 =RabefR
abfgRcdghR

cdhe , I7 =RabefR
bcfgRcdghR

dahe ,

I4 =RabefR
bcef RcdghR

dagh , I8 =RabefR
bcfgRcd

heRda
gh .

The symmetrized 1st condition

−G a(b
deF

c)de +
1

2
ηa(bG c) − 1

2
ηcbG a = . . .

now has a unique solution



R4 invariants

It takes the form
L4 = t8t8R

4

where

ta1···a8M
a1a2
1 Ma3a4

2 Ma5a6
3 Ma7a8

4 = 8tr(M1M2M3M4)

− 2tr(M1M2)tr(M3M4) + cylc(2, 3, 4)

and similarly with underlined indices.

Remarkably this is precisely the right structure to match the
α′3 string correction [Gross, Witten ’86;...]

t8t8R
4 + 1

8
ε10ε10R

4

at leading order (2nd term is a total derivative at leading
order)



R4 invariants

From the condition

−G abdeF c
de + ηc[aG b] + 3G abc + Habc = . . .

we now extract G abc ∼ td1···d8F [a
d1d2

K bc]
d3···d8

with

K ab
d1···d6

∼ −3
2
∂aF c

d1d2
∂bF d

d3d4
∂cFdd5d6

But the integrability conditions again require

∂G abc

∂Fdef

∼ t8K

to be a total derivative. However, it is not hard to show that
this is not the case. Therefore R4 cannot be completed with
O(F 5) terms to an O(D,D) invariant.



Conclusions

I We have argued that DFT in flux formulation admits a
Riem2 correction but no Riem3 or Riem4

I This suggests that DFT cannot account for the
ζ(3)Riem4 correction in string theory at α′3

I While an O(D,D) invariant appears not to exist, an
O(d , d) inv. form on T d must exist. Indeed, this was
verified recently for d = 9 [Codina, Hohm, Marques ’20]

I Can the obstruction we find be given a geometric
interpretation?

I Even if O(D,D) is broken, can we still exploit it to
constrain α′ corrections?




