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Motivational puzzle: how to explain 
thermodynamics of near-extremal BHs?

• Breakdown in statistical thermal description.

[Preskill, Schwarz, Shapere, Trivedi, Wilczek ’91]

“Uncontrollable thermodynamic fluctuations”

• Large entropy                                    
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ZBH = eSBH

but no symmetry! (cf. usual quantum systems).
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• Extremal BH
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T ! 0

(Reissner-Nordstrom soln of   
  Einstein-Maxwell theory)
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• Large quantum fluctuations at low temperatures.
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ZBH = T 3/2 eSBH
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T ! 0

The emergence of the (nearly) gapless 
Schwarzian mode resolves this puzzle 

• Conclusion: BH is like a conventional QM system, 
with only a few low-lying excitations.

• Nearly gapless mode in the near-horizon AdS2 
region of nearly extremal BHs.

[Sachdev ’15; Almheiri, Kang ’16; Maldacena, Stanford, Yang ’16; Moitra, Trivedi, Vishal 
’18, Maldacena, Turiaci, Yang ’19; Ghosh, Maxfield,Turiaci ’19; Iliesiu,Turiaci, 20; Iliesiu, 
Kruthoff,Turiaci, Verlinde, 20; Heydeman,  Iliesiu, Turiaci, Zhao, ’20;…]
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•Schwarzian modes: 
large diffeomorphisms 
which change the shape 
of the boundary. 

Schwarzian modes come from subtle 
boundary excitations

•Zero modes in AdS2 coming from 
“pure gauge transformations” 
which don’t vanish at boundary.

r
L0

Euclidean AdS2 � S2

J0

[Camporesi, Higuchi ’95]

•Regulate zero-modes by turning on a small temperature.
[L. Iliesiu, S.M., G.J.Turiaci ’22]



• Not a symmetry of AdS2 background           
spontaneously broken — except for SL(2) isometries.

The partition function of the Schwarzian 
vanishes at low temperatures

• Dual CFT1 has H=0           invariance under local 
time-reparameterizations. [Maldacena, Stanford, Yang ’16]

•Ultra-locality of measure
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ZScwh = T 3/2

[Stanford, Witten ’17]



…(except for supersymmetric BHs)
[L. Iliesiu, S.M., G.J.Turiaci ’22]

• In supersymmetric case, additional fermionic and 
R-symmetry currents
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ZSuper-Scwh = T 0

Heydeman,  Iliesiu, Turiaci, Zhao, ’20

• The partition function of the BH is exponentially large, in 
agreement with microscopic string theory calculations

[L. Iliesiu, S.M., G.J.Turiaci ’22]
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ZBH = eSBH + . . .



• Boundary gravitons (Brown-Henneaux) in AdS3 gravity.

Virasoro module in dual CFT2 
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L�n| i , n = 2, 3, . . .

• Nevertheless, non-trivial problem, even in supergravity. 
(Need to lift the near-horizon modes to the boundary.)

Main question today: Can we isolate the 
Schwarzian mode in string theory?  

• BTZ is a good candidate — controllable stringy BH.

• Trick/indirect method: BTZ = thermal AdS3 (Euclidean ) 
(cf Cardy formula). [Ghosh, Maxfield, Turiaci, ’19]



fact exact to all loops, up to possible renormalisation of c, see [44] and more recently [34])
can be written as

ZBTZ = �1(�1/⌧)�1(1/⌧̄) (2.7)

where � is the Virasoro character of the vacuum representation,
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c�1
24

⌘(⌧)
, q = e2⇡i⌧ . (2.8)

To explain this result, we first note that the modular transform ⌧ 7! �1/⌧ swaps space
and Euclidean time directions, after which we can interpret the BTZ solution as empty
AdS3, periodically identified with a twist. After this reinterpretation, the partition function
counts perturbative excitations of AdS3, which are the boundary gravitons, with dual CFT
interpretation as the Virasoro descendants of the vacuum state. The central charge c
appears as the Casimir energy of the vacuum, which (at tree level) takes the Brown-
Henneaux [45] value c = 3`3

2GN
, where `3 is the AdS length (the subscript distinguishing it

from the two-dimensional AdS length which we will encounter later).

2.2 The near-extremal limit

To recover the Schwarzian theory, we now wish to take an extremal limit, which requires low
temperature (of order c�1), with spin J of order c at least (and, as we will see later, much
larger still for the simplest two-dimensional description). This requires a real chemical
potential for the spin, corresponding to imaginary ✓; the corresponding Euclidean solution
is then complex, while the Lorentzian solution (given explicitly in equation (4.97)) is real.
For such a situation, we parameterize the partition function using separate left- and right-
moving temperatures,
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so that � = 1

2
(�L + �R), ✓ = 1

2i(�R � �L).
To approach extremality, we will take low left-moving temperature, with �L of order

c and c � 1. We will also see that it is simplest to take a very large black hole, which
here means very high right-moving temperature, �R ⌧ 1. In particular, for the black hole
to dominate over the vacuum in the grand canonical ensemble, we require �L�R < (2⇡)2,
which constrains �R to be of order c�1 or smaller.

Near extremal limit (grand canonical): c � 1, �L of order c, �R . c�1 (2.10)

We can now evaluate the BTZ partition function in this limit, simply taking low tempera-
ture for the left-moving character and high temperature for right-moving:
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• Modular transf. + “Twist gap”
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Problem maps to boundary currents in AdS3, 
= Virasoro module in dual CFT2
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�R ! 0 ,• Near-extremal BH

Virasoro character

fact exact to all loops, up to possible renormalisation of c, see [44] and more recently [34])
can be written as

ZBTZ = �1(�1/⌧)�1(1/⌧̄) (2.7)

where � is the Virasoro character of the vacuum representation,

�1(⌧) =
(1� q)q�

c�1
24

⌘(⌧)
, q = e2⇡i⌧ . (2.8)

To explain this result, we first note that the modular transform ⌧ 7! �1/⌧ swaps space
and Euclidean time directions, after which we can interpret the BTZ solution as empty
AdS3, periodically identified with a twist. After this reinterpretation, the partition function
counts perturbative excitations of AdS3, which are the boundary gravitons, with dual CFT
interpretation as the Virasoro descendants of the vacuum state. The central charge c
appears as the Casimir energy of the vacuum, which (at tree level) takes the Brown-
Henneaux [45] value c = 3`3

2GN
, where `3 is the AdS length (the subscript distinguishing it

from the two-dimensional AdS length which we will encounter later).

2.2 The near-extremal limit

To recover the Schwarzian theory, we now wish to take an extremal limit, which requires low
temperature (of order c�1), with spin J of order c at least (and, as we will see later, much
larger still for the simplest two-dimensional description). This requires a real chemical
potential for the spin, corresponding to imaginary ✓; the corresponding Euclidean solution
is then complex, while the Lorentzian solution (given explicitly in equation (4.97)) is real.
For such a situation, we parameterize the partition function using separate left- and right-
moving temperatures,

⌧ =
i�L

2⇡
, ⌧̄ = �

i�R

2⇡
=) Z = Tr

h
e��L(L0�

c
24)��R(L̄0�

c
24)

i
, (2.9)

so that � = 1

2
(�L + �R), ✓ = 1

2i(�R � �L).
To approach extremality, we will take low left-moving temperature, with �L of order

c and c � 1. We will also see that it is simplest to take a very large black hole, which
here means very high right-moving temperature, �R ⌧ 1. In particular, for the black hole
to dominate over the vacuum in the grand canonical ensemble, we require �L�R < (2⇡)2,
which constrains �R to be of order c�1 or smaller.

Near extremal limit (grand canonical): c � 1, �L of order c, �R . c�1 (2.10)

We can now evaluate the BTZ partition function in this limit, simply taking low tempera-
ture for the left-moving character and high temperature for right-moving:
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⇠ 2⇡
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�L

◆3/2

exp
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24
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c

24

(2⇡)2

�L

�
(2.11)
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24
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(2.12)
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[Ghosh, Maxfield, Turiaci, ’19]



Do these boundary currents exist in the 
spectrum of string theory in AdS3?

• Currents, with dimension (1,0) in spacetime and 
infinite number of symmetry generators less obvious.

• The low-lying spectrum of string states are local fields of 
(super)gravity, with global                                 symmetry.

field is non-vanishing at the asymptotic boundary, and it is fixed to be the chemical poten-
tial of the boundary CFT2 as A3

w
= fl. Now, smoothness of the gauge field in spacetime

means that it should have trivial holonomy around the contractible circle. This fixes the
value A3

w = (fl + m), m œ Z, so that ei
¸

A
3
w = r.

The partition function is expressed as a sum over these flat gauge field configurations,
labelled by m. The bulk CS action vanishes because the gauge fields are flat, but there is
a boundary action given by k

´
Ai

wAi

w
, where, k = c/6 is the level of the CS theory fixed

by supersymmetry in terms of the central charge. The value of the action in the holonomy
sector m is such as to precisely implement the action of spectral flow by m units in the
N = 2 superconformal algebra [59]. Under such a spectral flow, the charge of a state shifts
as Q æ Q + k m, and the energy changes to L0 æ L0 + k m2 + 2 Q m. This is precisely what
is necessary to implement the averaging procedure described in (5.42).

Let us go back to our worldsheet result and examine the first factor in (5.40). Using it as
the seed function f(r), one recovers the vacuum N = 4 superconformal character �NS(¸ = 0)
upon implementing (5.42).32 Note that the infinite sum (5.41) transforms under this elliptic
average with level k + 1, but the one-loop determinant factor Ë4(fl/2,·)2

Ë1(fl,·) also transforms at
level ≠1, leading to the final result. In performing this elliptic average, we do not include the
contribution from the fermionic partners of the 4 spacetime U(1) currents (the Ë4(fl/2, ·) in
the second factor of (5.40), which transforms at level +1).

5.5 The supergravity spectrum
Having understood the origin of the currents from the worldsheet partition function, we now
turn to the spectrum of chiral primary operators. These are the states which are visible in
supergravity.

To anchor the discussion, let us record the spectrum of the supergravity states. This was
obtained by Kaluza-Klein reduction of 10d Type II supergravity on S3

◊ T 4 in [10, 11]. The
data can be expressed directly in terms of psu(1, 1|2) ü psu(1, 1|2) characters. One finds that
the representations of interest are the following:

s = 2 :
ÿ

jØ0
⇠(2)(j) + ⇠

(2)(j) ,

s = 3
2 : 2 ⇠( 3

2 )(0) + 2 ⇠( 3
2 )(0) +

ÿ

jØ
1
2

45 ⇠
( 3

2 )(j) + 45 ⇠
( 3

2 )(j) ,

s = 1 :
ÿ

jØ1/2
55 ⇠

(1)(j) + ⇠(1)!j + 1
2
"

.

(5.43)

We have organized the spectrum based on the highest helicity state in the multiplet. The
numerical coe�cients represent the degeneracy labels. We have decorated some degeneracy

32Note added in v2: In v1 of this paper we claimed erroneously that the average (5.42) was to be done with
a shifted level k + 1 instead of k, which is at odds with the supergravity discussion. The issue arose from not
accounting for the transformation of the theta functions. We are grateful to Joaquin Turiaci for helping us
clear this up.
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• Bosonic AdS3 and superstrings with NS-NS fluxes 
have known RNS description using SL(2) WZW model.

[Maldacena, Ooguri ’00] [Maldacena, Ooguri, Son ’00]

• Vertex operators written down using dimension 0 
field in AdS3 (not identity). [Giveon, Kutasov, Seiberg ’98]



❖ Remaining puzzle for K3 (time permitting).

❖ Super-Virasoro character in superstring one-loop

Goal: extract currents from one-loop 
partition function of string theory in AdS3 

• Revisit string 1-loop amplitude. We find:
❖ Virasoro character in bosonic string one-loop k>3

❖ Clarify mismatch: AdS/CFT vs naive supergravity 
about gauge fields and currents in superstring

• Further,

❖ Comment about thermal string theory vs AdS/CFT.

[Ferko, Murthy, Rangamani ’24]



3 Bosonic partition function on AdS3 ◊ X

We now turn to the one-loop partition function for strings around the thermal AdS3 geometry
H+

3 /Z. It is convenient to parameterize H+
3 by the line element

ds2 = k
!
cosh2 fl dt2

E + dfl2 + sinh2 fl dÏ2"
, (3.1)

with Ï ≥ Ï + 2fi. Thermal AdS3 is obtained by implementing the identification

(tE , Ï) ≥ (tE + —, Ï + i — µ) . (3.2)

The asymptotic boundary of this space is T 2 whose modular parameter · and the related q-
parameter are given by

· = —µ + i —

2fi
, q = e2fii · . (3.3)

Since we reserve the standard parameterization of the complex structure for the spacetime
torus, we will use t, z for the corresponding worldsheet torus, where t is the worldsheet modular
parameter, and

t = t1 + i t2 , z = e2fii t . (3.4)

The one-loop partition function of free bosonic strings propagating in AdS3 ◊X was
computed in [2], using the H+

3 /Z presentation of thermal AdS3. We give a brief synopsis
in Appendix A for completeness. The resulting 1-loop partition function of the sl(2)k bosonic
sigma model is13

Zsl(2)k
(t, t; ·, ·) = —

Ô
k ≠ 2

2fi
Ô
t2

ÿ

n,mœZ

exp
1
≠

k —
2

4fi t2
|m ≠ n t|2 + 2fi

t2
(Im(un,m))2

2

|Ë1(un,m, t)|2
, (3.5)

where we introduced the worldsheet holonomy

un,m = · (n t ≠ m) . (3.6)

The factor proportional to k —2
|m ≠ n t|2 is the contribution from the winding of the world-

sheet cycles, labeled by integers m and n, around the non-contractible thermal circle in
spacetime. The theta function and Im(un,m) are the contribution of the three bosonic degrees
of freedom constituting the sl(2)k WZW model. The bosons associated with J± carry charge
±1 and are thus sensitive to the background holonomy (3.6). The pre-factor is the zero-mode
contribution from the non-compact direction. This partition function is modular invariant on
the worldsheet (cf. Appendix A).

13We use the conventions in [49, Chapter 7] for the theta functions.
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Modular parameter 
of boundary torus

Thermal AdS3 is a solid torus
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• Euclidean AdS3

3 Bosonic partition function on AdS3 ◊ X

We now turn to the one-loop partition function for strings around the thermal AdS3 geometry
H+

3 /Z. It is convenient to parameterize H+
3 by the line element

ds2 = k
!
cosh2 fl dt2

E + dfl2 + sinh2 fl dÏ2"
, (3.1)

with Ï ≥ Ï + 2fi. Thermal AdS3 is obtained by implementing the identification

(tE , Ï) ≥ (tE + —, Ï + i — µ) . (3.2)

The asymptotic boundary of this space is T 2 whose modular parameter · and the related q-
parameter are given by

· = —µ + i —

2fi
, q = e2fii · . (3.3)

Since we reserve the standard parameterization of the complex structure for the spacetime
torus, we will use t, z for the corresponding worldsheet torus, where t is the worldsheet modular
parameter, and

t = t1 + i t2 , z = e2fii t . (3.4)

The one-loop partition function of free bosonic strings propagating in AdS3 ◊X was
computed in [2], using the H+

3 /Z presentation of thermal AdS3. We give a brief synopsis
in Appendix A for completeness. The resulting 1-loop partition function of the sl(2)k bosonic
sigma model is13

Zsl(2)k
(t, t; ·, ·) = —

Ô
k ≠ 2

2fi
Ô
t2

ÿ

n,mœZ

exp
1
≠

k —
2

4fi t2
|m ≠ n t|2 + 2fi

t2
(Im(un,m))2

2

|Ë1(un,m, t)|2
, (3.5)

where we introduced the worldsheet holonomy

un,m = · (n t ≠ m) . (3.6)

The factor proportional to k —2
|m ≠ n t|2 is the contribution from the winding of the world-

sheet cycles, labeled by integers m and n, around the non-contractible thermal circle in
spacetime. The theta function and Im(un,m) are the contribution of the three bosonic degrees
of freedom constituting the sl(2)k WZW model. The bosons associated with J± carry charge
±1 and are thus sensitive to the background holonomy (3.6). The pre-factor is the zero-mode
contribution from the non-compact direction. This partition function is modular invariant on
the worldsheet (cf. Appendix A).

13We use the conventions in [49, Chapter 7] for the theta functions.

– 12 –

Thermal identification

• Non-perturbative gravitational theory on AdS3 = 
boundary CFT2 (= spacetime CFT2)

• Saddles of spacetime theory: thermal AdS3, BTZ BH, …

we obtain the following expression for the single-string free energy,

f(·, ·) = 4
i— (k ≠ 2)

Œ̂

≠Œ

d’ ’

ˆ 1
2

≠
1
2

dt1

ˆ
Œ

0
dt2 e

4fi

1
ak≠

’2
k≠2

2
t2+2i — ’

Pbos(z, z; q, q) ,

Pbos(z, z; q, q) = ZX(z, z)
---q

1
2 ≠ q≠

1
2
---
2

-----

ŒŸ

n=1

1 ≠ zn

(1 ≠ q zn) (1 ≠ q≠1 zn)

-----

2
.

(3.13)

The parameter ak defined earlier in (2.9) is the net zero-point energy of the sl(2)k sigma
model, the internal CFT, and the ghost sectors.

The contribution of multi-string states to the spacetime partition function is obtained by
exponentiating the worldsheet partition function (3.9) [2]. This correctly takes into account
the statistics of identical particles in the quantum theory. The result captures the one-loop
contribution of string fluctuations around the thermal AdS3 saddle of the full spacetime CFT.
We write this as

ZCFT(·, ·)
---
thermal AdS3

= exp
1
Stree + Zws(·, ·) + . . .

2
. (3.14)

The tree-level contribution, denoted Stree, should capture the Casimir energy of the
spacetime CFT. This should be obtained as a genus-0 worldsheet (sphere) with no insertions.
There is thus far no direct computation of this in the bosonic string theory.15 Given these
complications, we will simply focus on evaluating the worldsheet contribution and re-express
it in terms of building blocks for the spacetime CFT characters.

3.2 Spectral decomposition of worldsheet partition function

In order to evaluate the integral, we expand the infinite product Pbos(z, z) in a series in z, z

and integrate over the worldsheet moduli. This can be done along the lines described in [2].
We systematize this expansion by exploiting a result due to D. Zagier which gives a clean
series expansion for the sl(2) partition sum. Using this, we evaluate the worldsheet modular
integral and organize the expansion in terms of spacetime CFT primaries. We outline the
procedure explicitly in Appendix A.2 for completeness.

The basic observation, as in [2], is that while |q z| < 1, and thus |q zn
| < 1 for n > 0,

the quantity
--q≠1 z

--, which appears in the one-loop determinant, can be less than or greater
than 1, depending on the point in moduli space. The strategy to take this into account [2]
is to break up the domain t2 œ [0, Œ] into a series of subdomains —

2fi
[(w + 1)≠1, w≠1] with

w œ ZØ0. At the boundary of the subdomains, q≠1 zn = 1 for some value of n and there
is a consequent pole in integrand of the partition function. In each subdomain one expands
out the infinite product in the smaller of q≠1 zn and q z≠n, collects terms, and carries out the
integral. The precise set of terms of the two kinds are demarcated by the value of w, which

15In the bosonic theory [48] report a result that does not match with the semi-classical expectation.
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Perturbation expansion around each saddle



Bosonic string theory on AdS3 = maps from  
worldsheet to solid torus

3.1 The worldsheet partition function

Folding in the partition function of the internal space ZX , and the bc ghost system (which
we recall gives |÷(t)|4) we can write the final result for the 1-loop string partition function as
follows,

Zws(·, ·̄) =
ˆ

F

d2t

t2
Zsl(2)k

(t, t; ·, ·) ZX(t, t) |÷(t)|4 . (3.7)

Here F is the fundamental domain of the worldsheet modular parameter.
We would like to carry out the integral and express the result in terms of the spacetime

CFT characters. To do so, we will assume that the internal CFT X is generic, so that the
spacetime theory has no conserved currents apart from the Virasoro currents.14 We denote
the contribution of the internal CFT as

ZX(t, t) =
ÿ

hint, h̄int

D(hint, h̄int) zhint zh̄int . (3.8)

Following [50] the modular invariance of the worldsheet integrand can be exploited to
simplify the double sum over the winding labels (m, n) into a single sum over m œ Z>0,
using the Rankin-Selberg unfolding method (see e.g., [51]). In particular, the term with
(m, n) = (0, 0) drops out. This uses the fact that these labels transform as a doublet under
SL(2,Z) modular transformations, and is achieved at the expense of unfolding the domain of
the integral to the strip in the t plane. One can implement this as explained in [2] and write
the worldsheet answer as

Zws(·, ·̄) = ≠—
Œÿ

m=1
f(m·, m·) , (3.9)

where

f(·, ·) = —
Ô

k ≠ 2
2fi

ˆ 1
2

≠
1
2

dt1

ˆ
Œ

0

dt2

t
3
2
2

e
≠(k≠2) —2

4fi t2

|Ë1(·, t)|2
ZX(t, t) |÷(t)|4 . (3.10)

The quantity f(·, ·) may be interpreted as the free-energy computed in the single-string
Hilbert space,

f(·, ·) = 1
—

ÿ

Hsingle-string

e≠— E≠i — µ ¸ . (3.11)

Using the expressions (3.5), (3.7), and exploiting the following identity obtained by Gaus-
sian integration,

e
≠(k≠2) —2

4fi t2 = ≠
8fii

—

3
t2

k ≠ 2

4 3
2

Œ̂

≠Œ

d’ ’ e≠
4fi t2
k≠2 ’

2+2i — ’ , (3.12)

14We make this assumption at this point of the presentation for convenience to illustrate the basic aspects.
When we discuss the superstring in the following, the internal CFT will have conserved currents, which we
will take into account.
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Internal CFT

3 Bosonic partition function on AdS3 ◊ X

We now turn to the one-loop partition function for strings around the thermal AdS3 geometry
H+

3 /Z. It is convenient to parameterize H+
3 by the line element

ds2 = k
!
cosh2 fl dt2

E + dfl2 + sinh2 fl dÏ2"
, (3.1)

with Ï ≥ Ï + 2fi. Thermal AdS3 is obtained by implementing the identification

(tE , Ï) ≥ (tE + —, Ï + i — µ) . (3.2)

The asymptotic boundary of this space is T 2 whose modular parameter · and the related q-
parameter are given by

· = —µ + i —

2fi
, q = e2fii · . (3.3)

Since we reserve the standard parameterization of the complex structure for the spacetime
torus, we will use t, z for the corresponding worldsheet torus, where t is the worldsheet modular
parameter, and

t = t1 + i t2 , z = e2fii t . (3.4)

The one-loop partition function of free bosonic strings propagating in AdS3 ◊X was
computed in [2], using the H+

3 /Z presentation of thermal AdS3. We give a brief synopsis
in Appendix A for completeness. The resulting 1-loop partition function of the sl(2)k bosonic
sigma model is13

Zsl(2)k
(t, t; ·, ·) = —

Ô
k ≠ 2

2fi
Ô
t2

ÿ

n,mœZ

exp
1
≠

k —
2

4fi t2
|m ≠ n t|2 + 2fi

t2
(Im(un,m))2

2

|Ë1(un,m, t)|2
, (3.5)

where we introduced the worldsheet holonomy

un,m = · (n t ≠ m) . (3.6)

The factor proportional to k —2
|m ≠ n t|2 is the contribution from the winding of the world-

sheet cycles, labeled by integers m and n, around the non-contractible thermal circle in
spacetime. The theta function and Im(un,m) are the contribution of the three bosonic degrees
of freedom constituting the sl(2)k WZW model. The bosons associated with J± carry charge
±1 and are thus sensitive to the background holonomy (3.6). The pre-factor is the zero-mode
contribution from the non-compact direction. This partition function is modular invariant on
the worldsheet (cf. Appendix A).

13We use the conventions in [49, Chapter 7] for the theta functions.
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SL(2) WZW model

3.1 The worldsheet partition function

Folding in the partition function of the internal space ZX , and the bc ghost system (which
we recall gives |÷(t)|4) we can write the final result for the 1-loop string partition function as
follows,

Zws(·, ·̄) =
ˆ

F

d2t

t2
Zsl(2)k

(t, t; ·, ·) ZX(t, t) |÷(t)|4 . (3.7)

Here F is the fundamental domain of the worldsheet modular parameter.
We would like to carry out the integral and express the result in terms of the spacetime

CFT characters. To do so, we will assume that the internal CFT X is generic, so that the
spacetime theory has no conserved currents apart from the Virasoro currents.14 We denote
the contribution of the internal CFT as

ZX(t, t) =
ÿ

hint, h̄int

D(hint, h̄int) zhint zh̄int . (3.8)

Following [50] the modular invariance of the worldsheet integrand can be exploited to
simplify the double sum over the winding labels (m, n) into a single sum over m œ Z>0,
using the Rankin-Selberg unfolding method (see e.g., [51]). In particular, the term with
(m, n) = (0, 0) drops out. This uses the fact that these labels transform as a doublet under
SL(2,Z) modular transformations, and is achieved at the expense of unfolding the domain of
the integral to the strip in the t plane. One can implement this as explained in [2] and write
the worldsheet answer as

Zws(·, ·̄) = ≠—
Œÿ

m=1
f(m·, m·) , (3.9)

where

f(·, ·) = —
Ô

k ≠ 2
2fi

ˆ 1
2

≠
1
2

dt1

ˆ
Œ

0

dt2

t
3
2
2

e
≠(k≠2) —2

4fi t2

|Ë1(·, t)|2
ZX(t, t) |÷(t)|4 . (3.10)

The quantity f(·, ·) may be interpreted as the free-energy computed in the single-string
Hilbert space,

f(·, ·) = 1
—

ÿ

Hsingle-string

e≠— E≠i — µ ¸ . (3.11)

Using the expressions (3.5), (3.7), and exploiting the following identity obtained by Gaus-
sian integration,

e
≠(k≠2) —2

4fi t2 = ≠
8fii

—

3
t2

k ≠ 2

4 3
2

Œ̂

≠Œ

d’ ’ e≠
4fi t2
k≠2 ’

2+2i — ’ , (3.12)

14We make this assumption at this point of the presentation for convenience to illustrate the basic aspects.
When we discuss the superstring in the following, the internal CFT will have conserved currents, which we
will take into account.
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• One-loop partition function of strings

instance is p(gs) k. This is needed for consistency with semiclassical intuition. The Brown-
Henneaux asymptotic symmetry algebra has central charge given by measuring AdS curva-
tures relative to the Planck scale, c ≥

¸AdS
¸P

, whereas k is a measure of curvature in string units
as noted in (1.1). Recently, using the three-point function of the operator I, the authors of [48]
were able to derive the spacetime CFT central charge in accord with the Brown-Henneaux
expectations.

3 Bosonic partition function on AdS3 ◊ X

We now turn to the one-loop partition function for strings around the thermal AdS3 geometry
H+

3 /Z. It is convenient to parameterize H+
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of freedom constituting the sl(2)k WZW model. The bosons associated with J± carry charge
±1 and are thus sensitive to the background holonomy (3.6). The pre-factor is the zero-mode
contribution from the non-compact direction. This partition function is modular invariant on
the worldsheet (cf. Appendix A).

14We use the conventions in [49, Chapter 7] for the theta functions.
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b-c ghosts



Single-string spectrum

3.1 The worldsheet partition function

Folding in the partition function of the internal space ZX , and the bc ghost system (which
we recall gives |÷(t)|4) we can write the final result for the 1-loop string partition function as
follows,

Zws(·, ·̄) =
ˆ

F

d2t

t2
Zsl(2)k

(t, t; ·, ·) ZX(t, t) |÷(t)|4 . (3.7)

Here F is the fundamental domain of the worldsheet modular parameter.
We would like to carry out the integral and express the result in terms of the spacetime

CFT characters. To do so, we will assume that the internal CFT X is generic, so that the
spacetime theory has no conserved currents apart from the Virasoro currents.14 We denote
the contribution of the internal CFT as

ZX(t, t) =
ÿ

hint, h̄int

D(hint, h̄int) zhint zh̄int . (3.8)

Following [50] the modular invariance of the worldsheet integrand can be exploited to
simplify the double sum over the winding labels (m, n) into a single sum over m œ Z>0,
using the Rankin-Selberg unfolding method (see e.g., [51]). In particular, the term with
(m, n) = (0, 0) drops out. This uses the fact that these labels transform as a doublet under
SL(2,Z) modular transformations, and is achieved at the expense of unfolding the domain of
the integral to the strip in the t plane. One can implement this as explained in [2] and write
the worldsheet answer as

Zws(·, ·̄) = ≠—
Œÿ

m=1
f(m·, m·) , (3.9)

where

f(·, ·) = —
Ô

k ≠ 2
2fi

ˆ 1
2

≠
1
2

dt1

ˆ
Œ

0

dt2

t
3
2
2

e
≠(k≠2) —2

4fi t2

|Ë1(·, t)|2
ZX(t, t) |÷(t)|4 . (3.10)

The quantity f(·, ·) may be interpreted as the free-energy computed in the single-string
Hilbert space,

f(·, ·) = 1
—

ÿ

Hsingle-string

e≠— E≠i — µ ¸ . (3.11)

Using the expressions (3.5), (3.7), and exploiting the following identity obtained by Gaus-
sian integration,

e
≠(k≠2) —2

4fi t2 = ≠
8fii

—

3
t2

k ≠ 2

4 3
2

Œ̂

≠Œ

d’ ’ e≠
4fi t2
k≠2 ’

2+2i — ’ , (3.12)

14We make this assumption at this point of the presentation for convenience to illustrate the basic aspects.
When we discuss the superstring in the following, the internal CFT will have conserved currents, which we
will take into account.
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• One-loop spectrum has a well-known spacetime 
(Hamiltonian) interpretation

we obtain the following expression for the single-string free energy,

f(·, ·) = 4
i— (k ≠ 2)

Œ̂

≠Œ

d’ ’

ˆ 1
2

≠
1
2

dt1

ˆ
Œ

0
dt2 e

4fi

1
ak≠

’2
k≠2

2
t2+2i — ’

Pbos(z, z; q, q) ,

Pbos(z, z; q, q) = ZX(z, z)
---q

1
2 ≠ q≠

1
2
---
2

-----

ŒŸ

n=1

1 ≠ zn

(1 ≠ q zn) (1 ≠ q≠1 zn)

-----

2
.

(3.13)

The parameter ak defined earlier in (2.9) is the net zero-point energy of the sl(2)k sigma
model, the internal CFT, and the ghost sectors.

The contribution of multi-string states to the spacetime partition function is obtained by
exponentiating the worldsheet partition function (3.9) [2]. This correctly takes into account
the statistics of identical particles in the quantum theory. The result captures the one-loop
contribution of string fluctuations around the thermal AdS3 saddle of the full spacetime CFT.
We write this as

ZCFT(·, ·)
---
thermal AdS3

= exp
1
Stree + Zws(·, ·) + . . .

2
. (3.14)

The tree-level contribution, denoted Stree, should capture the Casimir energy of the
spacetime CFT. This should be obtained as a genus-0 worldsheet (sphere) with no insertions.
There is thus far no direct computation of this in the bosonic string theory.15 Given these
complications, we will simply focus on evaluating the worldsheet contribution and re-express
it in terms of building blocks for the spacetime CFT characters.

3.2 Spectral decomposition of worldsheet partition function

In order to evaluate the integral, we expand the infinite product Pbos(z, z) in a series in z, z

and integrate over the worldsheet moduli. This can be done along the lines described in [2].
We systematize this expansion by exploiting a result due to D. Zagier which gives a clean
series expansion for the sl(2) partition sum. Using this, we evaluate the worldsheet modular
integral and organize the expansion in terms of spacetime CFT primaries. We outline the
procedure explicitly in Appendix A.2 for completeness.

The basic observation, as in [2], is that while |q z| < 1, and thus |q zn
| < 1 for n > 0,

the quantity
--q≠1 z

--, which appears in the one-loop determinant, can be less than or greater
than 1, depending on the point in moduli space. The strategy to take this into account [2]
is to break up the domain t2 œ [0, Œ] into a series of subdomains —

2fi
[(w + 1)≠1, w≠1] with

w œ ZØ0. At the boundary of the subdomains, q≠1 zn = 1 for some value of n and there
is a consequent pole in integrand of the partition function. In each subdomain one expands
out the infinite product in the smaller of q≠1 zn and q z≠n, collects terms, and carries out the
integral. The precise set of terms of the two kinds are demarcated by the value of w, which

15In the bosonic theory [48] report a result that does not match with the semi-classical expectation.
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• Single-string spectrum



TTbar deformation Mass gap

The appearance of Virasoro modules

plays the role of the spectral flow parameter in this analysis. The contributions with w = 0
come from the excitations of the short strings, while the contributions with w ”= 0 include
spectral-flowed versions of the short strings and long strings that wind w times around the
boundary of AdS3.16

Carrying out this exercise, the single string free energy can be shown to be

f(·, ·) = 1
— |1 ≠ q|

2

Œÿ

w=0
(q q)

1
2 +w

ÿ

N,NœZ

hint,h̄int

”
N+hint,N+h̄int

D(hint, h̄int) Pw

N (q) Pw

N
(q) Iw(q, q) ,

Iw(q, q) = (q q)w

Œ̂

≠Œ

d’

ifi

’ e2i— ’

’2 + (k ≠ 2) Nint
w

C

e
≠

2—
1+w

1
’2

k≠2 +Nint
w

2

≠ e
≠

2—
w

1
’2

k≠2 +Nint
w

2D

.

(3.15)

Here Nint
w is a combination of the sl(2) oscillator level, the internal CFT weight hint, and the

spectral flow parameter w, shifted by the vacuum energy, viz.,

Nint
w = N + hint ≠ ak ≠

1
2 w(w + 1) . (3.16)

The summand with w = 0 is the contribution from the sector with no spectral flow, while
w > 0 connotes the spectrally flowed sectors. The delta function is the level-matching con-
straint imposed by the t1 integral. The coe�cient Pw

N
(q), which only depends on the spacetime

CFT modular parameter, originates from expanding the infinite product in (3.12). We discuss
these coe�cients in Appendix A.2. We can view N as the e�ective level for the sl(2)k and bc

ghost oscillators in the wth spectrally flowed sector. For instance, in the w = 0 sector, which
should pick up the short string representations, we have

P0
0(q) = 1 , P0

1(q) = 1 ≠ q + q2

q
,

P0
2(q) = 1 + q4

q2 , P0
3(q) = 1 + q3 + q6

q3 ,

(3.17)

and so on. We have restricted to the vacuum sector of the internal CFT to focus on the
universal part of the AdS3 spectrum. Depending on the details of the internal CFT we will
also have contributions for hint, h̄int ”= 0.

The integral over the auxiliary parameter can be carried out along the lines described
in [2]. Relegating the details to Appendix A.2, we note that the single string free energy can
be expressed as a combination of a discrete and a continuum set of states

f(·, ·) = ftachyon(·, ·) + fdisc(·, ·) + fcont(·, ·) . (3.18)
16In this analysis, w œ ZØ0, while in the canonical quantization discussed in [1] w œ Z. One way to

understand the di�erence is to realize that states with w Ø 0 are state vectors (kets), while those with w < 0
can be mapped to conjugate state vectors (bras) [52]. This interpretation is consistent with the fact that
one can attain similar states by spectrally flowing from highest (lowest) weight representations by positive
(negative) amounts.
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• Single-string states can be separated into discrete 
states and a continuum

• (There are also the spectral flow sectors associated 
with long strings in AdS3 — not important today)

Virasoro module!

However, there are some subtleties at low-levels. To see this, let us look at the sector
with no spectral flow w = 0, and turn o� the excitations in the internal CFT, i.e., focus on
the identity operator hint = h̄int = 0. This sector contributes18

fdisc(·, ·) ∏

k≠2
4ÿ

N=1
P0

N (q) P0
N

(q) ◊
(q q) 1

2 +
Ô

(k≠2) (N≠ak)

|1 ≠ q|
2 ,

= 1 + q2

1 ≠ q
+ q2

1 ≠ q
+ (q q)2

|1 ≠ q|
2

¸ ˚˙ ˝
N=1

+ 1 + q4

1 ≠ q

1 + q4

1 ≠ q
(qq)≠

3
2 +


(k≠2)+ 1

4

¸ ˚˙ ˝
N=2

+ · · · .

(3.24)

In the second line, we explicitly employed (3.17) to write out the first few terms.
Of interest to us is the contribution from the first oscillator level N = 1. This has states

that are chiral in the spacetime CFT. In fact, these are the boundary graviton excitations
expected from the semiclassical Brown-Henneaux analysis. The first three terms in the N = 1
piece are to be interpreted as the identity, the action of a single instance LCFT

≠n and L
CFT
≠n

(n Ø 2), respectively. In other words, these three terms constitute the vacuum Virasoro
module. The fourth term corresponds to a primary with hCFT = h̄CFT = 2.

For N Ø 2 we simply get a set of primaries with non-trivial spacetime weights, and
can interpret the factor of |1 ≠ q|

2 as the action of boundary derivatives, as before. In the
semiclassical limit, k ∫ 1, these states have weights of O(

Ô
k) and are heavy. This is to

be expected; these states are obtained by the action of string oscillators, so should have
spacetime energy proportional to ¸≠1

s ≥
Ô

k.
Note, however, that there is one operator that is light, which arises at level N = 1, with

spacetime conformal weights hCFT = h̄CFT = 2. This operator can be identified with the
spacetime dilaton, as noted originally in [9]. Analogously to (2.24), we can write it in terms
of the worldsheet fields as

D(x, x) =
ˆ

d2z (ˆxJ + 2 ˆ2
xJ)(ˆxJ̄ + 2 ˆ2

xJ̄)�1 . (3.25)

This operator originates from the sl(2) WZW model, and exists for any choice of internal
worldsheet CFT X. It arises as a product of a left-moving and right-moving current, and has
been interpreted as the ‘single-trace’ TT operator in the spacetime CFT [42].

This interpretation is borne out from our spectrum: the single string Hilbert space con-
tains exactly one such operator, independent of the details of ZX . Moreover, the N = 1 level
states in the discrete part of the string free energy nicely factorize,

fdisc(·, ·)
---
N=1,hint=h̄int=0

=
3

1 + q2

1 ≠ q

43
1 + q2

1 ≠ q

4
, (3.26)

showing the presence of the currents and the spacetime dilaton operator.
18The N = 0 term is absent here, and in fact is captured by the tachyon contribution described above.
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• Discrete states have a universal low-lying spectrum 
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Superstrings on AdS3 x S3 x T4/K3

Returning to our discussion of the vertex operators on the worldsheet, note that there
is a natural map between the reduced characters �g(j) and the multiplets built atop the
operators recorded in (4.11). Specifically,

�g(j + 1) ‘æ {Bj , Q a

– Bj , Q a

–

b

— Bj} ,

�g(j) ‘æ {Aj , Q a

– Aj , Q a

– Q b

— Aj} ,

�g

1
j + 3

2
2

‘æ {R
ȧ

–̇ , Q a

– R
ȧ

–̇ , Q a

– Q b

— R
ȧ

–̇ } .

(4.20)

This identification will be extremely useful when we discuss the partition function, as we can
quickly identify the characters and thence the states they correspond to.

Finally, we put together the left and right movers to obtain the complete set of chiral
primaries. Working with the reduced characters to encode this data, we can identify three
essential combinations, which can be labeled by the value of the spin |hCFT ≠ h̄CFT |. Define25

⇠(1)(j) = �g(j) �g(j) ,

⇠( 3
2 )(j) = �g(j + 1

2) �g(j) ,

⇠(2)(j) = �g(j + 1) �g(j) .

(4.21)

These reduced psu(1, 1|2) ü psu(1, 1|2) characters, which are labeled by the maximum value
of the spin in the multiplet (given by the superscript) and are functions of (r, q), should be
interpreted in the following manner. The bottom component of the supermultiplets are NS-
NS sector states obtained from combining Aj and Bj+1 or R-NS states that take either of
these and pair them with R

ȧ
–̇

. At low values of the spin, we have again some simplifications

⇠(1)(0) = �g (0) �g(0) = 1 ,

⇠( 3
2 )(0) = �g

1
1
2

2
�g(0) = q

1
2 ‰ 1

2
(r) ≠ 2 q ,

⇠(2)(0) = �g (1) �g(0) = q ‰1(r) ≠ 2 q
3
2 ‰ 1

2
(r) + q2 .

(4.22)

5 Revisiting the one-loop superstring partition function

We now turn to the computation of the partition function of the superstring on AdS3◊S3
◊T 4.

The six dimensional geometry obtained after reducing on T 4 has the following line element,

ds2 = k
1
cosh2 fl dt2

E + dfl2 + sinh2 fl dÏ2 + d◊2 + cos2 ◊ d„2
1 + sin2 ◊ d„2

2
2

. (5.1)

The NS-NS B-field supporting the geometry is given by

B = k
1
sinh2 fl dtE · dÏ + sin2 ◊ d„1 · d„2

2
. (5.2)

25Note that ⇠
(2)(j) and ⇠

( 3
2 )(j) are complex conjugates of ⇠(2)(j) and ⇠( 3

2 )(j), respectively, with opposite
values of helicity.
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ȧ

–̇ , Q a

– Q b

— R
ȧ
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• Euclidean AdS3 x S3 + NSNS flux

We impose the following identifications on the worldsheet fields:

(tE , Ï, „1, „2) ≥ (tE , Ï + 2fi, „1, „2) ≥ (tE , Ï, „1 + 2fi, „2) ≥ (tE , Ï, „1, „2 + 2fi) ,

(tE , Ï, „1, „2) ≥ (tE + —, Ï + i — µ, „1 + i — ‹1, „2 + i — ‹2) .
(5.3)

The first line simply ensures that the coordinates parameterize a smooth AdS3 ◊ S3 geometry.
The second line contains the non-trivial identification, i.e., the specification of thermal mon-
odromies for the worldsheet fields. The periodicity in the Euclidean time and the chemical
potential for angular momentum around AdS3 are parameterized by — and i—µ, respectively,
as in the bosonic theory. We also turn on R-charge chemical potentials corresponding to the
two Cartan generators of S3 characterized by (‹1, ‹2). Equivalently, the S3 is fibered over the
AdS3 as governed by (‹1, ‹2). Note that the identification does not have a fixed point due the
thermal shift, and the resulting manifold is smooth.

5.1 Construction of the partition function

Let us first record the building blocks for constructing the worldsheet partition function on
AdS3 ◊S3

◊T 4. The bosonic contributions are from sl(2)k+2 WZW model, su(2)k≠2 and four
free compact bosons.

The contribution of the sl(2)k+2 is the result from [2] given earlier in (3.5) with the
replacement k æ k + 2:

Zsl(2)(t, t; ·, ·) = —
Ô

k

2fi
Ô
t2

ÿ

n,mœZ

exp
1
≠

k —
2

4fi t2
|m ≠ n t|2 + 2fi

t2
(Im(un,m))2

2

|Ë1(un,m, t)|2
, (5.4)

where the holonomies un,m are as defined earlier in (3.6). Note that the classical winding mode
contribution remains proportional to k and is insensitive to the shift of the bosonic level.26

The contribution of the torus bosons is given by the standard lattice sum over momentum
and winding states, as well as the oscillators corresponding to four free left- and right-moving
bosonic fields, i.e.,

Ztorus(t, t) = 1
|÷(t)|8

ÿ

�4,4
zp

2
L zp

2
R . (5.5)

We also have the bc ghost contribution which is

Zbc(t, t) = |÷(t)|4 . (5.6)

The sl(2) and torus partition are modular invariant on their own. The bc-ghost contribution
combined with an additional factor of t2 is modular invariant, and the resulting extra factor
of 1/t2 is precisely what is needed to make the measure modular invariant.

26One can see this directly by analyzing the sigma model, as we illustrate in Appendix B.
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• Thermal identification with twist around the S3

• Solvable RNS worldsheet string  theory
<latexit sha1_base64="f6UjbC7GYgvHF1Iaqzok8LiaDSs=">AAACDXicbVC7TgJBFJ3FF+Jr1dJmIppgg7tI1JJoY6IFBhZIYN3MDrMwYfaRmVkTsuEHbPwVGwuNsbW3828cYAsBTzLJuefcmzv3uBGjQhrGj5ZZWl5ZXcuu5zY2t7Z39N29hghjjomFQxbylosEYTQglqSSkVbECfJdRpru4HrsNx8JFzQM6nIYEdtHvYB6FCOpJEc/qt0VSifOAHYk9YmANWumrD+UT2/PHD1vFI0J4CIxU5IHKaqO/t3phjj2SSAxQ0K0TSOSdoK4pJiRUa4TCxIhPEA90lY0QGqXnUyuGcFjpXShF3L1Agkn6t+JBPlCDH1XdfpI9sW8Nxb/89qx9C7thAZRLEmAp4u8mEEZwnE0sEs5wZINFUGYU/VXiPuIIyxVgDkVgjl/8iJplIrmebF8X85XrtI4suAAHIICMMEFqIAbUAUWwOAJvIA38K49a6/ah/Y5bc1o6cw+mIH29QsRvpkM</latexit>

SL(2)k ⇥ SU(2)k ⇥ T 4/K3



The building blocks of the individual CFTs 
partition functions are known
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• Need to twist the SL(2)

The contribution of the su(2)k≠2 is given by the following expression

Z
(n,m)
su(2) (t, t; fl, fl) =

e
fi k Im(fl)2

t2
|n t≠m|

2
≠

fi
t2

(k≠2) (Im(fln,m))2
k
2 ≠1ÿ

¸=0

------

�(k)
2¸+1(fln,m, t) ≠ �(k)

≠2¸≠1(fln,m, t)
Ë1 (fln,m, t)

------

2

,
(5.7)

with
�(k)

l
(fl, t) =

ÿ

nœZ+ l
2k

zk n
2

rn k , z = e2fiit , r = e2fiifl . (5.8)

The parameter fl = — ‹2 ≠ — ‹1 parameterizes the SU(2) chemical potential. It appears in the
combination

fln,m = fl (n t ≠ m) , (5.9)

exactly as the AdS3 chemical potentials appear in the combination un,m.
A few comments are in order, as there are elements of this result that appear not to have

been appreciated hitherto. Firstly, given the monodromies (5.3), there is a non-trivial classical
contribution. Modes that wind around the thermal circle are twisted by the monodromies
along „1 and „2. Working with a di�erent basis of coordinates to parallel the sl(2) discussion
(cf. Appendix B.1) we deduce this to be

fi k Im(fl)2

t2
|n t ≠ m|

2 , (5.10)

which is the first term in the pre-factor in (5.7). The fluctuations around this classical
solution can be argued to give the A-series modular invariant [55]. The elliptic parameter of
the theta functions again is sensitive to the monodromies, and appears as the combination
fln,m introduced above. We also note that the second piece of the exponential prefactor is
necessary for modular invariance. The sum over the su(2) representations, which are capped
o� at, k

2 ≠ 1 is only modular covariant. The prefactor proportional to k ≠ 2 is made up of
two contributions: the numerator gives a factor k, while the shift of 2 arises from the Ë1
in the denominator (part of this will cancel when we include the fermions). All in all, the
bosonic su(2) partition function is invariant under modular transformations (with respect to
the worldsheet torus), as well as elliptic transformations of the SU(2) chemical potential. We
provide a justification for these statements in Appendix B.

Next, we turn to the fermion contribution. The fermions making up the sl(2)k and
su(2)k super-WZW models are charged under the respective bosonic symmetries. Since we
have thermal boundary conditions, they transform in the (n, m) sector by a phase rotation.
E�ectively, they perceive a background gauge field un,m or fln,m. Specifically, the Â± transform
with charges ±1 under sl(2), while ‰± have charges ±1 under su(2), respectively. Thus, the
fermion characters will be twisted by the holonomies un,m and fln,m.
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The parameter fl = — ‹2 ≠ — ‹1 parameterizes the SU(2) chemical potential. It appears in the
combination

fln,m = fl (n t ≠ m) , (5.9)

exactly as the AdS3 chemical potentials appear in the combination un,m.
A few comments are in order, as there are elements of this result that appear not to have

been appreciated hitherto. Firstly, given the monodromies (5.3), there is a non-trivial classical
contribution. Modes that wind around the thermal circle are twisted by the monodromies
along „1 and „2. Working with a di�erent basis of coordinates to parallel the sl(2) discussion
(cf. Appendix B.1) we deduce this to be

fi k Im(fl)2

t2
|n t ≠ m|

2 , (5.10)

which is the first term in the pre-factor in (5.7). The fluctuations around this classical
solution can be argued to give the A-series modular invariant [55]. The elliptic parameter of
the theta functions again is sensitive to the monodromies, and appears as the combination
fln,m introduced above. We also note that the second piece of the exponential prefactor is
necessary for modular invariance. The sum over the su(2) representations, which are capped
o� at, k

2 ≠ 1 is only modular covariant. The prefactor proportional to k ≠ 2 is made up of
two contributions: the numerator gives a factor k, while the shift of 2 arises from the Ë1
in the denominator (part of this will cancel when we include the fermions). All in all, the
bosonic su(2) partition function is invariant under modular transformations (with respect to
the worldsheet torus), as well as elliptic transformations of the SU(2) chemical potential. We
provide a justification for these statements in Appendix B.

Next, we turn to the fermion contribution. The fermions making up the sl(2)k and
su(2)k super-WZW models are charged under the respective bosonic symmetries. Since we
have thermal boundary conditions, they transform in the (n, m) sector by a phase rotation.
E�ectively, they perceive a background gauge field un,m or fln,m. Specifically, the Â± transform
with charges ±1 under sl(2), while ‰± have charges ±1 under su(2), respectively. Thus, the
fermion characters will be twisted by the holonomies un,m and fln,m.
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• Also twist the SU(2)
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RNS fermions handled in light-cone gauge 
or (better) through super-ghosts

Note that, since Z1 = TrR(eifiF e2fii tL0) = 0, the Type IIA and IIB partition functions are
equal. Henceforth, we denote Z

+
PF = Z

≠

PF = ZPF and Z
+
AF = Z

≠

AF = ZAF . We will therefore
talk about the IIB partition function for the sake of definiteness.

Upon using the fermion characters given in (5.11) and using Riemann identities for
theta functions, we obtain the following explicit expressions for the characters of the periodic
fermions and the thermal fermions,

Q

aZ
(n,m)
PF (t; ·, fl)

Z
(n,m)
AF (t; ·, fl)

R

b = 1
÷4(t) e

≠
fi
t2 (Im(un,m)2+Im(fln,m)2)

Q

aZ(n,m)
PF (t; ·, fl)

Z(n,m)
AF (t; ·, fl)

R

b . (5.14)

Here we have defined

Z(n,m)
PF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) ,

Z(n,m)
AF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) + (≠1)n Ë2
2(v+

n,m, t) Ë2
2(v≠

n,m, t)
+ (≠1)m Ë2

4(v+
n,m, t) Ë2

4(v≠

n,m, t) ≠ (≠1)n+mË2
3(v+

n,m, t) Ë2
3(v≠

n,m, t) ,

(5.15)

where
v±

n,m = 1
2

!
un,m ± fln,m

"
= 1

2(nt ≠ m)(· ± fl) . (5.16)

The piece that is factored out in (5.14) turns out to cancel against a corresponding factor
from the bosonic characters.

The partition function for the superstring is obtained by putting together the sl(2),
the su(2), the torus, the ghost, and the fermion pieces. Using the explicit characters given
in (5.15), we arrive at our final expression

ZIIB = —
Ô

k

2fi

ˆ
F

d2t

t
3
2
2

Q

a
ÿ

�4,4
zp

2
L zp

2
R

R

b
ÿ

n,m

exp
1
≠

k

t2

1
—

2

4fi
+ fi Im(fl)2

2
|m ≠ n t|2 + 2fi k Im(fln,m)2

t2

2

|÷(t)|12
|Ë1(un,m, t)|2

◊

k
2 ≠1ÿ

¸=0

------

�(k)
2¸+1(fln,m, t) ≠ �(k)

≠2¸≠1(fln,m, t)
Ë1 (fln,m, t)

------

2

◊

Y
_]

_[

---Z(n,m)
PF

---
2
, periodic fermions,

---Z(n,m)
AF

---
2

antiperiodic fermions.
(5.17)

The integrand is modular invariant in both cases once we sum over the integers m and n that
characterize the winding of the worldsheet torus around the Euclidean time circle. Thus, we
have a well-defined integral over the fundamental domain of the string worldsheet.

5.2 Swapping fermion boundary conditions with chemical potential shifts

The spacetime CFT partition function with SU(2)R chemical potential fl is

ZCFT(·, · , fl, fl) = Tr exp
1
2fii · LCFT

0 ≠ 2fii · L
CFT
0 + 2fii fl JCFT ≠ 2fii fl JCFT

2
. (5.18)
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Note that, since Z1 = TrR(eifiF e2fii tL0) = 0, the Type IIA and IIB partition functions are
equal. Henceforth, we denote Z

+
PF = Z

≠

PF = ZPF and Z
+
AF = Z

≠

AF = ZAF . We will therefore
talk about the IIB partition function for the sake of definiteness.

Upon using the fermion characters given in (5.11) and using Riemann identities for
theta functions, we obtain the following explicit expressions for the characters of the periodic
fermions and the thermal fermions,

Q

aZ
(n,m)
PF (t; ·, fl)

Z
(n,m)
AF (t; ·, fl)

R

b = 1
÷4(t) e

≠
fi
t2 (Im(un,m)2+Im(fln,m)2)

Q

aZ(n,m)
PF (t; ·, fl)

Z(n,m)
AF (t; ·, fl)

R

b . (5.14)

Here we have defined

Z(n,m)
PF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) ,

Z(n,m)
AF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) + (≠1)n Ë2
2(v+

n,m, t) Ë2
2(v≠

n,m, t)
+ (≠1)m Ë2

4(v+
n,m, t) Ë2

4(v≠

n,m, t) ≠ (≠1)n+mË2
3(v+

n,m, t) Ë2
3(v≠

n,m, t) ,

(5.15)

where
v±

n,m = 1
2

!
un,m ± fln,m

"
= 1

2(nt ≠ m)(· ± fl) . (5.16)

The piece that is factored out in (5.14) turns out to cancel against a corresponding factor
from the bosonic characters.

The partition function for the superstring is obtained by putting together the sl(2),
the su(2), the torus, the ghost, and the fermion pieces. Using the explicit characters given
in (5.15), we arrive at our final expression

ZIIB = —
Ô

k

2fi

ˆ
F

d2t

t
3
2
2

Q

a
ÿ

�4,4
zp

2
L zp

2
R

R

b
ÿ

n,m

exp
1
≠

k

t2

1
—

2

4fi
+ fi Im(fl)2

2
|m ≠ n t|2 + 2fi k Im(fln,m)2

t2

2

|÷(t)|12
|Ë1(un,m, t)|2

◊

k
2 ≠1ÿ

¸=0

------

�(k)
2¸+1(fln,m, t) ≠ �(k)

≠2¸≠1(fln,m, t)
Ë1 (fln,m, t)

------

2

◊

Y
_]

_[

---Z(n,m)
PF

---
2
, periodic fermions,

---Z(n,m)
AF

---
2

antiperiodic fermions.
(5.17)

The integrand is modular invariant in both cases once we sum over the integers m and n that
characterize the winding of the worldsheet torus around the Euclidean time circle. Thus, we
have a well-defined integral over the fundamental domain of the string worldsheet.

5.2 Swapping fermion boundary conditions with chemical potential shifts

The spacetime CFT partition function with SU(2)R chemical potential fl is

ZCFT(·, · , fl, fl) = Tr exp
1
2fii · LCFT

0 ≠ 2fii · L
CFT
0 + 2fii fl JCFT ≠ 2fii fl JCFT

2
. (5.18)
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• The twisted fermions, after spin-structure sum, Riemann 
identities, assemble into spacetime fermions
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Atick-Witten twist vs CFT2 twist

For a fixed spin structure, the trace over the fermion Hilbert space leads to the holomor-
phic fermion character, a = 1, . . . , 4, depending on t, and (·, fl),

Z
(n,m)
a = e

≠
fi
t2

(Im(un,m))2
Ëa(un,m, t)


Ëa(0, t)

÷(t) 3
2

¸ ˚˙ ˝
sl(2)

◊ e
≠

fi
t2

(Im(fln,m))2 Ëa(fln,m, t)


Ëa(0, t)
÷(t) 3

2
¸ ˚˙ ˝

su(2)

◊
Ëa(0, t)2

÷(t)2
¸ ˚˙ ˝

T 4

◊
÷(t)

Ëa(0, t)
¸ ˚˙ ˝

—“

.

(5.11)

The exponential prefactors in the sl(2) and su(2) characters originate from the holomorphic
anomaly for chiral fermion determinants, cf. [56, 57]. When we combine left and right movers,
as with the bosonic determinants, we demand that the result preserves elliptic invariant and
modular symmetries. A cleaner way to organize the calculation is to combine the determi-
nants of the bosons and fermions, since ratios such as Ëa(un,m, t)/Ë1(un,m, t) are well-behaved
under these symmetries. As it stands, one can see that the left-right combination of fermion
characters will have a factor that cancels against the boson determinants (specifically, the k-
independent part of the su(2) partition function (5.7), as noted above).

We need to put together the fermion characters, and sum over spin structures to imple-
ment the GSO projection [58]. Before doing so, we have to specify the boundary conditions
for the fermions in spacetime. The simplest choice is the periodic boundary conditions for
the spacetime fermions around the thermal circle. The chiral GSO projection for the IIA/B
superstring then involves the following combination:

!
Z

±

PF

"(n,m) = TrNS

A
1 ≠ eifiF

2 e2fii tL0

B

≠ TrR

A
1 ± eifiF

2 e2fii tL0

B

= 1
2

1
Z

(n,m)
3 ≠ Z

(n,m)
4 ≠ Z

(n,m)
2 û Z

(n,m)
1

2
.

(5.12)

In the second line, we have written out the characters using the notation of (5.11).
On the other hand, we could impose antiperiodic boundary conditions for the fermions

around the thermal circle. In this case, the spin-structure sum is performed with a specified
set of phases [7], which gives the thermal fermion partition sum

!
Z

±

AF

"(n,m) = TrNS

AC
1 ≠ eifiF

2
1 + eifi n

2 + 1 + eifiF

2 eifi m
1 ≠ eifi n

2

D

e2fii tL0

B

≠ TrR

AC
1 ± eifiF

2
1 ≠ eifi n

2 + 1 + eifiF

2 eifi m
1 ≠ eifi n

2

D

e2fii tL0

B

= 1 + (≠1)n + (≠1)m
≠ (≠1)n+m

2 Z
(n,m)
3 ≠

1 + (≠1)n
≠ (≠1)m + (≠1)n+m

2 Z
(n,m)
4

≠
1 ≠ (≠1)n + (≠1)m + (≠1)n+m

2 Z
(n,m)
2 û

≠1 + (≠1)n + (≠1)m + (≠1)n+m

2 Z
(n,m)
1 .

(5.13)
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Note that, since Z1 = TrR(eifiF e2fii tL0) = 0, the Type IIA and IIB partition functions are
equal. Henceforth, we denote Z

+
PF = Z

≠

PF = ZPF and Z
+
AF = Z

≠

AF = ZAF . We will therefore
talk about the IIB partition function for the sake of definiteness.

Upon using the fermion characters given in (5.11) and using Riemann identities for
theta functions, we obtain the following explicit expressions for the characters of the periodic
fermions and the thermal fermions,

Q

aZ
(n,m)
PF (t; ·, fl)

Z
(n,m)
AF (t; ·, fl)

R

b = 1
÷4(t) e

≠
fi
t2 (Im(un,m)2+Im(fln,m)2)

Q

aZ(n,m)
PF (t; ·, fl)

Z(n,m)
AF (t; ·, fl)

R

b . (5.14)

Here we have defined

Z(n,m)
PF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) ,

Z(n,m)
AF (t; ·, fl) = Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t) + (≠1)n Ë2
2(v+

n,m, t) Ë2
2(v≠

n,m, t)
+ (≠1)m Ë2

4(v+
n,m, t) Ë2

4(v≠

n,m, t) ≠ (≠1)n+mË2
3(v+

n,m, t) Ë2
3(v≠

n,m, t) ,

(5.15)

where
v±

n,m = 1
2

!
un,m ± fln,m

"
= 1

2(nt ≠ m)(· ± fl) . (5.16)

The piece that is factored out in (5.14) turns out to cancel against a corresponding factor
from the bosonic characters.

The partition function for the superstring is obtained by putting together the sl(2),
the su(2), the torus, the ghost, and the fermion pieces. Using the explicit characters given
in (5.15), we arrive at our final expression

ZIIB = —
Ô

k

2fi

ˆ
F

d2t

t
3
2
2

Q

a
ÿ

�4,4
zp

2
L zp

2
R

R

b
ÿ

n,m

exp
1
≠

k

t2

1
—

2

4fi
+ fi Im(fl)2

2
|m ≠ n t|2 + 2fi k Im(fln,m)2

t2

2

|÷(t)|12
|Ë1(un,m, t)|2

◊

k
2 ≠1ÿ

¸=0

------

�(k)
2¸+1(fln,m, t) ≠ �(k)

≠2¸≠1(fln,m, t)
Ë1 (fln,m, t)

------

2

◊

Y
_]

_[

---Z(n,m)
PF

---
2
, periodic fermions,

---Z(n,m)
AF

---
2

antiperiodic fermions.
(5.17)

The integrand is modular invariant in both cases once we sum over the integers m and n that
characterize the winding of the worldsheet torus around the Euclidean time circle. Thus, we
have a well-defined integral over the fundamental domain of the string worldsheet.

5.2 Swapping fermion boundary conditions with chemical potential shifts

The spacetime CFT partition function with SU(2)R chemical potential fl is

ZCFT(·, · , fl, fl) = Tr exp
1
2fii · LCFT

0 ≠ 2fii · L
CFT
0 + 2fii fl JCFT ≠ 2fii fl JCFT

2
. (5.18)
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• On the other hand, boundary SCFT2 R-symmetry

• On one hand, the twists of the fermions are decided by 
demanding worldsheet modular invariance 

Here JCFT, JCFT are quantized in integer multiples of 1
2 , so that the spacetime fermion

number is given by (≠1)Fs = e2fii(JCFT+JCFT). Thus, we see the shift in the spacetime su(2)
chemical potential fl æ fl + 1 implements a change from periodic to antiperiodic conditions
around the thermal circle for the fermions.

We can now check the e�ect of this shift on the worldsheet partition function, using
either the representations (5.11)–(5.13) or, equivalently, (5.15). We illustrate it using the
latter. The e�ect of the shift fl æ fl + 1 is

ZPF æ Ë2
1
!
v+

n,m + 1
2(nt ≠ m), t

"
Ë2

1
!
v≠

n,m ≠
1
2(nt ≠ m), t

"

= 1
4
!
1 + (≠1)m

"!
1 + (≠1)n

"
Ë2

1(v+
n,m, t) Ë2

1(v≠

n,m, t)
+ 1

4
!
1 ≠ (≠1)m

" !
1 + (≠1)n

"
Ë2

2(v+
n,m, t) Ë2

2(v≠

n,m, t)
+ 1

4
!
1 + (≠1)m

" !
1 ≠ (≠1)n

"
Ë2

4(v+
n,m, t) Ë2

4(v≠

n,m, t)
+ 1

4
!
1 ≠ (≠1)m

" !
1 ≠ (≠1)n

"
Ë2

3(v+
n,m, t) Ë2

3(v≠

n,m, t) .

(5.19)

Upon collecting the various factors of 1, (≠1)m, (≠1)n, (≠1)m+n and using the Riemann quar-
tic theta relations, we obtain precisely ZAF in (5.15) on the right-hand side. We summarize
this as

ZPF(t; ·, fl + 1) = ZAF(t; ·, fl) , ZPF(t; ·, fl + 2) = ZPF(t; ·, fl) . (5.20)

that is to say, the implementation of (≠1)Fs in the spacetime CFT through a shift of
the boundary SU(2)R chemical potential leads us precisely to the expected Atick-Witten
spacetime twists in fermionic string theory [7], which was imposed from considerations of
worldsheet modular invariance by summing over spin structures.

5.3 The single string spectrum

We now have at hand the worldsheet partition functions for either choice of boundary con-
ditions for the fermions around the spacetime thermal circle. We can exploit the modular
invariance of the integrand and unfold the integration domain to the half-strip. The manip-
ulation parallels the bosonic discussion. When the dust settles, we arrive at the single string
free energy27

fPF(·, · , fl, fl) = TrNS (≠1)FsqL
CFT
0 qL

CFT
0 rJCFT rJCFT ,

=
Ô

k —

2fi

ˆ
Œ

0

dt2

t
3
2
2

ˆ 1
2

≠
1
2

dt1 e
≠

k —2
4fi t2 IPF

!
t, t; ·, · , fl, fl

"
,

= 4
i k

ˆ
Œ

≠Œ

’ d’

ˆ
Œ

0
dt2

ˆ 1
2

≠
1
2

dt1 e2i — ’≠
4fi
k t2 ’

2
IPF

!
t, t; ·, · , fl, fl

"
,

(5.21)

27For simplicity, we will leave implicit the antiholomorphic dependence in the single string free energy.
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• Nicely enough, two notions agree for the partition function
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Useful to organize spectrum in terms of 
spacetime symmetries

• Supergravity modes

field is non-vanishing at the asymptotic boundary, and it is fixed to be the chemical poten-
tial of the boundary CFT2 as A3

w
= fl. Now, smoothness of the gauge field in spacetime

means that it should have trivial holonomy around the contractible circle. This fixes the
value A3

w = (fl + m), m œ Z, so that ei
¸

A
3
w = r.

The partition function is expressed as a sum over these flat gauge field configurations,
labelled by m. The bulk CS action vanishes because the gauge fields are flat, but there is
a boundary action given by k

´
Ai

wAi

w
, where, k = c/6 is the level of the CS theory fixed

by supersymmetry in terms of the central charge. The value of the action in the holonomy
sector m is such as to precisely implement the action of spectral flow by m units in the
N = 2 superconformal algebra [59]. Under such a spectral flow, the charge of a state shifts
as Q æ Q + k m, and the energy changes to L0 æ L0 + k m2 + 2 Q m. This is precisely what
is necessary to implement the averaging procedure described in (5.42).

Let us go back to our worldsheet result and examine the first factor in (5.40). Using it as
the seed function f(r), one recovers the vacuum N = 4 superconformal character �NS(¸ = 0)
upon implementing (5.42).32 Note that the infinite sum (5.41) transforms under this elliptic
average with level k + 1, but the one-loop determinant factor Ë4(fl/2,·)2

Ë1(fl,·) also transforms at
level ≠1, leading to the final result. In performing this elliptic average, we do not include the
contribution from the fermionic partners of the 4 spacetime U(1) currents (the Ë4(fl/2, ·) in
the second factor of (5.40), which transforms at level +1).

5.5 The supergravity spectrum
Having understood the origin of the currents from the worldsheet partition function, we now
turn to the spectrum of chiral primary operators. These are the states which are visible in
supergravity.

To anchor the discussion, let us record the spectrum of the supergravity states. This was
obtained by Kaluza-Klein reduction of 10d Type II supergravity on S3

◊ T 4 in [10, 11]. The
data can be expressed directly in terms of psu(1, 1|2) ü psu(1, 1|2) characters. One finds that
the representations of interest are the following:

s = 2 :
ÿ

jØ0
⇠(2)(j) + ⇠

(2)(j) ,

s = 3
2 : 2 ⇠( 3

2 )(0) + 2 ⇠( 3
2 )(0) +

ÿ

jØ
1
2

45 ⇠
( 3

2 )(j) + 45 ⇠
( 3

2 )(j) ,

s = 1 :
ÿ

jØ1/2
55 ⇠

(1)(j) + ⇠(1)!j + 1
2
"

.

(5.43)

We have organized the spectrum based on the highest helicity state in the multiplet. The
numerical coe�cients represent the degeneracy labels. We have decorated some degeneracy

32Note added in v2: In v1 of this paper we claimed erroneously that the average (5.42) was to be done with
a shifted level k + 1 instead of k, which is at odds with the supergravity discussion. The issue arose from not
accounting for the transformation of the theta functions. We are grateful to Joaquin Turiaci for helping us
clear this up.
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Returning to our discussion of the vertex operators on the worldsheet, note that there
is a natural map between the reduced characters �g(j) and the multiplets built atop the
operators recorded in (4.11). Specifically,

�g(j + 1) ‘æ {Bj , Q a

– Bj , Q a

–

b

— Bj} ,

�g(j) ‘æ {Aj , Q a

– Aj , Q a

– Q b

— Aj} ,

�g

1
j + 3

2
2

‘æ {R
ȧ

–̇ , Q a

– R
ȧ

–̇ , Q a

– Q b

— R
ȧ

–̇ } .

(4.20)

This identification will be extremely useful when we discuss the partition function, as we can
quickly identify the characters and thence the states they correspond to.

Finally, we put together the left and right movers to obtain the complete set of chiral
primaries. Working with the reduced characters to encode this data, we can identify three
essential combinations, which can be labeled by the value of the spin |hCFT ≠ h̄CFT |. Define26

⇠(1)(j) = �g(j) �g(j) ,

⇠( 3
2 )(j) = �g(j + 1

2) �g(j) ,

⇠(2)(j) = �g(j + 1) �g(j) .

(4.21)

These reduced psu(1, 1|2) ü psu(1, 1|2) characters, which are labeled by the maximum value
of the spin in the multiplet (given by the superscript) and are functions of (r, q), should be
interpreted in the following manner. The bottom component of the supermultiplets are NS-
NS sector states obtained from combining Aj and Bj+1 or R-NS states that take either of
these and pair them with R

ȧ
–̇

. At low values of the spin, we have again some simplifications

⇠(1)(0) = �g (0) �g(0) = 1 ,

⇠( 3
2 )(0) = �g

1
1
2

2
�g(0) = q

1
2 ‰ 1

2
(r) ≠ 2 q ,

⇠(2)(0) = �g (1) �g(0) = q ‰1(r) ≠ 2 q
3
2 ‰ 1

2
(r) + q2 .

(4.22)

5 Revisiting the one-loop superstring partition function

We now turn to the computation of the partition function of the superstring on AdS3◊S3
◊T 4.

The six dimensional geometry obtained after reducing on T 4 has the following line element,

ds2 = k
1
cosh2 fl dt2

E + dfl2 + sinh2 fl dÏ2 + d◊2 + cos2 ◊ d„2
1 + sin2 ◊ d„2

2
2

. (5.1)

The NS-NS B-field supporting the geometry is given by

B = k
1
sinh2 fl dtE · dÏ + sin2 ◊ d„1 · d„2

2
. (5.2)
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( 3
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2 )(j), respectively, with opposite
values of helicity.
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Returning to our discussion of the vertex operators on the worldsheet, note that there
is a natural map between the reduced characters �g(j) and the multiplets built atop the
operators recorded in (4.11). Specifically,

�g(j + 1) ‘æ {Bj , Q a

– Bj , Q a

–

b

— Bj} ,

�g(j) ‘æ {Aj , Q a
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– Q b

— Aj} ,
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1
j + 3
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2

‘æ {R
ȧ

–̇ , Q a

– R
ȧ
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– Q b

— R
ȧ

–̇ } .

(4.20)

This identification will be extremely useful when we discuss the partition function, as we can
quickly identify the characters and thence the states they correspond to.

Finally, we put together the left and right movers to obtain the complete set of chiral
primaries. Working with the reduced characters to encode this data, we can identify three
essential combinations, which can be labeled by the value of the spin |hCFT ≠ h̄CFT |. Define26

⇠(1)(j) = �g(j) �g(j) ,

⇠( 3
2 )(j) = �g(j + 1

2) �g(j) ,

⇠(2)(j) = �g(j + 1) �g(j) .

(4.21)

These reduced psu(1, 1|2) ü psu(1, 1|2) characters, which are labeled by the maximum value
of the spin in the multiplet (given by the superscript) and are functions of (r, q), should be
interpreted in the following manner. The bottom component of the supermultiplets are NS-
NS sector states obtained from combining Aj and Bj+1 or R-NS states that take either of
these and pair them with R

ȧ
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. At low values of the spin, we have again some simplifications
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The terms with m ”= 0 in the above expression for µ(r, z) scale as qm
2 k

≥ q
c
6 m

2 . From the trace
interpretation, we see that these states are heavy (with LCFT = O(k) as k æ Œ) compared to
terms with LCFT = O(1) from the m = 0 term. We will later characterize the m ”= 0 terms as
contributions from other saddles with non-trivial holonomy for the R-symmetry background
gauge field.

Now we proceed to discuss the m = 0 term, which captures the light fluctuations of
supergravity and strings around thermal AdS3. We write this term as the factored expression

�NS(¸; r, q)
---
m=0

= Cosc(r, q)
!
�g(¸; r, q) ≠ q ”¸,0

"
. (4.15)

The first factor Cosc, given by

Cosc(r, q) © ≠i
q

1
4

÷(·)
¸ ˚˙ ˝
L

CFT
≠n

r
1
2 ≠ r≠

1
2

Ë1(fl, ·)
¸ ˚˙ ˝

J
CFT
≠n

Ë2
4(fl

2 , ·)
÷(·)2 (1 ≠ r

1
2 q

1
2 )2 (1 ≠ r≠

1
2 q

1
2 )2

¸ ˚˙ ˝
G

CFT
≠r

, (4.16)

captures the one-loop determinant of the oscillator states. The factors have been assembled
in (4.16) based on the action of the N = 4 raising generators. This contribution would have
been the entire content of a module if it were freely generated by the action of LCFT

≠n , JCFT
≠n ,

n Ø 1 and GCFT
≠r , r Ø 3/2 respectively.

When ¸ Ø 0 the second factor in (4.15) is the reduced psu(1, 1|2) character

�g(¸) = �g(¸; r, q) = q¸ ‰¸(r) ≠ 2 q¸+ 1
2 ‰

¸≠
1
2
(r) + q¸+1 ‰¸≠1(r) , (4.17)

which is written in terms of the usual su(2) characters,

‰¸(r) = r¸+ 1
2 ≠ r≠¸≠

1
2

r
1
2 ≠ r≠

1
2

, ¸ Ø 0 (and ‰¸(r) = 0 , ¸ < 0) . (4.18)

This simply encodes the observation that the supermultiplet is filled out by acting on a bottom
component by the supercharges Q a

– (which are in a R-symmetry doublet). Starting with a
state |¸, ¸Í, this reduced character encodes the structure of the multiplet with the SU(2) spin
decreasing by 1

2 at each step: {|¸, ¸Í , Q a
– |¸, ¸Í , Q a

– Q b

—
|¸, ¸Í}.

The situation described above is for a generic multiplet. There are some special features
at small values of ¸, owing to the existence of further truncations (or additional null states).
For example,

�g(0) = 1 , �g
!1

2
"

= q
1
2 ‰ 1

2
(r) ≠ 2 q . (4.19)

The first equation above states that the vacuum module contains only the identity state |0, 0Í,
and furthermore LCFT

0 |0, 0Í = 0. This is consistent with the extra term ”¸,0 in (4.15). The
second equation captures the fact that multiplet built atop

---1
2 , 1

2

f
truncates after the action

of a single supercharge.
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• Spacetime symmetry 

field is non-vanishing at the asymptotic boundary, and it is fixed to be the chemical poten-
tial of the boundary CFT2 as A3

w
= fl. Now, smoothness of the gauge field in spacetime

means that it should have trivial holonomy around the contractible circle. This fixes the
value A3

w = (fl + m), m œ Z, so that ei
¸

A
3
w = r.

The partition function is expressed as a sum over these flat gauge field configurations,
labelled by m. The bulk CS action vanishes because the gauge fields are flat, but there is
a boundary action given by k

´
Ai

wAi

w
, where, k = c/6 is the level of the CS theory fixed

by supersymmetry in terms of the central charge. The value of the action in the holonomy
sector m is such as to precisely implement the action of spectral flow by m units in the
N = 2 superconformal algebra [59]. Under such a spectral flow, the charge of a state shifts
as Q æ Q + k m, and the energy changes to L0 æ L0 + k m2 + 2 Q m. This is precisely what
is necessary to implement the averaging procedure described in (5.42).

Let us go back to our worldsheet result and examine the first factor in (5.40). Using it as
the seed function f(r), one recovers the vacuum N = 4 superconformal character �NS(¸ = 0)
upon implementing (5.42).32 Note that the infinite sum (5.41) transforms under this elliptic
average with level k + 1, but the one-loop determinant factor Ë4(fl/2,·)2

Ë1(fl,·) also transforms at
level ≠1, leading to the final result. In performing this elliptic average, we do not include the
contribution from the fermionic partners of the 4 spacetime U(1) currents (the Ë4(fl/2, ·) in
the second factor of (5.40), which transforms at level +1).

5.5 The supergravity spectrum
Having understood the origin of the currents from the worldsheet partition function, we now
turn to the spectrum of chiral primary operators. These are the states which are visible in
supergravity.

To anchor the discussion, let us record the spectrum of the supergravity states. This was
obtained by Kaluza-Klein reduction of 10d Type II supergravity on S3

◊ T 4 in [10, 11]. The
data can be expressed directly in terms of psu(1, 1|2) ü psu(1, 1|2) characters. One finds that
the representations of interest are the following:

s = 2 :
ÿ

jØ0
⇠(2)(j) + ⇠

(2)(j) ,

s = 3
2 : 2 ⇠( 3

2 )(0) + 2 ⇠( 3
2 )(0) +

ÿ

jØ
1
2

45 ⇠
( 3

2 )(j) + 45 ⇠
( 3

2 )(j) ,

s = 1 :
ÿ

jØ1/2
55 ⇠

(1)(j) + ⇠(1)!j + 1
2
"

.

(5.43)

We have organized the spectrum based on the highest helicity state in the multiplet. The
numerical coe�cients represent the degeneracy labels. We have decorated some degeneracy

32Note added in v2: In v1 of this paper we claimed erroneously that the average (5.42) was to be done with
a shifted level k + 1 instead of k, which is at odds with the supergravity discussion. The issue arose from not
accounting for the transformation of the theta functions. We are grateful to Joaquin Turiaci for helping us
clear this up.
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su(2) characters

[Deger, Kaya, Sezgin, Sundell ’98]



Single-string spectrum: supergravity modes

• Single-string spectrum:

factors with a subscript, referring to the representation under SO(5) U-duality symmetry in
six dimensions (see below).

A few comments are in order for comparison to the aforementioned literature. The orig-
inal analysis of [10] focussed on reducing six dimensional supergravity on S3. They assumed
that the gravitational sector was coupled to n tensor multiplets, and derived the resulting
spectrum in AdS3. The torus reduction of Type II theories results in 5 six dimensional ten-
sor multiplets (this is the origin of the SO(5) symmetry). However, there are additional
gravitinos and vector fields, owing to all the 10d supercharges being preserved under T 4

compactification. This was separately analyzed in [11].

Let us now see how to recover (5.43) from the worldsheet. Since these states are obtained
in supergravity, we can ignore string oscillators i.e., put N = N = 0, and keep the spectral flow
number to be w = 0. Furthermore, Kaluza-Klein reduction on T 4 implies that pR = pL = 0.
The level matching condition (5.31) now implies n = n, and the constraint (5.36) further
forces n = 0, and reduces to the bound on the spin of the su(2) primaries 0 Æ ¸ Æ

k≠1
2 (this

is weaker than the cut-o� in su(2) representations in the partition sum). Taking these into
account, we find

fPF(·, fl, · , fl)
---
sugra

= I0

k
2 ≠1ÿ

¸=0
q¸

|‰¸(r)|2 . (5.44)

Note that the ¸ = 0 contribution is included here for convenience, even though a part of it
was already analyzed in §5.4.

To proceed, we use the following simple identity of the chiral psu(1, 1|2) characters

qj ‰j(r)
1
1 ≠ q + ⇠(2)(0) ≠ 2 ⇠( 3

2 )(0)
2

= �g(j +1, j +1)+�g(j, j)≠2�g
!
j + 1

2 , j + 1
2
"

. (5.45)

It is then a simple matter to put together the above expression (5.45) with the analogous
expression in anti-holomorphic sector, which results in

fPF(·, fl, · , fl)
---
sugra

= 1 + ⇠(2)(0) ≠ 2 ⇠( 3
2 )(0)

1 ≠ q
+ ⇠

(2)(0) ≠ 2 ⇠( 3
2 )(0)

1 ≠ q

+
⇠(1)(1) ≠ 2 ⇠( 3

2 )
1

1
2

2
≠ 2 ⇠( 3

2 ) 1
1
2

2
+ 4 ⇠(1)

1
1
2

2

|1 ≠ q|
2

+
ÿ

1
2 Æ j Æ

k
2 ≠1

⇠(2)(j) + ⇠
(2)(j) + ⇠(1)(j) + 4 ⇠(1)

1
j + 1

2

2
+ ⇠(1)(j + 1)

|1 ≠ q|
2

≠ 2
ÿ

1
2 Æ j Æ

k
2 ≠1

⇠( 3
2 )(j) + ⇠

( 3
2 )(j) + ⇠( 3

2 )
1
j + 1

2

2
+ ⇠

( 3
2 ) 1

j + 1
2

2

|1 ≠ q|
2 .

(5.46)
The first line is the contribution from the identity and the boundary currents, which we have
already discussed. The rest of the spectrum, as one can easily check, corresponds precisely
to the supergravity chiral primary states recorded in (5.43).
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Supergravity 
modes

[Ferko, Murthy, Rangamani ’24]



Symmetries of T4 
(promoted to 

current algebra)

Single-string spectrum: currents

The contribution from the set of states with discrete spacetime conformal weights is

fPF,disc

!
·, · , fl, fl

"
= I0

‰ÿ
”LM Qw

N (q, r) Qw

N
(q, r) ‰nk+¸(r) ‰nk+¸(r) (q q)w≠

1
2 +�w . (5.35)

The oscillator level is constrained in the wth spectral flowed sector to satisfy

k

2 w Æ �w Æ
k

2 (w + 1) . (5.36)

The continuum spectrum is in turn given by a density of states %(s; q, q, r, r), and takes the
form

fPF,cont

!
·, · , fl, fl

"
= I0

Œÿ

w=1

ˆ
Œ

≠Œ

ds

ifi

%(s; q, q, r, r)
|1 ≠ q|

2 (q q)
k w

4 + 1
w

1
s2
k +�2

w

2

. (5.37)

The derivation of the density of states proceeds similarly to the bosonic string. Its precise
form will not play a role in our analysis, and so we refrain from writing it out explicitly.

5.4 Spacetime currents

Now that we have the single string free energy, let us examine the contributions closely. Our
first task is to isolate the spacetime currents. To this end, note that we can focus on exciting
no su(2) and T 4 primaries (pL = pR = ¸ = 0), nor the oscillators and their spectral flow
images. This implies we restrict to P 0

0 (q, r) P
0
0(q, r) ‰0(r) ‰0(r) = 1. Then, we are left with

only the contribution from I0, which we have written out in (5.27).
To interpret this, it is useful to rewrite I0 in terms of the reduced psu(1, 1|2) üpsu(1, 1|2)

characters introduced in (4.21). A short calculation reveals

I0 = 1 + ⇠(2)(0) ≠ 2 ⇠( 3
2 )(0)

1 ≠ q
+ ⇠

(2)(0) ≠ 2 ⇠( 3
2 )(0)

1 ≠ q

+
⇠(1)(1) ≠ 2 ⇠( 3

2 )
1

1
2

2
≠ 2 ⇠( 3

2 ) 1
1
2

2
+ 4 ⇠(1)

1
1
2

2

|1 ≠ q|
2 .

(5.38)

We now see the spacetime currents explicitly in the first line, while the second line comprises
states which are current-current bilinears. We will see later that they assemble into the chiral
primary states of supergravity (after including states with all ¸).

Let us focus therefore on the first line. The contribution proportional to unity is that of
the spacetime CFT vacuum. The holomorphic part can be written in terms of the charac-
ters (4.22) as follows,

I0,hol(·, fl) = ⇠(2)(0) ≠ 2 ⇠( 3
2 )(0)

1 ≠ q
=

q ‰1(r) ≠ 2 q
3
2 ‰ 1

2
(r) + q2

1 ≠ q
≠ 2
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The interpretation of the various pieces is as follows:
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The derivation of the density of states proceeds similarly to the bosonic string. Its precise
form will not play a role in our analysis, and so we refrain from writing it out explicitly.

5.4 Spacetime currents

Now that we have the single string free energy, let us examine the contributions closely. Our
first task is to isolate the spacetime currents. To this end, note that we can focus on exciting
no su(2) and T 4 primaries (pL = pR = ¸ = 0), nor the oscillators and their spectral flow
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We now see the spacetime currents explicitly in the first line, while the second line comprises
states which are current-current bilinears. We will see later that they assemble into the chiral
primary states of supergravity (after including states with all ¸).
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How does this agree with the expectations 
for currents? 

• Currents of (4,4) algebra expected from boundary: 
Brown-Henneaux analysis.

• The 4+4 U(1) currents (+superpartners) correspond to 
gauge fields from NSNS excitations in the T4 directions.

• In the boundary theory, this corresponds to overall 
(center of mass) T4 in 
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• Conclusion agrees with recent analysis of boundary 
theory, extra currents decoupled sector of theory.

[Aharony, Urbach ’24]

• Harmonic analysis suggests corresponding 
gauge fields in spectrum.

How does this agree with the expectations 
for currents? 

• Naively, RR gauge fields could also give boundary 
currents (another 4+4).

• However, our analysis shows that it is not consistent 
with modular invariant string 1-loop amplitude.



Consequences on near-extremal BTZ BHs

where the ellipsis includes modes with all parameters N, w, pL ”= 0. The main point to note
is that the spectrum has a non-trivial twist gap; the spacetime currents discussed in §5.4 are
the only chiral states of the theory. Because of the current-current bilinears the twist gap is
of order 1 for all k Ø 2.

6 Comments on near-extremal BTZ black holes

We now have at hand the one-loop determinant around the thermal AdS3 geometry for both
the bosonic string and the superstring. The former is given by (3.27), and we write down an
analogous expression for the latter below. These results can now be used to infer aspects of
the BTZ black hole thermodynamics, which was one of the motivations behind our analysis.

We recall that the Euclidean manifold H
+
3 /Z can be interpreted either as the thermal

AdS3 geometry, as we have done in (3.1) and (3.2), or as the Euclidean BTZ spacetime. The
latter is obtained by declaring the contractible cycle in the geometry to the Euclidean time
circle. In the boundary T 2 geometry this is achieved by an S-modular transform, · æ ≠

1
·
.

One therefore obtains the well-known result32

ZCFT(·, ·)
---
BTZ

= ZCFT

3
≠

1
·

, ≠
1
·

4 ---
thermal AdS3

. (6.1)

Therefore, using (3.14) we can immediately obtain the partition function for strings around
the BTZ spacetime.

Let us first discuss the bosonic string on BTZ ◊ X. Using (3.27) we have
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---
BTZ

= eStree≠
2fi i
24 ( 1

· ≠
1
· ) + ···
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------

1
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1 ≠ e≠2fi i
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(6.2)
The worldsheet analysis does not capture the tree level piece, but we can estimate it at large k

from semiclassical gravity, where one obtains Stree = c

24

1
1
·

≠
1
·

2
, cf. [33]. This is obtained by

evaluating the on-shell action of Einstein-Hilbert gravity with the Gibbons-Hawking boundary
term.

We can map the BTZ black hole to a configuration contributing to the grand canonical
partition function of the spacetime CFT, with fixed temperature T and angular chemical
potential �, with the identifications

T = 1
fi i

1
· ≠ ·

, � = fi (· + ·) . (6.3)

The near-extremal limit is obtained as follows:33

· æ i Œ , · æ ≠i 0, holding |· | < 1 . (6.4)
32In this section we will use · to indicate the modular parameter of the boundary torus in the BTZ frame.
33A more precise characterization of the limit involves the spacetime CFT central charge c [4, 32]. Specifically,

we require, as c æ Œ, · ≥ O(c) and · ≥ O(1/c) in the complex directions as shown. These statements refer
to a complex saddle-point in the Euclidean theory wherein · , · are independent complex numbers that are
not necessarily complex conjugate.
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• We can read off the thermodynamics of near-extremal 
BTZ BHs 

• We want large BH, but small temperature
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Read off from string spectrum



Consequences on near-extremal BTZ BHs

We can map the BTZ black hole to a configuration contributing to the grand canonical
partition function of the spacetime CFT, with fixed temperature T and angular chemical
potential �, with the identifications

T = 1
fi i

1
· ≠ ·

, � = fi (· + ·) . (6.3)

The near-extremal limit is obtained as follows:34

· æ i Œ , · æ ≠i 0, holding |· | < 1 . (6.4)

The latter condition ensures that the BTZ black hole is the dominant saddle for the grav-
itational problem. In this limit we can evaluate (6.2). First, note that the contribution
from the current bilinears (the third term in the product) is exponentially close to unity,
and the same is true for all the terms we have elided over owing to the non-vanishing twist
gap for any k > 3. Upon dropping these, and assuming that we can use the semiclassical
expression Stree ≥

c

24( 1
·

≠
1
·
), the modular properties of the ÷ function leads to

ZCFT(·, ·)
---
BTZ

≥
·æ≠i 0

e
2fi i
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1
· )
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1
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2fi i
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2

(≠i ·) 1
2 ÷(·)
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·æi Œ

(≠i ·)≠
3
2 exp

1
≠

2fi i (c ≠ 1)
24 ·
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2fi i ·

24
2

.

(6.5)

The Legendre transform of Z to a mixed ensemble with fixed angular momentum J and
temperature T is given by [4]

ÂZCFT(T, J)
---
BTZ

≥ T
3
2 J≠

3
4 e2fi

Ô
c
6 J e≠

1
T (J≠

1
12 ) . (6.6)

The contribution from Stree reproduces the Bekenstein-Hawking entropy of the extremal
black hole, while the one-loop determinant captures the expected T

3
2 contribution to the

partition function. In the semiclassical limit, one attributes this result to the Schwarzian
modes which are supported in the near- horizon region [4, 5].35 We see here that the result
continues to hold for finite string length ¸AdS & ¸s. This is explained by the presence of a
non-trivial twist gap [4, 32], which is present for k > 3.

Superstrings on AdS3: Turning to the superstring, we can carry out a similar exercise.
The choice of boundary conditions for the fermions in spacetime entails a corresponding
choice of the boundary spin structure. The partition functions we have computed with peri-
odic and antiperiodic boundary conditions in the thermal AdS3 geometry, correspond to the

34A more precise characterization of the limit involves the spacetime CFT central charge c [4, 32]. Specifically,
we require, as c æ Œ, · ≥ O(c) and · ≥ O(1/c) in the complex directions as shown. These statements refer
to a complex saddle-point in the Euclidean theory wherein · , · are independent complex numbers that are
not necessarily complex conjugate.

35One can equivalently understand this contribution as arising from low-lying eigenvalues of the quadratic
fluctuation operator in the full geometry [61].
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35One can equivalently understand this contribution as arising from low-lying eigenvalues of the quadratic
fluctuation operator in the full geometry [61].
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where the ellipsis includes modes with all parameters N, w, pL ”= 0. The main point to note
is that the spectrum has a non-trivial twist gap; the spacetime currents discussed in §5.4 are
the only chiral states of the theory. Because of the current-current bilinears the twist gap is
of order 1 for all k Ø 2.

6 Comments on near-extremal BTZ black holes

We now have at hand the one-loop determinant around the thermal AdS3 geometry for both
the bosonic string and the superstring. The former is given by (3.27), and we write down an
analogous expression for the latter below. These results can now be used to infer aspects of
the BTZ black hole thermodynamics, which was one of the motivations behind our analysis.

We recall that the Euclidean manifold H
+
3 /Z can be interpreted either as the thermal

AdS3 geometry, as we have done in (3.1) and (3.2), or as the Euclidean BTZ spacetime. The
latter is obtained by declaring the contractible cycle in the geometry to the Euclidean time
circle. In the boundary T 2 geometry this is achieved by an S-modular transform, · æ ≠

1
·
.

One therefore obtains the well-known result32

ZCFT(·, ·)
---
BTZ

= ZCFT

3
≠

1
·

, ≠
1
·

4 ---
thermal AdS3

. (6.1)

Therefore, using (3.14) we can immediately obtain the partition function for strings around
the BTZ spacetime.

Let us first discuss the bosonic string on BTZ ◊ X. Using (3.27) we have

ZCFT(·, ·)
---
BTZ

= eStree≠
2fi i
24 ( 1

· ≠
1
· ) + ···

◊

------

1
1 ≠ e≠

2fi i
·

2

÷(≠ 1
·
)

------

2

◊

ŒŸ

n1,n2=0

1

1 ≠ e≠2fi i

! 2+n1
· ≠

2+n2
·

" ◊ · · · .

(6.2)
The worldsheet analysis does not capture the tree level piece, but we can estimate it at large k

from semiclassical gravity, where one obtains Stree = c

24

1
1
·

≠
1
·

2
, cf. [33]. This is obtained by

evaluating the on-shell action of Einstein-Hilbert gravity with the Gibbons-Hawking boundary
term.

We can map the BTZ black hole to a configuration contributing to the grand canonical
partition function of the spacetime CFT, with fixed temperature T and angular chemical
potential �, with the identifications

T = 1
fi i

1
· ≠ ·

, � = fi (· + ·) . (6.3)

The near-extremal limit is obtained as follows:33

· æ i Œ , · æ ≠i 0, holding |· | < 1 . (6.4)
32In this section we will use · to indicate the modular parameter of the boundary torus in the BTZ frame.
33A more precise characterization of the limit involves the spacetime CFT central charge c [4, 32]. Specifically,

we require, as c æ Œ, · ≥ O(c) and · ≥ O(1/c) in the complex directions as shown. These statements refer
to a complex saddle-point in the Euclidean theory wherein · , · are independent complex numbers that are
not necessarily complex conjugate.
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The latter condition ensures that the BTZ black hole is the dominant saddle for the grav-
itational problem. In this limit, we can evaluate (6.2). First, note that the contribution
from the current bilinears (the third term in the product) is exponentially close to unity,
and the same is true for all the terms we have elided over owing to the non-vanishing twist
gap for any k > 3. Upon dropping these, and assuming that we can use the semiclassical
expression Stree ≥

c

24( 1
·

≠
1
·
), the modular properties of the ÷ function leads to

ZCFT(·, ·)
---
BTZ

≥
·æ≠i 0

e
2fi i
24 (c≠1) ( 1

· ≠
1
· )

◊

1
1 ≠ e≠

2fi i
·

2

(≠i ·) 1
2 ÷(·)

≥
·æi Œ

(≠i ·)≠
3
2 exp

1
≠

2fi i (c ≠ 1)
24 ·

2
.

(6.5)

The Legendre transform of Z to a mixed ensemble with fixed angular momentum J and
temperature T is given by [4]

ÂZCFT(T, J)
---
BTZ

≥ T
3
2 J≠

3
4 e2fi

Ô
c
6 J . (6.6)

The contribution from Stree reproduces the Bekenstein-Hawking entropy of the extremal
black hole, while the one-loop determinant captures the expected T

3
2 contribution to the

partition function. In the semiclassical limit, one attributes this result to the Schwarzian
modes which are supported in the near- horizon region [4, 5].34 We see here that the result
continues to hold for finite string length ¸AdS & ¸s. This is explained by the presence of a
non-trivial twist gap [4, 32], which is present for k > 3.

Turning to the superstring, we can carry out a similar exercise. For concreteness, we
impose periodic boundary conditions for the spacetime fermions around the time circle. Then,
using the single string free energy (5.34) and the analysis of §5.5, we find

ZCFT(·, · , fl, fl)
---
thermal AdS3

= eStree ◊ |�NS(0)|2 ◊ · · · . (6.7)

where, �NS(0) is the vacuum character (in NS sector) of the N = 4 superconformal alge-
bra (4.14). We are assuming that the elliptic average described in (5.42) has been carried
out in obtaining this vacuum character. The terms we are dropping are the contributions
from the other states of the theory which, as we have argued in §5.6, are separated from the
vacuum by a finite twist gap for k Ø 2.

We could also consider the index of BPS black holes. The strategy as in [21] is to work
in the near-extremal near-BPS regime.35 The BPS BTZ black hole is the ground state in the
R-R sector of the spacetime CFT. It can again be obtained from the thermal AdS3 result with

34One can equivalently understand this contribution as arising from low-lying eigenvalues of the quadratic
fluctuation operator in the full geometry [61].

35One can approach the BPS point in a manner which manifestly preserves supersymmetry. This leads to
complex gravitational saddles for the supersymmetric index [62–69].
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• In the canonical ensemble, [cf. Ghosh, Maxfield, Turiaci, ’19]

• Our  analysis shows that these results hold at finite k 
= non-zero 
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Consequences on near-extremal BTZ BHs 
(supersymmetric theory)

Neveu-Schwarz sector trace in the spacetime CFT with and without the insertion of (≠1)Fs ,
respectively. When we use the S-modular transform to evaluate the result for the BTZ ge-
ometry, these turn into the Neveu-Schwarz and Ramond sector traces without any insertions.
Specifically,

ZNS
CFT(·, fl, · , fl)

---
BTZ

= TrNS(qL0 rJ
3
0 qL0 rJ

3
0)

---
BTZ

= TrNS(qL0
AdS rJ

3
0

AdS qL0
AdS rJ

3
0

AdS)
---
AdS

(6.7a)

ZR
CFT(·, fl, · , fl)

---
BTZ

= TrR(qL0 rJ
3
0 qL0 rJ

3
0)

---
BTZ

= TrNS((≠1)Fs qL0
AdS rJ

3
0

AdS qL0
AdS rJ

3
0

AdS)
---
AdS
(6.7b)

with
qAdS = e≠

2fii
· , rAdS = e≠2fii

fl
· . (6.8)

Let us first analyze the NS sector in the BTZ background. Using Equation (6.7a) we
can equivalently analyze the AdS calculation. From the worldsheet analysis around the AdS
space (5.17), we obtain (we read the variables below as qAdS and rAdS)

TrNS(qL0
AdS rJ

3
0

AdS qL0
AdS rJ

3
0

AdS)
---
thermal AdS3

= eStree ◊

---�AF
NS (0)

---
2

◊

-----
Ë3

!
fl

2 , ·
"2

÷6(·)

----- ◊ · · · , (6.9)

with

�AF
NS (0) = (1 ≠ q)

Ë3
!

fl

2 , ·
"2

÷(·)3 Ë1(fl, ·)
ÿ

mœZ

q(k+1) m
2

r(k+1) m
qm r

1
2 ≠ q≠m r≠

1
2

(1 + qm+ 1
2 r

1
2 )2 (1 + q≠m+ 1

2 r≠
1
2 )2

.

(6.10)

We have directly given the final answer above. To obtain it, we carried out the integral over
the worldsheet modulus using the explicit form of Z(n,m)

AF . This leads to a single string free
energy fAF , which has a discrete and a continuous spectrum. The low-lying discrete states
are chiral currents (the analog of (5.38)), whose contribution after exponentiating to obtain
the multi-string partition function is the m = 0 term of (6.10). Finally, the spectral flow
described in §5.4 leads to the terms with m ”= 0, which are geometries with non-trivial SU(2)
gauge field turned on at the boundary. Our focus here is on the chiral states of the spacetime
CFT. In (6.9) we have indicated the contribution of the chiral states. The non-chiral states
have finite twist for k Ø 2, and are not explicitly indicated in the formula.

We want to take the near-extremal limit as in (6.4). Using the modular properties of the
theta functions and the asymmetric scaling between left and right movers, we find

ZNS
CFT(·, fl, · , fl)

---
BTZ

≥ eStree T 5

T 5gap

ÿ

mœZ

!
m + fl

2
"

e
T

Tgap

!
1≠ (m+ fl

2 )2"

sin(fifl) . (6.11)

In the above expression Tgap ≥ 1/c refers to the temperature scale at which the quantum
e�ects around the classical saddle become important. The infinite sum over m does not
produce any additional zeros or singularities for any value of fl – not true, there is a divergence
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• Canonical ensemble
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T 3/2

• Anti-periodic fermions. Zero modes from SL(2), SU(2), T4.

as T æ 0. We can interpret the result as follows: in the near-extremal limit, the BTZ black
hole develops a long AdS2 throat, which supports a set of zero modes. One set of these arises
from the Schwarzian mode described in the bosonic analysis, and leads to a factor of T

3
2 .

For the compactification on S3
◊ T 4, we have additional bosonic zero modes, each of which

contributes an addition T
1
2 . The S3 isometries lead to three zero modes associated with the

SU(2) R-symmetry, while there are four zero modes associates with the U(1)4 gauge fields
coming from T 4. Altogether, the one-loop determinant has an overall T 5 factor.

We have left the SU(2) chemical potential to be generic in (6.11). One can rewrite the
answer as the sum over fixed charge sectors essentially by Poisson summation. Doing so,
one will find that the T

3
2 factor from the SU(2) zero modes will disappear in the fixed charge

sector. A similar story applies for the U(1)4 currents, although in this case we did not turn on
the associated chemical potentials in our worldsheet analysis. In any event, in the canonical
ensemble where all the charges are fixed, we reproduce the result (6.6) encountered earlier in
the bosonic string. As a result, the microcanonical density of states will display a continuum
spectrum in a fixed charge sector, as expected for the partition function in the absence of
supersymmetry [5].

Finally, let us turn to the R sector in the BTZ background. In this case, we invoke (6.7b)
to equivalently analyze the AdS calculation, where we have periodic boundary conditions for
the spacetime fermions around the time circle. Then, using the single string free energy (5.34)
and the analysis of §5.5, we find

ZNS,(≠1)F

CFT (·, · , fl, fl)
---
thermal AdS3

= eStree ◊ |�NS(0)|2 ◊

-----q
1
4

Ë4(fl

2 , ·)2

÷(·)6

-----

2
◊ · · · . (6.12)

where, �NS(0) is the vacuum character (in NS sector) of the N = 4 superconformal alge-
bra (4.14). The second factor involving the theta function incorporates the contribution from
the zero-twist currents from the T 4. We are again assuming that the elliptic average described
in (5.42) has been carried out in obtaining this vacuum character. The terms we are dropping
are the contributions from the other states of the theory which, as we have argued in §5.6,
are separated from the vacuum by a finite twist gap for k Ø 2.

We can now specialize the general answer (6.12) to the low-temperature limit. Let us do
so first for generic chemical potential. We end up with

ZR

CFT(·, fl, · , fl)
---
BTZ

≥ eStree T

Tgap

cos4(fi

2 fl)
sin(fifl)

ÿ

mœZ

!
m + fl

2
"

e
T

Tgap

1
1≠4 (m+ fl

2 )2
2

1
1 ≠ 4

!
m + fl

2
"222 . (6.13)

We once again can understand the factors of T in this calculation by counting the zero modes.
As before, we have 10 bosonic zero modes (3 from AdS3, 3 from S3, and 4 from T 4), but now
we have 8 fermionic zero modes in addition (from the gravitini). This gives an overall factor of
T ≥ T 5/T 4. Note that compared to the analysis of [21] there is an extra factor of T 2 cos2(fi

2 fl)
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• Periodic fermions. Bosons + fermions

• After absorbing T4 fermions, index            as 
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T ! 0
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• Harder: Schwarzian in higher-dimensional theory?

• String theory on AdS3 x S3 x S3 x S1
[work in progress,   
  Murthy, Rangamani ]

Further directions

• AdS5? Analyze Metsaev-Tseytlin string with this 
viewpoint? (Note only finite symmetry charges.)

• String theory on AdS3 x S3 x K3.  
Dual heterotic AdS3 x S3 x T4. 

• Generalize results to RR flux. k=1?

Спасибо!


