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Locality, renormalizability and unitarity (plus symmetries)
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Standard Model

In gravity
FEinstein gravity Stelle gravity
S=[v—=gR S=[v-g[R+R*+R},]
Unitary \/ Renormalizable X Unitary X Renormalizable \/



Degrees of freedom in Stelle theory

SQG(g 1671' / vV — ( R - éR + Cuypacuupa> 5 Guv = Nuv + V 3271']’[,“1,.

6
DOF
Massless graviton Massive scalar ¢ Massive spin-2 ghost x
hu. propagator
. 2) 0 ) 2 © 2) 0
K2 Hiwpa HEU/)pO' + g‘f _ 1 H;(J,u)pa - Huu)pa Hf:upn + ng)pa + gf
p? | (ME —ap?)  2(MZ —&p?) 2M2 p? p?—mi  p?—m3 ’

mi :le/a, mi :Mgl/f.

Off-shell x and ¢ are responsible for renormalizability \/

On-shell y is responsible for the violation of unitarity X
b



Purely Virtual Particles
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In quantum field theory a particle can be either "virtual" or "real"(on shell)

Real photon: light Virtual photon: electromagnetic force
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On-shell and virtual parts are related because of the optical theorem and the Feynman prescription
2
dHf = 2Im (—i )




Purely Virtual Particles

D. Anselmi and MP, JHEP 06 (2017) 066, D. Anselmi JHEP 06 (2017) 086
In quantum field theory a particle can be either "virtual" or "real"(on shell)

Real photon: light Virtual photon: electromagnetic force

Purely virtual particles (PVP)
e Only mediate interactions
e Contribute to renormalization

e Never be on shell

e Consistent with unitarity.
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Unitarity

e Optical theorem
S=1+ir, SSt=1 o —i(T —T" =7T".
e Cutting equations

G+(G)'+) Ge=0, G=iT, G =diagram,
cuts

¢ Pseudo-unitarity equation
—i(T =T =THT", H = diag(1,...,1,-1,...,-1)

e Goal: consistent projection

F,2 F
/dnf = 2Im|(-0) O = \\/

projected = 0 by fakeon
away prescription




Cuts and imaginary parts

PVP cut propagator vanishes. A bubble diagram has only one threshold

—_—r=0 = \ =0, =0.

More complicated diagrams have multiple thresholds = Modified functions




Cuts and imaginary parts

PVP cut propagator vanishes. A bubble diagram has only one threshold

= (D—-o o

More complicated diagrams have multiple thresholds = Modified functions

~C L~

Diagram — Diagram — ABjaeram, n = #of PVP inside the loop (1)

For one-loop bubble diagram (this talk): A2, . = Re(Bubble)
For triangles and boxes see A. Melis and MP, PRD 108 (2023) 9, 096021.
For general procedure D. Anselmi JHEP 11 (2021) 030.
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Threshold decomposition and spectral identities

D. Anselmi, JHEP 11 (2021) 030

af Pk (&1
GN:/ 1:[ k —pa)? —m§+iea:/(2w)D—1 HQwa Gy

Skeleton diagram

ak° & Qe

Gy = - a — 25
N 27 H(kofea)27w3+iea’ € p

a=

Spectral identities

G+ (G) +> Gi=o.

cuts

which holds threshold by thresholds.

e
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B i B i

€1 —ex — w1 —wa +i€e ey —el —wi —ws + i€

Using ﬁ =PL 4 n8(x) everywhere

B = —iPy — A — A%

Pl=p— = P=PlLP A" = 15(ea — ep — wa — wp)

€a — €p — Wa — Wh

NEIEEE

Terms 1
Po —1 7 0 0
A2 -1 -1 2 0
A2 -1 -1 0 2




—O-

1 )

B =

e1—ex —w1 —we+ie  ex—el —w —wyFiE
— =P + mi(x) everywhere

x+ie

Using

B® = —iPy — A? — A*

P =P Py = P 4 Ph, A" = 76(eq — ey — wa — wWp)

Diag. 2 EQ @ @
Terms Q

P, —1 i 0 0

A2 -1 —1 2 0

A2 -1 —1 0 2

If we want to include PVP, we kill all the A’s that contain at least one PVP frequency.



Diag.| /N3 |} / 7@% /\ A /f' p
Terms /J EA @ 7 : //;\/<\ é%‘_\ // \ %é
Py —i i 0 0 0 0 0 0

AlZQ13 -1 -1 2 0 0 0 0 0
AZQM L 1 -1 0 2 0 0 0 0
ASLQR | 1 -1 0 0 2 0 0 0
AQB 1 -1 0 0 0 2 0 0
ARQM | —1 0 0 0 0 2 0
ABQZ | -1 -1 0 0 0 0 0 2
ARZAL i —i 2i 0 0 0 0 —2i
ABA% i —i 0 20 0 —2i 0 0
ABTA3? i —i 0 0 2i 0 —2i 0
AZLAS! i —i 0 0 2i —2i 0 0
ABZAL i —i 2i 0 0 0 —2i 0
ABAZ i —i 0 2i 0 0 0 —2i

Py = PP 4 cycl + (e — —e), Q¥ =p—p



Diag. '\ y )

Terms B . 7 -
Py —i i 0 0 0 0 0 0

A12Q13 1 —1 %) 0 0 0 0 0

ABQH -1 -1 0 2 0 0 0 0

XA =i = 0 0 2 0 0 J

A2QB | 1 -1 0 0 0 2 0 0

ARO[ —1 0 0 0 0 2 0

A1BQ12 -1 =l 0 0 0 0 0 2

ANE/NE i —1 2i 0 0 0 0 —2i

ABAz | —i 0 2 0 | -2 | o

ABLA32 i —i 0 0 2i 0 =27

A2LA3L 5 — 0 0 2i —2i 0

ARA12 i —i 2i 0 0 0 —21

AIBAZ3 5 —i 0 2 0 0 0 —2i

Papc = PP +cycl + (e — —e), Q¥ =P P



Scattering in quantum gravity




Graviton scattering in quantum gravity

In Einstein gravity (unitary, nonrenormalizable)

1
Su(9) =~ [ VEIR, K =STG. g = e+ 26l 2)

Tree level amplitudes

EG 2
Anhshh ~ K8, s = c.o.m. energy squared (3)
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Graviton scattering in quantum gravity

In Einstein gravity (unitary, nonrenormalizable)

1
Su(9) =~ [ VEIR, K =STG. g = e+ 26l 2)
Tree level amplitudes
ARG~ RS, s = c.o.m. energy squared (3)

In Stelle gravity (non—unitary, renormalizable)

Ssa(g) = /\/ [ (R— &R + L CWMCWW} , C*,,s = Weyl tensor (4)

Tree level amplitudes
P. Dona, S. Giaccari, L. Modesto, L. Rachwal, Y. Zhu JHEP 08 (2015) 038.

A5 nn = Anhnn (5)

BN N N




Equivalent formulation of Stelle gravity

D. Anselmi and MP, JHEP 11 (2018) 021.

SSG( - ZHQ/F[CR_7R2+ !

- CC} (6)

Equivalent action
auxiliary fields ¢, xu. + Weyl transformation + field redefinitions.
I

5660 =55 | F[cm L 0,00, - V(as)}+sxx<g,x>+sm<g,x,¢> (1)

2
m

V(d)) = T;(l - 6R¢)27 SXX = _SPauli-Ficrz

Vertices in Sint

\/ hoy, hoo, ,hhy v, hhoo, XPP, XX PP etc... (8)
X hhy,  hho,  etc.. (9)

e



Unitarity Bounds and Perturbativity




Unitarity bounds and perturbativity

Usual derivation of Unitarity bounds for 2-to-2 scattering of scalars

1
= 2 = . 1

ols) = 55— /71dv\./\/l(s,v)| . u=cosh (10)

14 tg _ 1) Lot
S=1+ir, S's=1, (T T) ST'T (11)

4

ImM(s,1) = y/k(s,m?, m3 Zax > 1/k(s,m?, m3)o(s), (12)
n(w,y,z):x +yP 42—y —zz—yz (13)

Partial wave expansion in Legendre polynomials

16
s

M(s,v) =167 (2] + 1)A;(5) P; (v),

J=0

== 25+ 1)]A(s))? (14)
j=0

e



Unitarity bounds and perturbativity

3 (@2) + DImA,(s) > V2 Sml’m222y+1|A )2 (15)
7=0 7=0

For elastic scattering only we have the equality, which leads to

2 2
AL 0 <1 Red <L A= YRR 4 g

S

So far Unitarity = (15). Therefore, if (15) is violated = Unitarity is violated.



Unitarity bounds and perturbativity

[e'e} \/7’ [e'e]
32 + DImA,(s) > Sm1m222]+1|A (s)%. (15)
7=0 7=0

For elastic scattering only we have the equality, which leads to

A;] <1,  0<ImA; <1,  |Red;| < % Aj(s) = MAJ'(S) (16)
So far Unitarity = (15). Therefore, if (15) is violated = Unitarity is violated.
e Typical argument:

M = M 4 MOPS M = 167 AT + ..., AS® ~ s-channel diagrams (17)

X if Abree violates (16) at some scale, then the theory violates unitarity at some scale.

Unitarity and perturbativity (|M'°°P| < |[M™¢|) = (16) for AFe®

\/ if A5 violates (16) at some scale, then either unitarity or perturbativity is violated at some
scale

e



Diagrammatic optical theorem

Unitarity can be checked by means of the cutting equations
2Im (—iG) = — Y _ Ge (18)

which hold for any diagram G for any local QFT.
e Absence of ghosts = (18) is the diagrammatic version of the unitarity equation.
e The cutting equations (18) relies only on the diagramamtic expansion.

e No assumptions on the behavior of G.



Diagrammatic optical theorem

Unitarity can be checked by means of the cutting equations
2Im (—iG) = — Y _ Ge (18)

which hold for any diagram G for any local QFT.
e Absence of ghosts = (18) is the diagrammatic version of the unitarity equation.
e The cutting equations (18) relies only on the diagramamtic expansion.

e No assumptions on the behavior of G.

I

If A§e° violates | A5°°| < 1 etc... at some scale, then perturbativity is violated at some scale.

o
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O(N) models and large-N diagrammatics

1 a a 1 a a g a a
L(p) = 50u0"0" 0" — 5mPe"p" = 2(0"")*,  a=1,..N (19)
Identify the orders in N
1 1
—%(cpago“)Q — 592 — §ana<pa, g =gN ('t Hooft coupling) (20)

Study the limit N — oo by keeping g fixed.

e Each  internal line gives 1/N
e Fach closed ¢ loop gives N



O(N) models and large-N diagrammatics

1 a a 1 a a g a a
L(p) = 50u0"0" 0" — 5mPe"p" = 2(0"")*,  a=1,..N (19)
Identify the orders in N
1 1
—%(cpago“)Q — 592 — §ana<pa, g =gN ('t Hooft coupling) (20)

Study the limit N — oo by keeping g fixed.

e Each  internal line gives 1/N
e Fach closed ¢ loop gives N

Consider the scattering of p®p® — ’@® with a # b

> 3O >0-0<

All the bubble insertions are order 1/N and can be resummed




e
Higher-derivative O(N) models

1. . 1 o\ . 1 -0 o a
L(p) = 50u¢"Fn <M2>8“ — 5m’e"Fy <M2>“’ - g#°Gr (W)“”Q’ ©* = 9"p", (21)

D =14> fiz',  Ge(z) =) N2, (22)
i=1 i=0
e Auxiliary fields and 't Hooft couplings
9 O O 1 2 Sy,
8 P G (M2>np — QG (MQ)Q 29@, i = NN (23)
e Propagators
iéab

iDa(p’) = iG,(p%),  iDY(p) = = i6*° Dup (p°) (24)

(p? —m? +ie) Fn(p?/M?)

o



Bubble diagrams

2\ ao - a; . = o
Dup(p°) = D m? e + ii 1 R VR with .i a; =0 (25)
e Generic bubble diagram
dPq 1 1
Bi' 2 = ) 26
i) /(QW)D(p—|—q)2—Mi2—|—ieq2—M]-2+ie (26)

Bij (p27 7) = TReB;; (p2) + «ImB;; (p2), (r =0 for PVP) (27)

o O self energy is Nz(pza T)

20%,7) = [ (o Dunto-+ ) Pan (@) = 3 sty B0, (28)
,j=0

o



High-energy expansion

T ]\4‘2 M (1) 2
ReBij(s,T) = ~16m 1- f +0(1/s%) = ReB;;’(s,7) + O(1/5%) (29)
e For k particles with 7 =1and n+1—k with 7 # 1
ReX(s,7)=(1—71 Z alaJB( )(s5,1) + O(1/5%), ImX (s, 7) = O(1/s°) (30)
1,7=0



High-energy expansion

T ]\4‘2 M (1) 2
ReBij(s,T) = ~16m 1- f +0(1/s%) = ReB;;’(s,7) + O(1/5%) (29)
e For k particles with 7 =1and n+1—k with 7 # 1
ReX(s,7)=(1—71 Z alaJB( )(s5,1) + O(1/5%), ImX (s, 7) = O(1/s°) (30)
,j=0

e For 7 =1 (standard particles and ghosts)

%(s,1) = O(1/5°) (31)
e For 7 = 0 (k standard particles and n +1 — k PVP)

ReX(s,0) = O(1/s"), ImX(s,0) = O(1/s°) (32)

This difference is crucial in the resummed ) propagator
iD(s, ) = (s, )
N1—-iGr(5,M)2(s,7)

e

(33)



Explicit example

Fl(z):1—27 Gl(z)z)\o—)\lz (34)

1 0 " m? 0 1, MO\ o
L= 5(‘%%) <1 + W) (0% pa) — 5 Pa <1 + W) Pa = g® ()\0 + W) ¥ (35)

Propagators
‘M25ab M2
Db (p2) — _ ¢ ithay=—-a1 = ——— 36
iDg (p”) (p2 — m2 +ie)(p? — M2 + i)’ with ag ai M2 — m2 (36)
, A1p®
iDa(p’) =2 — 55 (37)
Properties

e Superrenormalizable
e For 7 =1 there are N standard particles of mass m and N ghosts of mass M (violates opt th).
e For 7 = 0 there are N standard particles of mass m and N PVP of mass M (unitary).

e Setting F1(z) = 1 give a nonrenormalizable theory.

S
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First 40 lines of 3-leg vertex in Stelle gravity. Total is 790 lines, txt file 120 kB
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d_(mu1,nu1)*d_( (muk.r\uu‘d (mu3,nU3)*pp3. pp3’ ,nu1)*d_( 12)*pp1(mu3)*pp1( - 4]3*d_(nu1,nul)*d (e }\Dplfmu?!‘pplwr\u’; o
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1(nu3)* + d_(ut,nin)=d (nuz, U3)*pp1{nu2) pp1(n 2.992°1_sha s d (ot nut)d_{nuz;u3)*0pi(n62)0p1(0u3)"pp2.po3ti_tha ¢ d (nut,nutfed (muz, 3y
BT A e T A TS < 4T nuz§ed(muz,mu3) po1(n2) "pp2(nu3)eppt. ppzed_sha © 1/2+d (o nud)*
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First 40 lines of 3-leg vertex in Stelle gravity. Total is 790 lines, txt file 120 kB
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Why not doing directly Stelle gravity instead of toy models?
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Why not doing directly Stelle gravity instead of toy models?
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pl pp, 2ni *Aa + 2/3%d_(nut, nulv'd muunuu'd s b3 20D pp2*ppS PR 1Bb 447350 (mu1 muy*a. (2330 (0
(L 20 (P20, {3 3)Rpp2 -Bp*L KT - St FUTYR (2 e .pp3 '_ - d_(n ,nu2)*d_(nu3, f
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A Y e e e SR e MY e el _(mut,nu1)*d._(nu2,nu3)*pp1 (nu3) *pp3(nu2) *ppL.p +1/2
d (eut,nu1)2d (w2, mu3)0p1 (nu3) 0 (02) 4002 52 s 4 (rut,nu)«d(uz, mu3)pp2(uz)sppa(nu)si_Scc + 2f3d {nudnul)vd. (uz,mus)epoz s eppanis)e
Tob+ /3% (i) *d_(uzumi3)tppa(nu) pp2(u3) oot pp + /2td (out,nuted (2, u3)*pp2(nu2)*pp2(nu3)*pp1.pp3*i_*Aa + 1/2%d_(mut,nu1
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First 40 lines of 3-leg vertex in Stelle gravity. Total is 790 lines, txt file 120 kB
4-leg vertex txt file is 4 MB
5-leg vertex txt file is 165 MB
6-leg vertex txt file is 5.7 GB.




Results




Cross sections

For %% — ©®p® with a # b

e Tree-level cross section

o(s) = a5 ()\ - i)2 —2_ at high energies (38)
T 16ms \O T M2 Ma e 81e%,
e Resummed cross sections )

o(s,7) = 7o |D(s, ) (39)



Cross sections

For %% — ©®p® with a # b
e Tree-level cross section

2

ag s \2 s . .
o(s) = T6ms ()\0 -\ W) ~h at high energies, (38)
e Resummed cross sections )
ap 2
= D
o(5,7) = 102 D(s, )| (39)
Ghost vs PVP
Ais 16m(M? —m?)% 1
ogn(s) =o(s,1) ~ 167 (M2 i m2)2N2’ opvp(s) = o(s,0) ~ T MAEN? s (40)
Nonrenormalizable case
Fo(z) = 1, G1(Z) = Ao — )\12 (41)
an(5) ~ 16m (42)

s(l—|—ln2 ﬁ) N2

e



Cross sections (plot)

30 [ T T T T T1TT T T T VI T T TTT T T T T T T TTT T ]

25 : — Ghost ]

20 | —— PVP ]
7 ——— Nonren.

————— Tree level

102 103 104
Vs [GeV]

m=15GeV, M=50GeV, A=03 M\ =01




Positivity bounds

) | A — O
— Ghost — Ghost x 10?

0.8} —_ pvp ] 0.8] __ pyp

0.6- — Nonren. | — Nonren. | <§ 0.6 — Nonren.




Conclusions

e Nonperturbative resummations can cure appartent violations of unitarity bounds in
renormalizable theories with PVP, as well as in unitary nonrenormalizable theories

e Renormalizable theories with ghosts cannot be cured in this way
e The resummations add new poles in the cross sections that could be interpreted as resonances

Difficulties with gravity

e Resum quartic vertices
e Justify the resummation (could be just a prescription)

e Long computations...



	Introduction on PVP
	Scattering in quantum gravity
	Unitarity Bounds and Perturbativity
	O(N) models and large-N expansion
	Results

