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Black Hole Thermodynamics in AdS gravity ¢

Euclidean static black hole metric

dr? wpGM 2

ds® = f2(r)dr?* + 720 +r2dQ% _,, fi(r)=1
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Black Hole Thermodynamics in AdS gravity

Euclidean static black hole metric

dr? 2wpGM 12
2 _ 2 2 2 192 2
ds Zf(’l")dT —|-f2(r)—|-’f' dQD_Q, f (T):l_rD——?) E_Q
Einstein-AdS gravity

1 . __b-1)HD-2

M
Gibbs free energy G = TIF
s (D-3) _ V(§P-2)yD-1
Thur = p—gyM ~T5+ Im —a— 5
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Counterterms in AdS gravity o)

Holographic Renormalization [Henningson and Skenderis, 1998]

Iren = IEH—ﬁ dizvV—-hK + / d%z L (h,R,VR)
oM oM
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Counterterms in AdS gravity

Holographic Renormalization [Henningson and Skenderis, 1998]

Iren = IEH—R dizvV—-hK + / d%z L (h,R,VR)
oM oM

Counterterms [Balasubramanian-Kraus, 1999], [Emparan, Johnson, Myers, 1999]
87G Lot = 1 vV + 2(d— 2)72+ 2(d— 2\)/2: 4) (RZ Rij — 4(d— 1)R2>
©V"h d— d(d+2)
+(d72)3(¢}/77)(d ) (4:2d ?)RRZ]R —wgd =R
—IRYRM Ry — gy ViRVIR + VERIVARy; ) + .

4(d 1)
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Black Hole Thermodynamics and Counterterms G\

G=U-TS

—
*

(20 — D12 Vol(52n1)
(2n)! 8rG

e2n—2

Ey = (-1)
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Topological terms in AdS gravity @

4D AdS action [R. Aros et al, gr-qc/9909015]

/d4x\/_[R 2A) + &

INren = 167TG ( p,uaﬁR'Lwaﬁ 4RH,,RIW A RQ)
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Topological terms in AdS gravity

4D AdS action [R. Aros et al, gr-qc/9909015]

£2
Ten = / d*oy=g | (R =2A) + 7 (RuwasR"* — 4R, R + R?)
167rG
D = 2n AdS action [R. Aros et al, gr-qc/9912045]
= 2 £2n—2
frn = 167TG /d : { M+ 2"(271—2)!715‘1’111 ’ZznnRuIWZ' R 11;27;}
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Topological terms in AdS gravity ¢
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Topological terms in AdS gravity &

Euler-Gauss-Bonnet Theorem in 4D

/ d*zGB = / d*z B3(K,R) + 32n%x (M)
M oM
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Topological terms in AdS gravity

Euler-Gauss-Bonnet Theorem in 4D

/d%GB = /d3a;B3(K,R)+327r2X(M)
M oM

Euler Theorem in 2n dimensions

/ d*"z (Euler),, = / d?>" Y& By, _1 + (47)"nlx(May,)
Map, OMan,
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Kounterterms in AdS gravity ¢

Extrinsic counterterms

fr‘en :IEH+Cd / dded(h,K,R)
oM
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Kounterterms in AdS gravity C

Extrinsic counterterms

fren :IEH+Cd / dded(h,K,R)
oM

Kounterterms = counterterms of unusual sort (depend on K;; and R} (h))
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Kounterterms in AdS gravity

Extrinsic counterterms

j’r‘en =Igmg +cq / ddfﬂBd(h,K,R)
oM

Kounterterms = counterterms of unusual sort (depend on K;; and R}/ (h))

D = 2n dimensions [R.0., hep-th/0504233]

Bon_1 = 2nV/—h / dt 8 e g ( R — tQKij{:> X

J1 “J2n 1213

. X <1Rj2n—2j2n 1 t2KJQn 2 prian— 1>

2 12n—212n—1 12n—2 2n—1
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Kounterterms in AdS gravity

Kounterterms in D =2n + 1 [R.0., hep-th/0610230]

i1--dan] T J1J2 J3ja g2 I3 4

1 t
By, = 2n\/—h/dt/d36[[7l Pl K g2 <§R.3“ ~PKPK + 5—5?35?4) X oo
0 0

1 . . . . s2 .
. X (_ RZanllZn _ t2K1§n7iK]1§: + 5?2n—15?2n .

2 J2n—1Jj2n J2n— EQ J2n—1 J2n
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Renormalized Action = Renormalized Volume C

Black Hole Thermodynamics

_ D—2\ ,.D—1
(D=3 gy g L& T

TIE, = A G
bulk = (D — 2) rooo  81G (2
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Renormalized Action = Renormalized Volume

Black Hole Thermodynamics

p (D=3 . . V(PP
Thur =gy ~T5+ 0 =g p
Euclidean Kounterterms
V(sD—Q) ’I“D_l

M .
Tcd/Bd:(D—g)JrEO_rlEEo 8nG (2
oM
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Renormalized Action = Renormalized Volume

Black Hole Thermodynamics

p (D=3 . . V(PP
Thur =gy ~T5+ 0 =g p
Euclidean Kounterterms
V(sD—Q) ’I“D_l

M .
Tcd/Bd:(D—g)JrEO_rlEEo 8nG (2
oM

Correct Black Hole Thermo with U = M + E
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Boundary conditions in AdS gravity ¢

Fefferman-Graham expansion for AAdS Einstein spaces
52

1 o
ds® = 2 dz* + 2 gij(z,2)dz"dz? ,  gs5(x, p) = goysj(x) + Z29(2)ij($) +oee

-1 4

R. Olea (UNAB) Conformal Renormalizationof anti-de Sitter gravity 11|34



Boundary conditions in AdS gravity ¢

Fefferman-Graham expansion for AAdS Einstein spaces
52

1 o
ds® = 2 dz* + 2 gij(z,2)dz"dz? ,  gs5(x, p) = goysj(x) + Z29(2)ij($) +oee

-1 4

R. Olea (UNAB) Conformal Renormalizationof anti-de Sitter gravity 11|34



Boundary conditions in AdS gravity C

Fefferman-Graham expansion for AAdS Einstein spaces
f2

1 i
ds® = 2 dz* + 2 gij(z,2)dz"dz? ,  gs5(x, p) = goysj(x) + Z29(2)ij($) +oee

Dirichlet b.c. 6h;; = 0 does not make sense in AAdS spaces
[Papadimitriou and Skenderis, 2004]

-1 4
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Boundary conditions in AdS gravity

Fefferman-Graham expansion for AAdS Einstein spaces
62

1 i
ds® = 2 dz* + 2 gij(z,2)dz"dz? ,  gs5(x, p) = goysj(x) + 229(2)ij(x) +oee

Dirichlet b.c. dh;; = 0 does not make sense in AAdS spaces

[Papadimitriou and Skenderis, 2004]

9©ij
=

hi]‘ = + ...

Renormalization = variational problem in g(g);;

1 -
8 ren, = > / V=90 T [9(0)] 990)i;
oM

1 v
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Kounterterms and Holography G\

Iren :IEH+cd / dd.’L’B(f(h),K)

oM
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Kounterterms and Holography G\

Iren :IEH+cd / dd.’L’B(f(h),K)

oM
B 1 g
0lren = 3 / V=907 89(0)i;
oM
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From extrinsic to intrinsic renormalization in 4D s

AdS gravity action + KTs

Iren =

/ e/ —h 6[111213]K11 ( RJzJa(h) -

e 1 K2 s
167G [71727s] iaig o NG |-
oM
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. 1
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From extrinsic to intrinsic renormalization in 4D

AdS gravity action + KTs

Iren

11927 1 j j
fowe | #= VG (370800 - g ).

~ 1
Iren = IEH — % / d3$\/ —hK+ / d3$Lct-
oM oM

Fefferman-Graham expansion

) 1 ) 1
N YA 9 2 % _ i o

= 6J ZS( )+ O(R?), Si(h) —d—Z(RJ(h) —2(d—1)

K} =5 SR (h)
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From extrinsic to intrinsic renormalization in 4D

AdS gravity action + KTs

Iren

11927 1 j j
fowe | #= VG (370800 - g ).

~ 1
Iren :IEH — % / dg.T\/ —hK+ / d3cht-
oM oM

Fefferman-Graham expansion

) 1 ) 1
N YA 9 2 % _ i o

= 5J €S( )+ O(R?), Si(h) —d—Z(RJ(h) —Q(d—l)

K} =5 SR (h)

Kounterterms turn into counterterms [O.Miskovic and R.O., 0902.2082]

1 2 ¢
Lo = g=vV=h (Z + §R(h)) .
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Higher even dimensions ¢
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Higher even dimensions 2

EH-AdS gravity +KTs
[F1---Jan—1]" "1 ii3

Ban-1 = 2nv/=h [ dt 85 et (JRES — KPP K ) x -+
0

- X (%qun—2jzn—1 _ tQngn—zKpn—l) .
2n—2

i2n—282n—1 i2n—1

. -
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Higher even dimensions C

EH-AdS gravity +KTs
[F1---Jan—1]" "1 ii3

Bon_1 = 2ny/—h [ dt 6/ 2 g (%Rws - t2Kg;Kf§’> X o
0

- X (%qun—2j2n—1 _ tQngn—zKpn—l) .
2n—2

i2n—282n—1 i2n—1

I~ren = Ipi + f d*n 1y Let
oM
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Higher even dimensions

EH-AdS gravity +KTs

[41--d2n—1] 1213

1 . .
Ban-1 = 2nv/= [ dt 85 2 (IREE — 2RI K ) x
0

<1RJ2n 2j2n—1 tQszn 2Kj2n 1)

i2n—2%2n—1 12n—1

fren = Ipi + f d*n 1y Let
oM

Expanding and collecting...

_ V/=h | (@2n=2) ¢
Let = 8rG [ 7 T 2(2n—3) R+

¢3 i 2n+1 2n—3 ij
T 2@n=3)7@n—5) (273]7%‘ 1oy R~ )R]klejkl)Jr
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Higher even dimensions C

Boundary Weyl tensor W9*W, 1 implies

1

RYMR ik = WIRWi + mR2)

4 »
- PR ..
g (R R
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Higher even dimensions

Boundary Weyl tensor W9*W, 1 implies

1

RYMR ik = WIRWi + mR2)

4 g
1 (RUR,; -
(2n — 3)( /
And, finally...

(2n—2 (2n—1)
Lo = 22 [ n2 4 2(2n 5 R+ 2@a= 3)2(2 —5) (R Rij — 2ian— )R2)
— sy W (B W (h) + -+

i
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Holographic Renormalization = Kounterterms? @

Mismatch with HR. [G.Anastasiou, O.Miskovic, R.O. and |.Papadimitriou, 2003.06425]

53
/ /S Wzgkl Wz 0+

Iien = Ingr —
ren = MR T 64nrG(2n — 3)(2n — b

A similar result in D = 2n + 1 dimensions.
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53
/ /S Wz_yk:l Wz 0+

Iien = Ingr —
ren = MR T 64nrG(2n — 3)(2n — b

A similar result in D = 2n + 1 dimensions.

Last term is zero for most AAdS spaces (Schwarzschild, Kerr, black strings).
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Holographic Renormalization = Kounterterms?

Mismatch with HR. [G.Anastasiou, O.Miskovic, R.O. and |.Papadimitriou, 2003.06425]

63
Y2n = / V=hWIRW, 0+ .

Ten = Tig ~ 647G (2n —

A similar result in D = 2n + 1 dimensions.

Last term is zero for most AAdS spaces (Schwarzschild, Kerr, black strings).

Gravitational instantons: non-trivial boundary geometries
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Motivation

Is there any other principle to renormalize AdS gravity action, which includes topological
terms as a particular case.

i
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Renormalized AdS Action A

.
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Renormalized AdS Action 2

Renormalized AdS action = MacDowell-Mansouri action (1977)

T 62 d4 /_6[1/1'“1/4] R}Llug 6511#22 Ru3u4 65;1Z4
ren — TV =GO ) [Foorwe T =3 sy + 2 |
M

= 2567G Iz
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Renormalized AdS Action

Renormalized AdS action = MacDowell-Mansouri action (1977)

T 62 d4 /_6[V1'“V4] Rulug 6511#22 Ru3u4 65;1Z4
ren — TV =GO ) [Foorwe T =3 vavs T 2 |
M

~ 2567G Iz

Weyl tensor

apb _ poa [a ﬂ] @ 1 le% 1 (e
Wuuﬂ = Ruf — 4S[M6V]’ Schouten Sl‘ = m(Ru — méuR)
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Renormalized AdS Action AR
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Renormalized AdS Action &

1
af  _ po [af]
Wi =Bl + 7 9

(E)pv mv]
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Renormalized AdS Action &

aB 1 jap
_ pap [oB]
W R*F + _5[

(E)pv mv]

4 vo
Iren = G/d4m\/_gW(E)uuaﬂW(ME) A
M

" 64
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Conformal Renormalization

_Embedding Einstein theory in Conformal Gravity

CG Solutions
Einstein-AdS
Spacetimes

e Why?: Conformal Gravity is finite for AAdS conditions. [Grumiller et al., 2013]
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CG Solutions
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Spacetimes

e Why?: Conformal Gravity is finite for AAdS conditions. [Grumiller et al., 2013]
® What for?: Renormalization should be inherited by the Einstein sector.
® How?: a holographic mechanism to turn CG into Einstein

Einstein Conformal
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Einstein Gravity from Conformal Gravity in 4D o8
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Einstein Gravity from Conformal Gravity in 4D e

Einstein gravity from CG with Neumann bc’s [Maldacena, 2011]

ICG = acc/d4x vV —3g WWQBW‘“"’B
M
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Einstein Gravity from Conformal Gravity in 4D

Einstein gravity from CG with Neumann bc’s [Maldacena, 2011]

ICG = acc/d4x vV —3g WWWW‘“"W

M

Fefferman-Graham expansion for AAdS spaces in CG

ez 1 s
ds* = ) dz* + ~2 i (z,2)dz'de’ ,  gij(m,p) = g0y (@) + 2°g(2yij(x) + -

+agay(a) + -
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Einstein Gravity from Conformal Gravity in 4D

Einstein gravity from CG with Neumann bc's [Maldacena, 2011]

ICG = acc/d4m vV —3g W,Wagwuuaﬁ

M

Fefferman-Graham expansion for AAdS spaces in CG

72 1 P
ds* = 22 dz* + Z_Qgij (, Z) dx'dx? gz'j(l’,ﬂ) = 9(0)ij (95) + 229(2)1'3' (35) +e

+agay(a) + -

EOM for Conformal Gravity: Bach tensor

By =V Cur + 8 Wiyoo =0,  C*, =V, 8% -V,

i
R. Olea (UNAB) Conformal Renormalizationof anti-de Sitter gravity 21|34



Einstein spaces: holographic prescription ¢

R. Olea (UNAB) Conformal Renormalizationof anti-de Sitter gravity 2234



Einstein spaces: holographic prescription ¢

Einstein-AdS spaces

1

m_
Sy 202

ob, Cux=0, B, =0
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Einstein spaces: holographic prescription

1
St = _2_6265’ Cux=0, B, =0

i L
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Einstein spaces: holographic prescription

1
St = _2_6265’ Cux=0, B, =0

Dy =0 <= 9.g9ij = ga1)ij = 0 and tr(92g:;) ~ tr(g(s)i;) =0
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Einstein spaces: holographic prescription

o

L _2_8255’ Cux=0, B, =0

DP«V =0« 8Zgij =9)ij = 0 and tr(afgij) ~ tr(g(3)ij) =0
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Einstein spaces: holographic prescription

Einstein-AdS spaces

1

W
Sy 202

oM

v

Cux=0, B, =0

Traceless Ricci tensor

1
DY = R — SR} =0

v

Dy =0 <= 9.gi; = g(1yi; = 0 and tr(92gi5) ~ tr(geyi;) =0

CG action for Einstein spaces = Renormalized Einstein-AdS action

Icc [E] = Inr

.
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AdS gravity in 6D o)
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AdS gravity in 6D o

EH Action+Euler term

I, —L/dG\/—_RJr@—E(EZ)
ren = 6w J - SV @ g Twers |
M
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AdS gravity in 6D o

EH Action+Euler term

I, —L/dG\/—_RJr@—E(EZ)
ren = 6w J - SV @ g Twers |
M
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AdS gravity in 6D

EH Action+Euler term

I, —L/d‘ﬂ/—_ R+@ E4(El)
ren = 167G xz g 72 7 ucer 9
M

In terms of fully-antisymmetric objects

- 1
I —
ren 167G x 192

[#1 -pe] L tvive Plvgva] vsve)

/d61:‘/ 5[1/1 -vg) [R,u1#25 ”3N4]5[M5u5]

M

4
(1] sluspa] ¢
3z ek e A 5 BUNIRULIRIT],
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AdS gravity in 6D

Polynomial of W

Iren

—64 6 L clvrewa] yrpap

167G x 4 /d V=915 0l V(B W,
M

_15[” 6| r71 p2 43 e 5 46

41 e pe] T (B)vave T (E)vsva T (E)vsve

I

ey
(E)vsva
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Conformal Gravity in 6D

There are three Conformal Invariants in 6D

Il _ Waﬂul/WaUAVWa- Bu \s
Iy = WyagWPorW_ 1

6
I3 = Wpon (555 +4RM — 5Rag> Wveer v, J*
with
Ju = AR, M7V'R,xpe + 3RV Ryrpo — SRV Ryy

1
+5 RV, R = RV, R+ 2RV, Ry,

i
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Conformal Covariantization

Einstein — Conformal Cl's
[v1---v6] [v1--v6)
S WIS Wi WIS, ol WL W W B2A(201)
lv1---v4] v1---vs] 5 A
_2%5[;41~~ut]W€%§fw2W‘(%;)L33V4 - 5[M11~~u55]W511#22W5§55855 +16C*"*Cpn+VHI, 4l -1 —1I3

J, = 16W; Y Cory —2Wia V, WS

CG Solutions

Einstein-AdS

Spacetimes
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Lu-Pang-Pope CG in 6D s
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Lu-Pang-Pope CG in 6D

6D CG with an Einstein sector [Lu, Pang and Pope, 2013]

15[1;1...1»5] W;?V;;z W Haka S,‘f;’

9 [p1-ps] v3va

1

_ 6 [ ]

Ice= Otcc/d z/~g (4! o Vit W s 4
M

+8C**Cpun ) +aca / dav/=hnt* (W Cory = WIV,WS )

oM
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Lu-Pang-Pope CG in 6D

6D CG with an Einstein sector [Lu, Pang and Pope, 2013]

15[1/1...1»5] W;?V;;z W Haka S,‘f;

9 [p1-ps] v3va

1

_ 6 [ ]

Ice= Oécc/d z/~g (4! o Vit W s 4
M

+8C“"*CW) tace / &P/ —hn' (SW;A”C’MV WL W ) .

oM

® | PP action appears as type-B anomaly and one-loop divergences in 7D
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Lu-Pang-Pope CG in 6D (EoM) &
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Lu-Pang-Pope CG in 6D (EoM) &

Scwaraschild BH is @ solution of LPP CG. [Lu, Pang and Pope, 13007083
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Lu-Pang-Pope CG in 6D (EoM) &

[Anastasiou, Araya and RO, 2010.15146] I
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Lu-Pang-Pope CG in 6D (EoM) %

Schwarzschild BH is a solution of LPP CG. [Lu, Pang and Pope, 1301.7083] J
EOM in terms of W, C and S tensors — any Einstein-AdS spacetime is a solution.
[Anastasiou, Araya and RO, 2010.15146] J

For an arbitrary gravity theory
1
v o af prA v A vo
£ = BRI —SOL+2V VB
.o L —va< oL )
" OREY OV Rly )
.
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Lu-Pang-Pope CG in 6D (EoM) o

For LPP CG theory

v 1 Ve 1282 vy SV V3. By v 1272 v]
El)\ta = 5650'511-'-124 (Wmlui + 85#1 5#2) Wﬂgﬂi B 855511“'#44 (Ag))\a Sﬂi Wﬂjﬂg + SV[MC)\U

S5 = (A B
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Lu-Pang-Pope CG in 6D (EoM) o

For LPP CG theory

v 1 Ve 1282 vy SV V3. By v 1272 v]
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R. Olea (UNAB)

Lu-Pang-Pope CG in 6D (EoM) ¢cs
For LPP CG theory
v 1 Ve 1287 V1 SV 2% rY Qqu 1232 v]
B = SOLeile (Wit + 851101a) Wi — 80612 () Wi +8vIcy)
o a\MY plo
SB _ (AB))\U Rl“’ J
For Einstein spaces
v 1 17758 1282 V3. V1V SU3V.
Eé\ta [E] = g&fafﬂ .“544 (Ruluszuzni o 5u11u22 5#2#3)
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Lu-Pang-Pope CG in 6D (EoM)

R. Olea (UNAB)

For LPP CG theory

EKZ _ %5#”#1“'#4 (WVU/Q +85m 51/2) Wysva _ 85,3#1‘::;24

Aovy vy 12 M1 2 K3 pha vy V.

5= (AP B

(Ag)l‘l’ SI/1 WV2V3

Ao T H1

M2 M3

+svitcy]

For Einstein spaces

Eé\“’ [E'] — 15#1/#1"'#4 (RV1V2 RVY3Va _ §Viv2 Vst
7 8

Aovy-vyg 12T Y3 e

M1 p2 " 3 g

)
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Lu-Pang-Pope CG in 6D (EoM)

For LPP CG theory

1 v v
S = SOt (Wit + 8SIA0%) Wi — 83861t (Ag) e Sy Wiars +8vcy)

H1p2 BT p2 H3pa avy-Vg Ao TH1 T p2p3

5= (AP B

For Einstein spaces

1
124 _ _ SHVH1cHa viv2 pV3Vq _ SV1V2 SV3V4
E)\a [E] - 86AUV1~-1/4 (R/ilquusﬂzl 5#1#26H3H4)

Obstruction (Haendel) tensor.

[Anastasiou, Araya, Corral and RO, 2308.09140]

1
v __ B pr v A vo
H =E;\Ri5 — §6H£Lpp + 2V V,ES
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And back...(Einstein gravity from CG in 6D)

LPP CG action decomposed into Einstein and non-Einstein parts:
Ica = —4!acg/d6$\/—g [Pﬁ (W(E)) +Q (W(E),D)]
M

—Ozcc/dsirv —hn'* (W(HE)\)UJVMW(UEU)KX)'
oM

CG Solutions
Einstein-AdS

Spacetimes

i
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Back to Einstein gravity (with an extra term) &
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Back to Einstein gravity (with an extra term) o

. . . 4
Einstein condition, and ag = —382%:

6 @ ﬁ ‘€4 5 7 KA vo
Ioa [B] = 1o G/d o (R+ — = (Buler)s | +z=— [ d’zv/=hn (W(E)MV#W(E)M),
OM

.
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Back to Einstein gravity (with an extra term) c

Einstein condition, and ag = —ﬁ:
Ioc [E] /d%\/ R+@—ﬁ(Euler) +L/d5x\/—hn“ (W“ VWS )
ce == T6ra 72 ¢ | T384xG (Byvo Vil (B)sA |
OM
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Back to Einstein gravity (with an extra term) C

Einstein condition, and ag = —ﬁ:
Icc [E] / d*zv=g R+ @ - ﬁ(Euler) P / &P/ —hn (W“ VWS )
cG 16 G 7 6 3847 (E)yvo VYV (E)rX |

oM

Performing asymptotic expansions

Al =

5. . S pypsidkl B
Tore /dm/ EWIE (YW, (R) + ...

oM
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Back to Einstein gravity (with an extra term)

Einstein condition, and ag = —%:
Ioc [E) / d®zv/=g R+ @ - ﬁ(Euler) u - / d®x/—hn® (W“ V. W )
ca ~ 167G 72 38471G (Byva VW (E)kX ) »

oM

Performing asymptotic expansions

Al =

5. . S pypsidkl B
Tore /dx\/ EWIE (YW, (R) + ...

CG action for Einstein spaces = Renormalized Einstein-AdS action

Icc [E] = Inr
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