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Motivation



Motivation: inflation

✦ Acceleration of the Universe at early times

• Scalar field (inflaton): the field rolls down the 
potential, quasi de-Sitter solution:

a(t) � eHt

• Modification of gravity

R +
R2

6M2



Motivation: Dark energy

Horndeski theories The no-hair theorem Breaking the hypotheses

Modifying gravity: why?

1 Cosmological regime: huge
mismatch between vacuum energy
density and observed ⇤.

2 High curvature regime: establishing
benchmarks; Theoretical curiosity

Einstein equations

Source of acceleration?
add scalar field (quintessence,
k-essence)?

Modification of gravity?

✦ Our Universe is accelerating now



Motivation: Cosmological constant problem

Monday 15 June 15

Long standing problem in modern physics: huge discrepancy of the observed 
value of the cosmological constant and its various theoretical predictions

Monday 15 June 15

The energy density of Dark energy is                     . In Planck units it 
is             .     

10�46 GeV4

10�122

Monday 15 June 15

Zero-point energy of the quantized 
fields:               

Monday 15 June 15

Phase transitions in the early Universe: 
the electroweak symmetry breaking.      

� � M4
Pl

|�EW | � 108 GeV4

Similarly for QCD phase transition:  
|�QCD| � 10�2 GeV4

How to cancel these contributions in cosmological constant term? 



Motivation: Dark matter

Monday 15 June 15

Galaxy rotation curves

Extra matter content: scalar particles, clouds of scalar field or MOND? 



Theoretical motivation for gravity modifications 

Monday 15 June 15

Theoretical curiosity

Monday 15 June 15

Establishing benchmarks to compare with GR

Monday 15 June 15

Make gravity renormalisable



Historical detour 

At the advent of general relativity: observational evidence pointed towards 
shortcomings of Newton's gravitational theory. 

In particular, the advance of the perihelion of Mercury, which deviated from Kepler's 
well-established laws describing planetary motion.

The existence of a planet in an even closer orbit to the sun, Vulcan, was 
hypothesized to explain the advance of Mercury in terms of newton’s gravity.

The presence of an unknown substance, ether, was put forward, mediating and 
slightly modifying the prediction of Kepler's laws to account for observational data.

In fact, it was only after General Relativity theory was put forward, this slight 
difference was accounted for as, rather, a fundamental modification of gravity theory 
from Newton's theory to General Relativity.
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FIG. 3: Modified gravity roadmap summarizing the possible extensions of GR described in Sec. II. The main gravitational
wave (GW) test of each theory is highlighted. For details in the di↵erent tests see the discussion in Sec. V (GW speed and
dispersion), VI (GW damping) and VII (GW oscillations). Theories constrained by the GW speed and GW oscillations can
also be tested with GW damping and GW dispersion respectively. Note in addition that many theories fall under di↵erent
categories of this classification (see text in Sec. II A).

of gravity. Another class of Lorentz-violating theories
is Einstein-Aether, in which a vector field with constant
norm introduces a preferred direction [53]. The special
case of Einstein-Aether theories in which the vector field
is the gradient of a scalar is known as Khronometric [54].
Khronometric theories describe the low-energy limit of
some extension of Hořava-gravity, linking the two frame-
works [55]. These ideas have been studied as cosmological
scenarios [56, 57].

c. Non-local theories Non-local theories include in-
verse powers of the Laplacian operator. These models
can involve general functions (e.g. R · f(2�1

R)) [58, 59]

or be linear (e.g. R
m

2

22 R) [60]. The latter class of models
lead to phantom dark energy [61, 62] and are compat-
ible with cosmological observations [63] (see [62] for a
review). However, their viability on the solar system is
disputed due to the time evolution of the e↵ective de-
grees of freedom and the lack of a screening mechanism
[64]. Non-local interactions have been also proposed as
a means to improve the ultra-violet behavior of gravity
[65–67]. Non-local models are constructed using the Ricci

scalar, since non-local terms involving contractions of the
Ricci tensor give rise to cosmological instabilities [68, 69].

2. Additional fields

Gravity can be extended by the inclusion of additional
fields that interact directly with the metric. These theo-
ries will vary by the type of field (scalar, vector, tensor)
and the interaction with gravity it has. Theories with
additional tensors (bigravity and multigravity) are ex-
tensions of massive gravity and will be described in Sec.
IIA 3. We will assume a minimal universal coupling of
matter to the metric. For a very complete review of grav-
ity theories containing additional fields, see Ref. [70].
a. Scalar field A scalar is the simplest field by which

gravity can be extended. Scalars do not have a preferred
orientation and thus a macroscopic, classical state can
exist in the universe without a↵ecting the isotropy of the
space-time if it depends only on time. Moreover, a poten-
tial term can mimic a cosmological constant very closely

[from Ezquiaga,Zumalacárregui’18]



Why scalar tensor models?

Modification of gravity 

R +
R2

6M2
� R � 1

2
(��)2 � V (�)

✦ Simple (the simplest?)

✦ Many theories related to scalar-tensor theories in specific regimes:

‣ Kaluza-Klein reduction of higher-dimensional theories (i.e. DGP)

‣ Massive (bi) gravity

‣ Vector-tensor theories

‣ f(R)

Starobinsky inflation 



Why scalar tensor models?

Modification of gravity 

✦ Simple (the simplest?)

✦ Many theories related to scalar-tensor theories in specific regimes:

‣ Kaluza-Klein reduction of higher-dimensional theories (i.e. DGP)

‣ Massive (bi) gravity

‣ Vector-tensor theories

‣ f(R)

Horndeski theories The no-hair theorem Breaking the hypotheses

Modifying gravity: why with a scalar field?

1 Simple

2 More flexible than a cosmological constant

3 Many theories related in specific regimes



From canonical scalar to Horndeski and 
beyond



Scalar theories 
Canonical scalar field

S =

�
d4x

�
1

2
�µ��µ� � 1

2
m2�2

�

Canonical scalar field with non-linear potential

Majority of inflationary models and 
quintessence.S =

�
d4x

�
1

2
�µ��µ� � V (�)

�

Monday 15 June 15

Hydrodynamics

Monday 15 June 15

Gauss-Bonnet gravity

Monday 15 June 15

Euler–Heisenberg Lagrangian

Monday 15 June 15

Fluctuations of a brane in an extra dimension

Monday 15 June 15

…

What about non-linear kinetic term? Makes sense because



X � X + X2 + ...S =

�
d4x X

definition of XX = �µ��µ�

�µ��µ� � �µ��µ� + (�µ��µ�)2 + ...

Nonlinear scalar theories 

[Armendariz-Picon et al’99; 
Chiba et al’00]

S =

�
d4x K(X)

K-essence, k-inflation in cosmology

Nonlinear kinetic term

Gµ�(��) �µ��� = 0

Quasi-linear second order PDE

standard massless scalar



Monge-Ampère equation

- to find a surface with a prescribed Gaussian curvature 
- optimizing transportation costs

Monge’1784, Ampère’1820

A(uxxuyy � u2
xy) + Buxx + Cuxy + Duyy + E = 0

uxxuyy � u2
xy = 0 }`bi ;�HBH2QM BM ?BbiQ`v

Not in the class of quasi-linear equations

Even more non-linear scalar? 



Guiding principles?

Monday 15 June 15

locality

Monday 15 June 15

Lorentz invariance

Monday 15 June 15

no pathological propagating modes (hard to see a priori)

Generalizing scalar field theory 

OK, but at least 
no Ostrogradsky ghost
(an extra d.o.f. generically appearing 
in a higher order EoMs)



Hamiltonian:

Ostrogradsky ghost 

S =

Z
L(q, q̇, q̈)dt ! dL

dq
� d

dt

dL

dq̇
+

d2

dt2
dL

dq̈
= 0 Extra degree of 

freedom 

! ⇡ =
dL

dq̇
� d

dt

dL

dq̈
q2 = q̇ ⇡2 =

dL

dq̈Canonical variables:

H = ⇡q2 � ⇡2q̈(q, q2,⇡2)� L

- Hamiltonian is unbounded from below.
- New propagating degree of freedom appear: ghost. 
- An assumption of the theorem is non-degeneracy 

Ostrogradsky’1850

Similar in field theory

S =

�
d4x

�
1

2
(��)2

�
S =

�
d4x

�
1

2
(�µ��µ�) � 1

2
(�µ��µ�) +

1

4
(� � �)2

�

One d.o.f. is a ghost



Non-quasi-linear theory? 

Can it be obtained from the variational principle?

� � �2L = � � �

…

L = �µ� �µ� ��

Miraculously the 3d order derivative terms cancel out when varying the action

S =

�
d4x L � (��)2 � (�µ���) (�µ���) = 0

�tt�xx � �2
tx = 0 Monge’1784, Ampère’1820



Horndeski theory 

Construct the theory:

Horndeski’1974

G2(X, �), G3(X, �), G4(X, �), G5(X, �)

L2 = G2 (X, �)

L3 = G3 (X, �) ��

L4 = G4(X, �) R + G4,X(X, �)
�
(��)2 � (���)2

�

L5 = G5,X (X, �)
�
(��)3 � 3�� (���)2 + 2 (���)3

�
� 6G5 (X, �) Gµ��µ���

Monday 15 June 15

4D

Monday 15 June 15

only one metric and one scalar field

Monday 15 June 15

local

Monday 15 June 15

diffeomorphism invariance

Monday 15 June 15

EOMs are of the second order

S =

�
d4xF

�
g, �g, �2g, �3g, ...�, ��, �2�, �3�, ...

�



Historical detour (2) 
Monge-Ampère equation

Monge’1784, Ampère’1820

A(uxxuyy � u2
xy) + Buxx + Cuxy + Duyy + E = 0

Fairlie,Govaerts‘1991; Fairlie,Govaerts,Morozov‘1991
The procedure:

Dvali et al’00; Luty et al’03DGP: brane model of gravity

LDGP = ≠M2
P

4 hµ‹ (Eh)µ‹ ≠ 3(ˆfi)2 ≠ r2
c

MP
(ˆfi)2⇤fi + 1

2hµ‹Tµ‹ + 1
MP

fiT

<latexit sha1_base64="SpuIvZCPyHVlWmTvkLEaAtNEVNA="></latexit>

Nicolis et al’09

Galileons as generalization of DGP scalar



Going beyond Horndeski?

• No more than 2 derivatives in EOMs to avoid the Ostrogradsky ghost

• When the equations of motion are of higher oder, in general it means a new degree of 
freedom which is a ghost

• Break assumption of the Ostrogradsky theorem => a possibility to have higher order 
EOMs

Extension of Horndeski: + 2 extra functions Degenerate Higher-Order Scalar-Tensor 
(DHOST) theories 
or
Extended scalar-tensor (EST) theories

EOMS contain three derivatives

Zumalacárregui&García-Bellido’14
Gleyzes et al’15
Deffayet et al’15
Langlois and Noui’15
Crisostomi et al’16
Motohashi et al’16



Horndeski theory

beyond Horndeski

DHOST I/EST

G2(X, �), G3(X, �), G4(X, �), G5(X, �)

+ {F4(X, �) � F5(X, �)}

+C(X)

4

5

6

Disformal transformations 

•  Disformal transformations:  

   
 
 

 

 
 

 
 
 
 
  

    
 
 
 

  
 

 

  
 
 
 
 
 
 
 
  
 
 
 
 
  
 
 

 

  
   

  
 

 

  
 

gµ⌫ �! g̃µ⌫ = C gµ⌫ +D @µ�@⌫�

Type I Type II 

DHOST 

C(X,�), D(X,�)

Horndeski 

C(�), D(�)

Beyond Horndeski 

C(�), D(X,�)
D(X)

C(X)

DHOST I 

Horndeski, beyond and DHOST

gµ⌫ �! g̃µ⌫ = C(X,�)gµ⌫ +D(X,�)@µ�@⌫�

<latexit sha1_base64="otOZAbaS8M7+0IF4AbQYqiZr52E="></latexit>



Black holes



Black holes are bald (?)

Monday 15 June 15

No hair theorems/arguments dictate that adding degrees of freedom 
lead to trivial (General Relativity) or singular solutions.

Monday 15 June 15

E.g. in the standard scalar-tensor theories BH solutions are GR black 
holes with constant scalar.

• Gravitational collapse...

• Black holes eat or expel surrounding matter

• Their stationary phase is characterised by a limited number of charges

• No details about collapse 

• Black holes are bald

Collapse

M,J,Q
<latexit sha1_base64="LrK4p2j76jYvYDlc1wfSghPuEVc="></latexit>

settling 
down



Example of hairy black hole
BBMB solution

Conformally coupled scalar field:

S[gµ⌫ ,�] =

Z p
�g

✓
R

16⇡G
� 1

2
@↵�@

↵�� 1

12
R�2

◆
d4x

<latexit sha1_base64="MtJUXuatvEAhxKkifzjeN/sQvI4="></latexit><latexit sha1_base64="ypUYo8WQmek+g4qKHXWtICv9ddI="></latexit>

Static spherically symmetric (nontrivial) solution:

ds2 = �
⇣
1� m

r

⌘2
dt2 +

dr2
�
1� m

r

�2 + r2
�
d✓2 + sin2 ✓d'2

�

<latexit sha1_base64="yFRsmIcKGzUCPPWIltvqrA6luFo="></latexit><latexit sha1_base64="RrKUxnJ61f44S602DsHRakro1ZI="></latexit>

Secondary scalar hair:
� =

r
3

4⇡G

m

r �m
<latexit sha1_base64="nbkoKfUaSOeDpSSl+xRXgEuHsLI=">AAACFHicdZBLSwMxFIXv+Kz1NerSTbAILrRMVawbpeBClxWsLXRKyaSZNjSZGZOMUIb5D+LGrT/DjQsVtwru/DemrUJ9HQgczrmXJJ8Xcaa047xbY+MTk1PTmZns7Nz8wqK9tHyuwlgSWiEhD2XNw4pyFtCKZprTWiQpFh6nVa971O+rl1QqFgZnuhfRhsDtgPmMYG2ipr3pRh2GDpCrLqROXF9ikuykya4bMXScpmiYiDSRWyJt2rlC3hkIOb/MV5UrFV+vbgGg3LTf3FZIYkEDTThWql5wIt1IsNSMcJpm3VjRCJMubtO6sQEWVDWSwa9StG6SFvJDaU6g0SAd3UiwUKonPDMpsO6on10//Kurx9rfbyQsiGJNAzK8yI850iHqI0ItJinRvGcMJpKZtyLSwYaDNiCzoxD+N5Xt/F7eOTUwDmGoDKzCGmxAAYpQghMoQwUIXMMdPMCjdWPdW0/W83B0zPrcWYFvsl4+ACefoUY=</latexit><latexit sha1_base64="cI0IMrVHrowPXDCht5iQ0WJZqy8=">AAACFHicdZBNS8MwHMZTX+d8q3r0EhyCBx2divOiDDzocYJ1g7WMNEu3sKStSSqM0oufYHjxI/gVvHhQ8argzW9jtirMtwcCD8/z/5Pk50WMSmVZ78bY+MTk1HRuJj87N7+waC4tn8swFpjYOGShqHtIEkYDYiuqGKlHgiDuMVLzukeDvnZJhKRhcKZ6EXE5agfUpxgpHTXNTSfqUHgAHXkhVOL4AuFkJ012nYjC4zSFWcLTRGzxtGkWSkVrKGj9Ml9VoVJ+7d9e9Wm1ab45rRDHnAQKMyRlo2RFyk2QUBQzkuadWJII4S5qk4a2AeJEusnwVylc10kL+qHQJ1BwmI5uJIhL2eOenuRIdeTPbhD+1TVi5e+7CQ2iWJEAZxf5MYMqhANEsEUFwYr1tEFYUP1WiDtIc1AaZH4Uwv/G3i7uFa1TDeMQZMqBVbAGNkAJlEEFnIAqsAEG1+AOPIBH48a4N56M52x0zPjcWQHfZLx8ACoOosg=</latexit>

NB. The geometry is of that of extremal RN. 
        The scalar field is unbounded at r=m

Bocharova et al’70, Bekenstein’74



Shift-symmetric Horndeski

G2(X), G2(X), G4(X), G5(X)

Jµ =
�S

�(@µ�)

Arbitrary 

Conserved current because of shift-symmetry:

L2 = G2 (X, �)

L3 = G3 (X, �) ��

L4 = G4(X, �) R + G4,X(X, �)
�
(��)2 � (���)2

�

L5 = G5,X (X, �)
�
(��)3 � 3�� (���)2 + 2 (���)3

�
� 6G5 (X, �) Gµ��µ���



Shift-symmetric galileon, with arbitrary 

No hair for galileon

G2(X), G2(X), G4(X), G5(X)

Assume that:

(i) spacetime and scalar field is static spherically symmetric,

(ii) spacetime is asymptotically flat, and 
     and the norm of the current        is finite (at the horizon) 
(iii) there is a canonical kinetic term in the action and       are such that 
their derivatives                           contain only positive or zero powers of 

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2d⌦2

<latexit sha1_base64="uMxvnO5sVeiIqow7K9TL3s2Z2ww="></latexit><latexit sha1_base64="blB1ySraEcwTHBxzqkNhFpqXZSI="></latexit>

� = �(r)
<latexit sha1_base64="kispVFxWH5waHJ3S9AI3oPumlmE=">AAAB8nicbVBNSwMxEJ31s9avqkdBgkWol7L1oF6UghePFVxb6C4lm2bb0Gw2JFmhLP0bQvFgxau/xpv/xmzbg7Y+mOHx3gyZvFBypo3rfjsrq2vrG5uFreL2zu7efung8EknqSLUIwlPVCvEmnImqGeY4bQlFcVxyGkzHNzlfvOZKs0S8WiGkgYx7gkWMYKNlXxf9tlN3irqvFMqu1V3CrRManNSrp+MxxMAaHRKX343IWlMhSEca92uudIEGVaGEU5HRT/VVGIywD3atlTgmOogm948QmdW6aIoUbaEQVP190aGY62HcWgnY2z6etHLxf+8dmqi6yBjQqaGCjJ7KEo5MgnKA0BdpigxfGgJJorZWxHpY4WJsTEVbQi1xS8vE++iell1H2wYtzBDAY7hFCpQgyuowz00wAMCEl7gDSZO6rw6787HbHTFme8cwR84nz+gQZMk</latexit><latexit sha1_base64="qrgvOmM3gCqero1bdsWjqqNJbHY=">AAAB8nicbVBNSwMxEJ2tX7V+VT0KEixCvZRdD+pFKXjxWMG1he5Ssmm2Dc1mQ5IVSunfENSDild/jTf/jdm2B219MMPjvRkyeZHkTBvX/XYKS8srq2vF9dLG5tb2Tnl3716nmSLUJylPVSvCmnImqG+Y4bQlFcVJxGkzGlznfvOBKs1ScWeGkoYJ7gkWM4KNlYJA9tll3qrqpFOuuDV3ArRIvBmp1A+fcjw3OuWvoJuSLKHCEI61bnuuNOEIK8MIp+NSkGkqMRngHm1bKnBCdTia3DxGx1bpojhVtoRBE/X3xggnWg+TyE4m2PT1vJeL/3ntzMQX4YgJmRkqyPShOOPIpCgPAHWZosTwoSWYKGZvRaSPFSbGxlSyIXjzX14k/mntrObe2jCuYIoiHMARVMGDc6jDDTTABwISHuEV3pzMeXHenY/paMGZ7ezDHzifP/u5lOk=</latexit>
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3.1. A no-hair theorem

Hui and Nicolis were the first to consider and point out no-hair arguments for

shift symmetric galileon theories [43]. A specific way out to their argument was

discussed in [35], where an explicit solution method was found and generic solutions

were given. Sotiriou and Zhou looked in greater detail to the no-go theorem and

developed the arguments of Hui and Nicolis while providing another class of numerical

solutions [44, 42]. A straightforward generalization to the arguments of Hui and Nicolis

was developed by Maselli et al. [45] to extend to cases of linear time dependence (12)

but, as we will see in the next section, this case nicely bifurcates the no-hair theorem

by use of the field equations. Thus, given all these works and considerations, let us first

concentrate on the static q = 0 case giving the following no-go theorem.

Consider a shift symmetric galileon theory as (1) where G2, G3, G4, G5 are arbitrary

functions of X. We now suppose that:

(i) spacetime is spherically symmetric and static (10) while the scalar field is also

static (q = 0),

(ii) spacetime is asymptotically flat, �0 ! 0 as r ! 1 and the norm of the current

J2 is finite on the horizon,

(iii) there is a canonical kinetic term X in the action and the Gi functions are such

that their X-derivatives contain only positive or zero powers of X.

Under these hypotheses, we conclude that � is constant and thus the only black hole

solution is locally isometric to Schwarzschild.

Indeed, using the symmetry assumptions, it is useful here to rewrite the line element

(10) as

ds2 = �A(r)dt2 +
dr2

A(r)
+ ⇢(r)2(d✓2 + sin2✓ d'2).

The norm of the current is JµJµ = (Jr)2/A. By assumption, the norm of the current does

not diverge on the horizon. Hence, when we are the horizon location A = 0, Jr can only

vanish. The conservation equation now gives rµJµ = ⇢�2(⇢2Jr)0 = 0 which implies that

⇢2Jr is constant. The quantity ⇢ is the areal radius, used to measure the area of constant

radius spheres. The latter should not be singular (zero or infinite), even at the horizon.

This means that ⇢2Jr vanishes at the horizon and hence it vanishes everywhere. Jr is

therefore zero everywhere. Now Jr can be put under the form Jr = A�0F (�0; g, g0, g00),

where the explicit expression of F is given in [42]. At any point, either F or �0 has

to vanish. Under assumption (iii) that was made on the Lagrangian and because of

asymptotic flatness, F ! �G2X = constant as r ! +1. Hence �0 is zero everywhere.

Then the only solution is locally isometric to the GR solution. We should emphasize

that the physical hypothesis in this theorem is that the norm of the current is finite as

it is associated to the shift symmetry of the Lagrangian.
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therefore zero everywhere. Now Jr can be put under the form Jr = A�0F (�0; g, g0, g00),

where the explicit expression of F is given in [42]. At any point, either F or �0 has

to vanish. Under assumption (iii) that was made on the Lagrangian and because of

asymptotic flatness, F ! �G2X = constant as r ! +1. Hence �0 is zero everywhere.

Then the only solution is locally isometric to the GR solution. We should emphasize

that the physical hypothesis in this theorem is that the norm of the current is finite as

it is associated to the shift symmetry of the Lagrangian.
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3.1. A no-hair theorem

Hui and Nicolis were the first to consider and point out no-hair arguments for

shift symmetric galileon theories [43]. A specific way out to their argument was

discussed in [35], where an explicit solution method was found and generic solutions

were given. Sotiriou and Zhou looked in greater detail to the no-go theorem and

developed the arguments of Hui and Nicolis while providing another class of numerical

solutions [44, 42]. A straightforward generalization to the arguments of Hui and Nicolis

was developed by Maselli et al. [45] to extend to cases of linear time dependence (12)

but, as we will see in the next section, this case nicely bifurcates the no-hair theorem

by use of the field equations. Thus, given all these works and considerations, let us first

concentrate on the static q = 0 case giving the following no-go theorem.

Consider a shift symmetric galileon theory as (1) where G2, G3, G4, G5 are arbitrary

functions of X. We now suppose that:

(i) spacetime is spherically symmetric and static (10) while the scalar field is also

static (q = 0),

(ii) spacetime is asymptotically flat, �0 ! 0 as r ! 1 and the norm of the current

J2 is finite on the horizon,

(iii) there is a canonical kinetic term X in the action and the Gi functions are such

that their X-derivatives contain only positive or zero powers of X.

Under these hypotheses, we conclude that � is constant and thus the only black hole

solution is locally isometric to Schwarzschild.

Indeed, using the symmetry assumptions, it is useful here to rewrite the line element

(10) as

ds2 = �A(r)dt2 +
dr2

A(r)
+ ⇢(r)2(d✓2 + sin2✓ d'2).

The norm of the current is JµJµ = (Jr)2/A. By assumption, the norm of the current does

not diverge on the horizon. Hence, when we are the horizon location A = 0, Jr can only
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⇢2Jr is constant. The quantity ⇢ is the areal radius, used to measure the area of constant

radius spheres. The latter should not be singular (zero or infinite), even at the horizon.

This means that ⇢2Jr vanishes at the horizon and hence it vanishes everywhere. Jr is

therefore zero everywhere. Now Jr can be put under the form Jr = A�0F (�0; g, g0, g00),

where the explicit expression of F is given in [42]. At any point, either F or �0 has

to vanish. Under assumption (iii) that was made on the Lagrangian and because of

asymptotic flatness, F ! �G2X = constant as r ! +1. Hence �0 is zero everywhere.

Then the only solution is locally isometric to the GR solution. We should emphasize

that the physical hypothesis in this theorem is that the norm of the current is finite as

it is associated to the shift symmetry of the Lagrangian.

XdG(X)i/dX

A no-hair theorem then follows: the metric is 
Schwarzschild and the scalar field is constant

Hui,Nicolis’12
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(to be fixed relative to the black hole mass). Therefore J2 is actually singular at the

horizon because Jr = �f�0 � 4↵h0

h
f(f�1)

r2 6= 0. At this point one needs to invoke extra

input to conclude about the physical relevance of solutions with divergent norm of the

current J . For this solution of the theory (15), the Noether current cannot be a physical

observable, in particular, it cannot be coupled to matter directly. This question requires

further study.

3.3. Explicit solutions of hairy black holes

We shall now concentrate on explicit black hole solutions for the theory (11) setting

⌘ = 1

2
. Although the method works for any shift symmetric theory, the advantage here

is that (11) is particularly elegant in giving explicit solutions. In fact, we have the

general solution which we turn to now.

The general solution of theory (11) to the metric (10) and � = �(t, r) is given as a

solution to the following third order algebraic equation with respect to
p
k(r):

(q�)2
✓
+

r2

2�

◆2

�
✓
2+ (1� 2�⇤)

r2

2�

◆
k(r) + C0k

3/2(r) = 0, (16)

where C0, q are integration constants and  = 1,�1, 0 is the horizon curvature. Once a

Hair with Jr = 0
EB, Lehebel, 
Charmousis



Constructing hairs

Jr = 0

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2d⌦2

<latexit sha1_base64="uMxvnO5sVeiIqow7K9TL3s2Z2ww="></latexit><latexit sha1_base64="blB1ySraEcwTHBxzqkNhFpqXZSI="></latexit>

Black holes and stars in Horndeski theory 9

The variation of the action with respect to � yields

rµJ
µ = 0, Jµ = (⌘gµ⌫ � �Gµ⌫) @⌫�.

Here, the key term in the action is the John term from Fab 4 which has nice integrability

properties, as we will see. Although our discussion will be associated to the specific

action (11), the essential results go through quite generically. Sometimes integrability

has to be sacrificed on the way in the sense that one has to use numerical methods to

obtain solutions.

The e↵ective energy momentum tensor associated to the galileon is precisely

Tµ⌫ = �Eµ⌫ + Gµ⌫ + gµ⌫⇤. As we noted above, this tensor must obey the symmetries

of (10) but not the scalar itself. Note for example that the Einstein plus cosmological

constant term do not contribute to the Ttr = 0 equation but other terms in Etr do. This
equation generically describes the inflow of matter in a black hole geometry and will

inevitably constrain drastically the galileon field if it is not static. The first key result

is the following:

Consider the shift symmetric theory (11) with spacetime symmetry given by (10).

Starting with � = �(t, r) the only compatible ansatz with the field equations is

� = qt+  (r). (12)

Indeed, taking � = �(t, r), the flow equation Etr = 0 yields the general solution for � as

a separable function of t and r [35]. This function, when inserted in the remaining field

equations, gives (12) as the only possible ansatz (see the general discussion in [36]).

The only solution to escape the rule of linear time dependence imposed in (12) is

to consider self-tuning solutions for flat spacetime. For theory (11), this holds in the

case of ⌘ = 0 and ⇤ 6= 0 . This is a simple example of a time dependent scalar field

immersed in a static spacetime. Indeed, the solution reads

� = �0 + �1(r
2 � t2) (13)

with �0,�1 integration constants while f = h = 1 with  = 1 for (10). The self-tuning

condition reads VJohn�2

1
= ⇤ for arbitrary bulk ⇤, and constant VJohn [20, 36]¶.

We expect the linear time ansatz (12) to be true for generic shift symmetric

theories (the discussion in [36] includes the Paul term; solution (13) is also valid for this

term, see [20]). It is surprising and highly non trivial that there exist time dependent

configurations for a static spacetime. Mathematically, we can understand that if time

dependence is linear in t, we get explicitly ODE’s rather than PDE’s once we input (12)

in the field equations. It is worthwhile however to make a remark on the non-trivial

physical significance of (10) and (12).

¶ Note that the same solution in a cosmological coordinate system is a purely time dependent function,
� = �0 + �1T 2, where T is FRW proper time. This solution illustrates what we mentioned earlier, a
time dependent galileon yields generically a time and space dependent galileon in a static ansatz.

Time-dependent scalar !

The only consistent solution for this ansatz is when 
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3.2. The no-hair theorem and hairy black holes

There actually exist (at least) two ways to construct black hole solutions with a non-

trivial scalar field, summarized in Fig. 1. The first of these is to have such a theory

as to be able to set everywhere Jr = 0 without imposing that �0 = 0. Generically in

this case we will either give up asymptotic flatness or the presence of a canonical kinetic

term. The second is to include a Gauss-Bonnet term in the action coupled to a linear

scalar field. We now look at these methods in turn.

The first family amounts to necessarily taking higher derivative terms which allows

F = 0 without �0 = 0 in the notation of the above theorem. This case is naturally

realized for the time-dependent ansatz (12). The key result is the following [46]:

Consider an arbitrary shift symmetric Horndeski (or beyond Horndeski) theory and

a scalar-metric ansatz dictated by (10), (12) with q 6= 0. The only solution to the

scalar field equation E� = 0 and the “matter flow” metric equation Etr = 0 is given

by Jr = 0.

Indeed, as demonstrated in [46] we have that:

�qJr = Etrf,

and given that E� = rµJµ = 0, the result trivially follows. The current now reads

JµJµ = �A(J t)2 + (Jr)2/A,

and J t can even be singular like 1/
p
A while the current is regular on the horizon. We

emphasize that the physical requirement of the no-hair theorem above is now satisfied

by virtue of the field equations.

If the theory is of higher order there will be solutions other than the trivial case

�0 = 0 as we will see in a moment. In fact requiring that �0 = 0 and q 6= 0, in the case

of (11), always leads to singular solutions as was shown very recently in [47]. Although

a general proof for an arbitrary shift symmetric theory is not known, we expect it to

remain true. Under the assumption that q 6= 0, the field equations dictate regularity of

the current and indicate the presence only of non-trivial scalar field solutions.

On the other hand we note that the integration constant associated to the scalar

field equation is equal to zero since Jr = 0. Hence, the would be “primary charge” is set

to zero whenever time dependence is present and is replaced by the velocity parameter q.

If q = 0, then we have to go back to the no-hair argument and the regularity of J

in order to set Jr = 0 by hand.

Therefore, we see that imposing time dependence immediately renders the no-

hair theorem irrelevant, and a higher order Horndeski theory such as (11) immediately

imposes Jr = 0 with �0 6= 0. Furthermore, Jr = 0 simultaneously annihilates two of the

field equations and gives a mathematically consistent system of field equations as for

three variables f , h,  there are three remaining independent field equations: Jr = 0,

Err = 0 and Ett = 0. Therefore non trivial solutions to the field equations a priori exist.
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of (11), always leads to singular solutions as was shown very recently in [47]. Although
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remain true. Under the assumption that q 6= 0, the field equations dictate regularity of

the current and indicate the presence only of non-trivial scalar field solutions.

On the other hand we note that the integration constant associated to the scalar

field equation is equal to zero since Jr = 0. Hence, the would be “primary charge” is set

to zero whenever time dependence is present and is replaced by the velocity parameter q.

If q = 0, then we have to go back to the no-hair argument and the regularity of J

in order to set Jr = 0 by hand.

Therefore, we see that imposing time dependence immediately renders the no-

hair theorem irrelevant, and a higher order Horndeski theory such as (11) immediately

imposes Jr = 0 with �0 6= 0. Furthermore, Jr = 0 simultaneously annihilates two of the

field equations and gives a mathematically consistent system of field equations as for

three variables f , h,  there are three remaining independent field equations: Jr = 0,

Err = 0 and Ett = 0. Therefore non trivial solutions to the field equations a priori exist.

The norm of the current:

The physical requirement of no-hair theorem is 
automatically satisfied by virtue of EOMs.
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3.1. A no-hair theorem

Hui and Nicolis were the first to consider and point out no-hair arguments for

shift symmetric galileon theories [43]. A specific way out to their argument was

discussed in [35], where an explicit solution method was found and generic solutions

were given. Sotiriou and Zhou looked in greater detail to the no-go theorem and

developed the arguments of Hui and Nicolis while providing another class of numerical

solutions [44, 42]. A straightforward generalization to the arguments of Hui and Nicolis

was developed by Maselli et al. [45] to extend to cases of linear time dependence (12)

but, as we will see in the next section, this case nicely bifurcates the no-hair theorem

by use of the field equations. Thus, given all these works and considerations, let us first

concentrate on the static q = 0 case giving the following no-go theorem.

Consider a shift symmetric galileon theory as (1) where G2, G3, G4, G5 are arbitrary

functions of X. We now suppose that:

(i) spacetime is spherically symmetric and static (10) while the scalar field is also

static (q = 0),

(ii) spacetime is asymptotically flat, �0 ! 0 as r ! 1 and the norm of the current

J2 is finite on the horizon,

(iii) there is a canonical kinetic term X in the action and the Gi functions are such

that their X-derivatives contain only positive or zero powers of X.

Under these hypotheses, we conclude that � is constant and thus the only black hole

solution is locally isometric to Schwarzschild.

Indeed, using the symmetry assumptions, it is useful here to rewrite the line element

(10) as

ds2 = �A(r)dt2 +
dr2

A(r)
+ ⇢(r)2(d✓2 + sin2✓ d'2).

The norm of the current is JµJµ = (Jr)2/A. By assumption, the norm of the current does

not diverge on the horizon. Hence, when we are the horizon location A = 0, Jr can only

vanish. The conservation equation now gives rµJµ = ⇢�2(⇢2Jr)0 = 0 which implies that

⇢2Jr is constant. The quantity ⇢ is the areal radius, used to measure the area of constant

radius spheres. The latter should not be singular (zero or infinite), even at the horizon.

This means that ⇢2Jr vanishes at the horizon and hence it vanishes everywhere. Jr is

therefore zero everywhere. Now Jr can be put under the form Jr = A�0F (�0; g, g0, g00),

where the explicit expression of F is given in [42]. At any point, either F or �0 has

to vanish. Under assumption (iii) that was made on the Lagrangian and because of

asymptotic flatness, F ! �G2X = constant as r ! +1. Hence �0 is zero everywhere.

Then the only solution is locally isometric to the GR solution. We should emphasize

that the physical hypothesis in this theorem is that the norm of the current is finite as

it is associated to the shift symmetry of the Lagrangian.

EB, Charmousis’13
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3. Horndeski black holes in shift symmetric theories

We will now turn to black hole spacetimes of theories with shift symmetry. Here we

should note that although we are mainly interested in spherical horizon geometries for

the 4-dimensional solutions, we shall consider for generality, a constant curvature 2 space

with line element

dK2 =
d�2

1� �2
+ �2d�2, (9)

where for  = 1 we have spherical symmetry, for  = 0 planar symmetry and for  = �1

hyperbolic symmetry. The additional cases with  = �1, 0 are included here for they

appear naturally as black hole horizons for negative (e↵ective or bulk) cosmological

constant and for Lifshitz type geometries. Although such geometries do not have an

immediate interest in cosmology, we include these cases here for completeness as the

parameter  appears simply as some normalized parameter in the equations of motion.

Additionally we take a locally static spacetime and thus we have

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2dK2. (10)

The crucial point to note here is that since the scalar field appears only through its

derivatives in the Lagrangian, one a priori needs not impose staticity for the scalar.

In fact shift symmetric galileons naturally inherit some time dependence [32, 33] in

cosmological settings, which is translated to a space and time dependence in a spherically

symmetric setting (10). This is also true for self-tuning solutions [20] as we will see later

on in this section (see equation (13)). However, this dependence on time cannot be

arbitrary. Indeed, in order to have a well defined system of field equations, the 2 tensor

that is associated to the variation of the galileon terms with respect to the metric must

be static and spherically symmetric. In other words, the associated energy momentum

tensor of the galileon must obey the symmetries of spacetime, but not the galileon

itself!k
Treating the general case is possible but technically very tedious, so we will choose

to concentrate on specific sub-theories for which one can get analytic results. So let us

concentrate on a subset shift symmetric galileon theory notably,

L⇤CGJ = R� ⌘(@�)2 + �Gµ⌫@µ�@⌫�� 2⇤. (11)

This Lagrangian can be obtained by choosing G4 = 1 + �X and G2 = �2⇤ + 2⌘X.

Although the coupling ⌘ is canonically normalized to 1

2
, we keep it as ⌘ momentarily for

bookkeeping purposes. The field equations are

Eµ⌫ = Gµ⌫ � ⌘


@µ�@⌫�� 1

2
gµ⌫(@�)

2

�
+ gµ⌫⇤

+
�

2

⇥
(@�)2Gµ⌫ + 2Pµ↵⌫�r↵�r�� +gµ↵�

↵⇢�
⌫�� r

�r⇢�r�r��
⇤
= 0,

k The same guiding principle is used in GR with a complex scalar field in order to construct a hairy
”Kerr” type solution by Herdeiro and Radu [34].
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The general solution is given by the solution of the algebraic equation:

Black holes and stars in Horndeski theory 14

Shift-symmetric

Galileons

Gi(X)

Hair with Jr ”= 0

Sotiriou-Zhou

G5(X) Ã ln(X)

Hair with Jr
= 0

Rinaldi, Anabalon

et al., Minamitsuji,

Babichev et al., etc

Hair with Jr
= 0

Stealth Schwarz-

schild black hole

No hair

Hui-Nicolis theorem

GiX contains ne-

gative powers of X
GiX contains only

positive powers of X

No kinetic term Kinetic term

Asymptotic flatnessNo asymptotic flatness

Figure 1. Hair versus no-hair

(to be fixed relative to the black hole mass). Therefore J2 is actually singular at the

horizon because Jr = �f�0 � 4↵h0

h
f(f�1)

r2 6= 0. At this point one needs to invoke extra

input to conclude about the physical relevance of solutions with divergent norm of the

current J . For this solution of the theory (15), the Noether current cannot be a physical

observable, in particular, it cannot be coupled to matter directly. This question requires

further study.

3.3. Explicit solutions of hairy black holes

We shall now concentrate on explicit black hole solutions for the theory (11) setting

⌘ = 1

2
. Although the method works for any shift symmetric theory, the advantage here

is that (11) is particularly elegant in giving explicit solutions. In fact, we have the

general solution which we turn to now.

The general solution of theory (11) to the metric (10) and � = �(t, r) is given as a

solution to the following third order algebraic equation with respect to
p
k(r):

(q�)2
✓
+

r2

2�

◆2

�
✓
2+ (1� 2�⇤)

r2

2�

◆
k(r) + C0k

3/2(r) = 0, (16)

where C0, q are integration constants and  = 1,�1, 0 is the horizon curvature. Once a
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solution to the above algebraic equation is given, the metric components are

h(r) = �µ

r
+

1

�r

Z
k(r)

+ r2

2�

dr, f =
(+ r2

2� )
2�h

k(r)
, (17)

whereas the scalar field (12) reads

 0 = ±
p
r

h(+ r2

2� )

✓
q2(+

r2

2�
)h0 � 1 + 2�⇤

4�2
(h2r2)0

◆1/2

.

An explicit proof can be found in [35] where here for the master equation we have

rescaled C0 by � and set ⌘ = 1

2
with respect to [35]. We note that the algebraic

equation is parametrized by q�, �⇤ and C0 and the overall sign of �. We now work out

the di↵erent classes of solutions according to their asymptotic behavior for large r.

3.3.1. Class I: dS and adS asymptotics For dS or adS asymptotics it is easy to see

from (16) that k = ↵r4 = 1�2�⇤
2�C0

r4 as r ! 1. Since we want f = h for r ! 1
we get that C0 = 1�2�⇤

p
�

. Therefore, once we fix C0 to this value, keeping q arbitrary,

we have asymptotically de Sitter or anti de Sitter solutions. The generic solution is

found as a solution to the algebraic solution, but a simple example is the self-tuned

Schwarzschild-(anti-)de Sitter spacetime which is given by

k0(r) =

✓
+

r2

2�

◆2

, (18)

where now the parameter q0 is fixed:

q2
0
� = (1 + 2�⇤). (19)

For de Sitter asymptotics, we take  = 1 and the solution reads

f = h = 1� µ

r
� ⇤e↵

3
r2,  0 = ± q

h

p
1� h, (20)

where the e↵ective cosmological constant ⇤e↵ = � 1

2� and hence � < 0 for ⇤e↵ > 0.

This solution has self-tuning properties since the vacuum value of ⇤ does not interfere

with the spacetime geometry. It is tuned by the integration constant q0 via (19). It is

quite remarkable that this self-tuning solution, first noted for pure de Sitter [50], can be

extended for generic black holes [35]. A characteristic of this particular solution is that

the kinetic scalar X = q2
0
/2 is a constant.

This self-tuning solution of de Sitter is therefore very special since q0 (and not only

C0) is fixed with respect to the parameters of the action (19). But in fact we will now

argue that self tuning remains beyond this particular value, q = q0, where of course X is
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remains the same. To see this, suppose that q2� = (1+ 2�⇤) + ✏, where ✏ is some small
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An explicit proof can be found in [35] where here for the master equation we have

rescaled C0 by � and set ⌘ = 1

2
with respect to [35]. We note that the algebraic
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Evaluating f and h, we see that the black hole solution remains unchanged

asymptotically and in particular that the e↵ective cosmological constant is not modified

to this order in ✏ [51]. In other words, the self-tuning mechanism remains true even if

the bare cosmological constant changes. The novel q = q0+ ✏ tunes to accommodate the

new value of the bulk cosmological constant, while the black hole solution is di↵erent

locally but has the same asymptotic behavior.

This class of solutions also includes the “static” q = 0 solutions. This condition was

first imposed by Rinaldi [52] to obtain exact solutions in asymptotically adS spacetimes,

although the scalar field could become imaginary beyond the black hole horizon. Indeed,

Eq.(8) of [52] implies imaginary scalar field inside the horizon. Rinaldi’s solution was

extended in [53, 54] who cured the problem by including a bare cosmological constant.

The scalar field was found to be divergent at the horizon even though the norm was

finite. At the end of the day, this is not necessarily a problem, since at the level of the

action, only derivatives of the galileon field itself are present and on-shell the action is

well behaved. Indeed, from (16) we obtain:

k(r) =
1

C2

0

✓
2+ (1� 2�⇤)

r2

2�

◆2

.

Executing the integral (17) we can evaluate directly h. We set for convenience  = 1,

i.e., spherical symmetry and � > 0. We also fix C0 accordingly, in order to avoid a solid

deficit angle. In other words, we set the constant term in h to be equal to 1. We then

get the “static” solution, first discovered in [52] for ⇤ = 0 and extended in [35, 53, 54]:

h(r) = 1� µ

r
� ⇤e↵

3
r2 � (1 + 2�⇤e↵)2

8�⇤e↵

Arctan
�
r/
p
2�

�

r/
p
2�

,

f(r) =
(2� + r2)h

2�(rh)0
, �02 =

(1 + 2�⇤e↵)r2(1� 2�⇤e↵ � 2⇤e↵r2)2

⇤e↵(1� 2�⇤e↵)(2� + r2)3h(r)
,

(21)

with an e↵ective cosmological constant ⇤e↵ = 2�⇤�1

2�(2�⇤+3)
.

3.3.2. Class II: Static Universe From (16) we see that k ⇠ r2 as r ! 1 for

q2� = (1 � 2�⇤) while asymptotically h = 1 and f = r2

2� . A typical example in

this class of metrics is the black hole embedded in an Einstein static universe, which is

obtained with C0 = 0 and, for simplicity, 2�⇤ = �1. The solution reads

h = 1� µ

r
, f =

⇣
1� µ

r

⌘✓
1 +

⌘r2

�

◆
, (22)

whereas the radial part of the scalar field is given by

 0 = ± q

h

s
µ

r(1 + ⌘
� r

2)

An alternative way to obtain explicit solutions can be given in this class [51]. Let

us start with the de Sitter solution (18) k0 in Class II. Consider the Euclidean division

of the third order polynomial in (16) by
p
k �

p
k0 which is a factor of the third order
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An alternative way to obtain explicit solutions can be given in this class [51]. Let
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p
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Asymptotically flat (no standard kinetic term)
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Let us terminate with asymptotically flat spacetimes where ⇤ = ⌘ = 0. We obtain

a unique solution, for k = constant:

f = h = 1� µ

r
, (23)

and the metric is isometric to a Schwarzschild metric (BTZ stealth black holes were

found in 3 dimensional spacetimes [57]). However, the scalar field is not trivial and also

regular in the future black hole horizon [35],  0 = ±q
p
µr/(r � µ). The fact that we

take ⇤ = ⌘ = 0 may arguably lead to strong coupling in flat spacetime (µ = 0) for the

scalar field. Note however that the black hole solution that is found is identical to GR,

so strong coupling does not a priori create a phenomenological problem, as local gravity

tests remain indistinguishable relative to GR.

Furthermore, the stealth Schwarzschild metric has also the property X = q2/2

(kinetic term is constant on-shell). Because of this property it is easy to show that the

above stealth solution remains a solution of the beyond Horndeski theory:

LbH = R + FJ(X)Gµ⌫@µ�@⌫�,

where FJ(X) is a function of X only [21]. It is unknown as yet if other X = contant

solutions can be extended in a similar way to beyond Horndeski theories.

3.4. Stability

As we discussed in the beginning, Horndeski theory avoids Ostrogradski ghosts, because

the field equations remain second order, and new degrees of freedom are not present. It

is however not clear if the existing propagating degrees of freedom — the scalar spin-

0 and the tensor spin-2 — are healthy degrees of freedom for each particular model.

Moreover, there are indications that galileon theory contains a nonlinear ghost instability

(which can be interpreted as a globally unbounded from below Hamiltonian), see e.g. a

discussion in [58]. This however is not an issue as such, since there may exist a local

minimum with a long-lived vacuum state. It is therefore more important to check if

relevant solutions for a particular model at hand form a locally stable vacuum. For

this it is convenient to use a perturbative approach, i.e., one studies whether small

perturbations around a specific solution are stable or not. There may exist di↵erent

types of pathologies, including ghost, gradient or tachyon instability⇤.
The question of stability of black hole solutions in Horndeski theory has not

been fully investigated up to now, although some works have been dedicated to the

topic. In particular, Kobayashi et al. [60, 61] focused on the stability of general

spherically symmetric black holes with static galileon field, using the Regge-Wheeler

formalism [62]. Necessary conditions were established to ensure absence of ghost and

gradient instabilities. Tachyon instability has been left out in this study. Particular

subclasses of Horndeski theory were also considered in [60, 61], including the John term

and the Gauss-Bonnet term coupled to galileon. It was shown that the static John

⇤ On the nonlinear level yet another pathology may manifest itself: formation of caustics, which is
generic for theories with nonlinear G2 as a function of X [59].
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The metric equation Etr = 0 implies zero influx onto a static metric. Naively,

one expects that a time dependent galileon field would accrete onto a black hole, thus

making it impossible to keep a static configuration for the metric. Indeed this is the case

for asymptotically flat Fab 4 self-tuning black holes. They are not known analytically

but we do know that they cannot be static spacetimes. This is because they are simply

not compatible with the (flat) self-tuning solution asymptotics for � [36] as one would

need � ⇠ r2 � t2 for large r. Furthermore, standard or phantom scalar field [37] or even

k-essence (which is a particular case of galileon with G3 = G4 = G5 = 0) [38] with the

time-dependent ansatz (12) do accrete onto black holes, rendering a non-zero inflow (or

outflow) on a black hole, see e.g. a review [39]. Finally, it has been found in [32] that,

in the test fluid approximation, galileons also allow accreting solutions, i.e., solutions

with a non-static metric. Clearly the solutions which we will describe below belong

to a di↵erent branch, which exists thanks to the non-trivial higher order structure of

galileons.

Summarizing, starting from � = �(t, r) and (10), we end up with � = qt+ (r) and

(10) as a starting ground in our search for scalar-tensor black hole solutions where q is

a (possibly vanishing) constant. This time dependence was first implemented in [35] in

order to find the general solution for spacetime (10). We will elaborate on this aspect

in paragraph 3.3. The results for theory (11) with (12) were nicely extended to the

framework of the shift symmetric Lagrangian [40] L = G2(X)+G4(X)R+G4X [(⇤�)2�
(rµr⌫�)2] without significant di↵erences with respect to [35]. The method for the

more general theory is identical to (11) and we refer the reader to the original paper

[40]. Furthermore, for theories without reflection symmetry � ! ��, in particular for

the case of the DGP-like Lagrangian G3 6= 0, the method can still be adapted although

it requires numerical integration [41].

The above represents a very general class of solutions for galileon theories, some

of which can be obtained analytically or otherwise numerically. A second important

and distinct class involves the Gauss-Bonnet term (3) which is a topological invariant

in 4 dimensions. This means that if this term is not coupled to the galileon field � in

the action, it yields no term in the field equations. Indeed, this stems from the first

Lovelock identity, valid only in 4 spacetime dimensions:

Hµ⌫ = �2PµcdeR⌫
cde +

gµ⌫
2

Ĝ = 0 , (14)

which basically tells us that the metric variation of (3) is trivial in 4 dimensions. Here

we have noted Hµ⌫ the Lovelock 2-tensor obtained from the metric variation of the

Gauss-Bonnet term (3). When this term couples linearly to the scalar field as �Ĝ, it

recovers shift symmetry. As we will see, such a term gives, whenever present, a distinct

class of numerical solutions with q = 0 [42]. But first we shall start by establishing

a no-hair theorem with its precise hypotheses, which will in turn indicate the possible

ways to obtain non trivial hairy solutions.
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in the test fluid approximation, galileons also allow accreting solutions, i.e., solutions

with a non-static metric. Clearly the solutions which we will describe below belong

to a di↵erent branch, which exists thanks to the non-trivial higher order structure of

galileons.

Summarizing, starting from � = �(t, r) and (10), we end up with � = qt+ (r) and

(10) as a starting ground in our search for scalar-tensor black hole solutions where q is

a (possibly vanishing) constant. This time dependence was first implemented in [35] in

order to find the general solution for spacetime (10). We will elaborate on this aspect

in paragraph 3.3. The results for theory (11) with (12) were nicely extended to the

framework of the shift symmetric Lagrangian [40] L = G2(X)+G4(X)R+G4X [(⇤�)2�
(rµr⌫�)2] without significant di↵erences with respect to [35]. The method for the

more general theory is identical to (11) and we refer the reader to the original paper

[40]. Furthermore, for theories without reflection symmetry � ! ��, in particular for

the case of the DGP-like Lagrangian G3 6= 0, the method can still be adapted although

it requires numerical integration [41].

The above represents a very general class of solutions for galileon theories, some

of which can be obtained analytically or otherwise numerically. A second important

and distinct class involves the Gauss-Bonnet term (3) which is a topological invariant

in 4 dimensions. This means that if this term is not coupled to the galileon field � in

the action, it yields no term in the field equations. Indeed, this stems from the first

Lovelock identity, valid only in 4 spacetime dimensions:

Hµ⌫ = �2PµcdeR⌫
cde +

gµ⌫
2

Ĝ = 0 , (14)

which basically tells us that the metric variation of (3) is trivial in 4 dimensions. Here

we have noted Hµ⌫ the Lovelock 2-tensor obtained from the metric variation of the

Gauss-Bonnet term (3). When this term couples linearly to the scalar field as �Ĝ, it

recovers shift symmetry. As we will see, such a term gives, whenever present, a distinct

class of numerical solutions with q = 0 [42]. But first we shall start by establishing

a no-hair theorem with its precise hypotheses, which will in turn indicate the possible

ways to obtain non trivial hairy solutions.

The solutions are almost identical for the theory:
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Let us terminate with asymptotically flat spacetimes where ⇤ = ⌘ = 0. We obtain

a unique solution, for k = constant:

f = h = 1� µ

r
, (23)

and the metric is isometric to a Schwarzschild metric (BTZ stealth black holes were

found in 3 dimensional spacetimes [57]). However, the scalar field is not trivial and also

regular in the future black hole horizon [35],  0 = ±q
p
µr/(r � µ). The fact that we

take ⇤ = ⌘ = 0 may arguably lead to strong coupling in flat spacetime (µ = 0) for the

scalar field. Note however that the black hole solution that is found is identical to GR,

so strong coupling does not a priori create a phenomenological problem, as local gravity

tests remain indistinguishable relative to GR.

Furthermore, the stealth Schwarzschild metric has also the property X = q2/2

(kinetic term is constant on-shell). Because of this property it is easy to show that the

above stealth solution remains a solution of the beyond Horndeski theory:

LbH = R + FJ(X)Gµ⌫@µ�@⌫�,

where FJ(X) is a function of X only [21]. It is unknown as yet if other X = contant

solutions can be extended in a similar way to beyond Horndeski theories.

3.4. Stability

As we discussed in the beginning, Horndeski theory avoids Ostrogradski ghosts, because

the field equations remain second order, and new degrees of freedom are not present. It

is however not clear if the existing propagating degrees of freedom — the scalar spin-

0 and the tensor spin-2 — are healthy degrees of freedom for each particular model.

Moreover, there are indications that galileon theory contains a nonlinear ghost instability

(which can be interpreted as a globally unbounded from below Hamiltonian), see e.g. a

discussion in [58]. This however is not an issue as such, since there may exist a local

minimum with a long-lived vacuum state. It is therefore more important to check if

relevant solutions for a particular model at hand form a locally stable vacuum. For

this it is convenient to use a perturbative approach, i.e., one studies whether small

perturbations around a specific solution are stable or not. There may exist di↵erent

types of pathologies, including ghost, gradient or tachyon instability⇤.
The question of stability of black hole solutions in Horndeski theory has not

been fully investigated up to now, although some works have been dedicated to the

topic. In particular, Kobayashi et al. [60, 61] focused on the stability of general

spherically symmetric black holes with static galileon field, using the Regge-Wheeler

formalism [62]. Necessary conditions were established to ensure absence of ghost and

gradient instabilities. Tachyon instability has been left out in this study. Particular

subclasses of Horndeski theory were also considered in [60, 61], including the John term

and the Gauss-Bonnet term coupled to galileon. It was shown that the static John

⇤ On the nonlinear level yet another pathology may manifest itself: formation of caustics, which is
generic for theories with nonlinear G2 as a function of X [59].

Cubic Galileon:
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see, they provide an elegant way to bifurcate no-hair theorems and also present local

screening features which are essential for the theory to pass weak gravity tests [9].

Following the work of Lovelock in 1971 [10], who established the most general metric

theory to acquire second order field equations in an arbitrary number of dimensions,

Horndeski in 1974 [11], posed and answered the following important question: what is

the most general scalar-tensor theory in 4-dimensional spacetime yielding second order

field equations? Let us consider a theory LH involving a real scalar � and a metric tensor

gµ⌫ endowed with a Levi-Civita connection and a locally regular Lorentzian manifold of

spacetime. Consider that the theory in question depends only on these two fields and

an arbitrary number of their derivatives,

LH = LH(gµ⌫ , gµ⌫,i1 , ..., gµ⌫,i1...ip ,�,�,i1 , ...,�,i1...iq),

with p, q � 2. The finite number of derivatives signifies that we have a finite number of

degrees of freedom and hence an a priori e↵ective theory of gravity. Horndeski required

that the theory has second order field equations. The resulting theory proposed avoids

Ostrogradski instabilities [12] and is a priori eligible to have ghost free vacua. Note that

the requirement to have up to two second derivatives is a su�cient condition to avoid

the Ostrorgadski instability, but not necessary. Indeed, recent works [13] have shown

that the presence of higher than second derivatives does not always lead to theories that

are plagued by ghosts. The key is to note that certain higher order gravity theories can

be degenerate and thus evade additional ghost degrees of freedom; in other words, they

acquire the same number of degrees of freedom as Horndeski theory. This puts them

on the same footing as Horndeski theories, thus as a priori healthy theories. Although

we will not refer to these theories in detail, we will comment on some of their hairy

solutions later on.

In its modern reformulation, Horndeski theory is written as a generalized galileon

Lagrangian,

L = L2 + L3 + L4 + L5,

L2 = G2,

L3 = �G3⇤�,

L4 = G4R +G4X

⇥
(⇤�)2 � (rµr⌫�)

2
⇤
,

L5 = G5Gµ⌫rµr⌫�� 1

6
G5X [(⇤�)3 � 3⇤�(rµr⌫�)

2

+ 2(rµr⌫�)
3],

(1)

where G2, G3, G4, G5 are arbitrary functions of � and X = �@µ�@µ�/2, the canonical

kinetic term. Additionally, in our notation, fX stands for @f(X)/@X, R is the Ricci

scalar, Gµ⌫ is the Einstein tensor, (rµr⌫�)2 = rµr⌫�r⌫rµ� and (rµr⌫�)3 =

rµr⌫�r⌫r⇢�r⇢rµ�. The Horndeski terms are also called generalized galileons. The

scalar field (or galileon) has the property of admitting a special symmetry in flat

(nondynamical) spacetime for G2 ⇠ G3 ⇠ X and G4 ⇠ G5 ⇠ X2 , which resembles

the Galilean symmetry, hence the name galileon [14]. Galileon symmetry is broken for

motivations to consider Horndeski theory is to explain Dark Energy. Put precisely, a black
hole solution should have the asymptotes corresponding to some cosmological solution of a
particular Galileon model.

In [14], such an idea has been realized, allowing the scalar field to depend on time, while
keeping a static metric. The theorem is then redundant since the field equations themselves
dictate regularity of the Noether current and a non trivial scalar field [10]. The full class
of solutions has been found for a particular Galileon model, containing the “John” term, by
classification of [13]. Such a construction is not reserved to the presence of the John term. As
it has been shown later [15], the ansatz used in [14] leads to a consistent system of ODEs, i.e.
the number of independent variables is equal to the number of equations. Per se this does
not guarantee the existence of a solution, but shows self-consistency of the method. Indeed,
in a number of works [16–18], other black hole solutions with a time-dependent Galileon have
been found.

In this paper, we follow the method suggested in [14, 15] to study black hole solutions
in the shift-symmetric theory entailing the cubic Galileon term. Our motivation is three-fold.
First, the technique for constructing black hole solutions of Refs. [14, 15] has been applied to
a particular Lagrangian, whose higher-order derivative part is of the “John” type. Although
later it was generalized to black hole solutions for a larger group of Lagrangians which have
reflection symmetry [17], the question is still unsettled for theories without this symmetry,
see e.g. a comment on this point in [20]. Secondly, the cubic Galileon can be viewed as
the simplest Galileon with higher-order derivatives. It arises in various contexts, e.g. in
the well-known Dvali-Gabadadze-Porrati (DGP) brane model [21], as a particular limit [22].
The third reason is that the cubic Galileon has been extensively studied in the cosmological
context [23] as dark energy with well behaved perturbations, and – for the same model – in
the context of local Solar system physics [24].

The paper is organized as follows. In Sec. 2 we start with the Lagrangian, equations of
motion and the ansatz. Then, in Sec. 3, as a warm up, we study solutions for black holes in
the cubic Galileon model in 3D. The equations of motion in 3D allow for analytic black hole
solutions with Bañados-Teitelboim-Zanelli (BTZ) metric and nontrivial scalar configuration,
which can be interpreted as secondary hair. Section 4 is devoted to analytic properties of
black hole solutions in 4D and Sec. 5 to the numerical integration of the field equations and
subsequent analysis of the solutions. We conclude in Sec. 6.

2 Setup: action, equations of motion and ansatz

Throughout the paper we consider the following action:

S =

Z
dDx

p
�g

⇥
⇣ (R� 2 ⇤)� ⌘ (@�)2 + � ⇤� (@�)2

⇤
, (2.1)

where D is the number of dimensions (we will consider 3- and 4-dimensional cases), ⇣, ⌘, �
and ⇤ are constant parameters of the Lagrangian. The third term in (2.1) is the DGP-like
non-canonical Galileon term [22] and ⇤ is the bare cosmological constant.

The variation of (2.1) with respect to the metric gives

�⇣(Gµ⌫ + ⇤ gµ⌫)� ⌘


1

2
gµ⌫(@�)

2
� @µ� @⌫�

�
+

+�


�⇤� @µ� @⌫�+ @(µ� @⌫)(@�)

2
�

1

2
gµ⌫@

⇢� @⇢
⇥
(@�)2

⇤�
= 0.

(2.2)

– 2 –
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Gauss-Bonnet term

EoM for the scalar:

S =

Z
d4x

p
�g


M2

P

2
R� 1

2
gµ⌫@µ�@⌫�+ ��Ĝ

�
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µ! +R2Gauss-Bonnet invariant:

Source for the scalar: it cannot be trivial in BH background
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Figure 1. Hair versus no-hair

(to be fixed relative to the black hole mass). Therefore J2 is actually singular at the

horizon because Jr = �f�0 � 4↵h0

h
f(f�1)

r2 6= 0. At this point one needs to invoke extra

input to conclude about the physical relevance of solutions with divergent norm of the

current J . For this solution of the theory (15), the Noether current cannot be a physical

observable, in particular, it cannot be coupled to matter directly. This question requires

further study.

3.3. Explicit solutions of hairy black holes

We shall now concentrate on explicit black hole solutions for the theory (11) setting

⌘ = 1

2
. Although the method works for any shift symmetric theory, the advantage here

is that (11) is particularly elegant in giving explicit solutions. In fact, we have the

general solution which we turn to now.

The general solution of theory (11) to the metric (10) and � = �(t, r) is given as a

solution to the following third order algebraic equation with respect to
p
k(r):

(q�)2
✓
+

r2

2�

◆2

�
✓
2+ (1� 2�⇤)

r2

2�

◆
k(r) + C0k

3/2(r) = 0, (16)

where C0, q are integration constants and  = 1,�1, 0 is the horizon curvature. Once a

diverges at the horizon => violation of the condition (ii) as well EB, Charmousis, Lehebel’16



Stealth Kerr solution

Monday 15 June 15

� bi2�Hi? E2`` bQHmiBQM [Charmousis+'19]- r?2`2 i?2 K2i`B+ Bb E2`` �M/ i?2 b+�H�`
}2H/ bm+? i?�i

g = gE2``

X = gµ‹ˆµ„ˆ‹„ = X0 = +QMbiX

„ = q

C
t +

⁄ 
2Mr(a2 + r2)

� /r

D

Monday 15 June 15

h?2 b+�H�` „ Bb i?2 >�KBHiQM@C�+Q#B TQi2MiB�H Q7 i?2 E2`` bT�+2@iBK2

Monday 15 June 15

h?2 K2i`B+ gE2`` Bb `2;mH�` 2p2`vr?2`2 �T�`i 7`QK i?2 `BM; bBM;mH�`Biv �M/

Monday 15 June 15

h?2 b+�H�` }2H/ Bb `2;mH�` �i r > 0X
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Disforming the Kerr metric

Monday 15 June 15

ai�`iBM; 7`QK i?2 E2`` bQHmiBQM- r2 T2`7Q`K i?2 i`�Mb7Q`K�iBQM,

g̃µ‹ = gUE2``V
µ‹ ≠ D

q2 ˆµ„ ˆ‹„

„ = q

C
t +

⁄ 
2Mr(a2 + r2)

� /r

D

r?2`2 D �M/ q �`2 +QMbi�MibX

Monday 15 June 15

h?2 HBM2 2H2K2Mi Bb MQr

/s̃2 = ≠
3

1 ≠ 2M̃r
fl2

4
/t2≠2D


2M̃r(a2 + r2)

� /t/r + fl2� ≠ 2M̃(1 + D)rD(a2 + r2)
�2 /r2

≠ 4
Ô

1 + DM̃ar sin2 ◊
fl2 /t/Ï + sin2 ◊

fl2

Ë!
r2 + a2"2 ≠ a2� sin2 ◊

È
/Ï2 + fl2/◊2

rBi? M̃ = M/(1 + D) �M/ i?2 `2b+�HBM; t æ
Ô

1 + Dt

Monday 15 June 15

h?2 b+�H�` �;�BM /2}M2b � ;2Q/2bB+ /B`2+iBQM- bBM+2

X̃ = g̃µ‹ˆµ„ˆ‹„ = X

1 + D
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Properties of disformed Kerr: non-circularity and asymptotics

Monday 15 June 15
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AM ;2M2`�H +�b2- i?2`2 �`2 biBHH irQ EBHHBM; p2+iQ`b ›(t) = ˆt �M/ ›(Ï) = ˆÏ- ?Qr2p2`

›(t) · ›(Ï) · /›(t) = ≠D
4a2M̃r

Ò
2M̃r(a2 + r2) cos ◊ sin3 ◊

fl4 /t · /r · /◊ · /Ï ”= 0
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+ D

1 + D

5
O

3
ã2M̃

r3

4
/T 2 + O

3
ã2M̃3/2

r7/2

4
–i/T/xi + O

3
ã2

r2

4
—ij/xi/xj

6
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Properties of disformed Kerr: Important surfaces
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Conclusions
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No-go theorem black holes in Horndeski theory
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However one requires many assumptions
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A number of ways to construct hairy black holes

Monday 15 June 15

Also rotating hairy black holes
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Interesting aspects to study: effects of non-circularity, 
consequences of strange properties of the horizon, thermodynamics 
etc.
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Signatures of modified gravity and constraints.


